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CHAPTER 1 Representing Relationships
Mathematically
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1.1 Create Equations in One Variable and Use
Them to Solve Problems

Here you’ll include using formulas in your toolbox of problem-solving strategies.

Suppose you were allowed to enter formulas into your graphing calculator before taking a quiz. Would you know
how to enter the formula for the surface area of a cube? How about the formula for the volume of a cone? What
about the formula for the area of a rectangle? In this Concept, you’ll learn how to use all these formulas, so you may
not need your calculator after all!

Guidance

Some problems are easily solved by applying a formula, such as the Percent Equation or the area of a circle. Formulas
are especially common in geometry, and we will see a few of them in this lesson. In many real-world problems, you
have to write your own equation, and then solve for the unknown.

Example A

The surface area of a cube is given by the formula Sur f aceArea = 6x2, where x = side of the cube. Determine the
surface area of a die with a 2-inch side length.

Solution:

Since x = 2 in this problem, we substitute that into the formula for surface area.

Surface Area = 6x2

Surface Area = 6(2)2

Surface Area = 6 ·4 = 24

The surface area is 24 square inches.

Example B

A 500-sheet stack of copy paper is 1.75 inches high. The paper tray on a commercial copy machine holds a two-
foot-high stack of paper. Approximately how many sheets is this?

Solution:

In this situation, we will write an equation using a proportion.
number of sheets

height = number of sheets
height

We need to have our heights have the same units, so we will figure out how many inches are in 12 feet. Since 1 foot
is 12 inches, then 2 feet are equivalent to 24 inches.

2
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500
1/75

=
number of sheets

24

500×75 =
number of sheets

24

37500 =
number of sheets

24

37,500×24 =
number of sheets

24
×24

900,000 = number of sheets

A two-foot-high stack of paper will be approximately 900,000 sheets of paper.

Example C

The volume of a cone is given by the formula Volume = πr2(h)
3 , where r = the radius, and h = the height of the cone.

Determine the amount of liquid a paper cone can hold with a 1.5-inch diameter and a 5-inch height.

Solution:

We want to substitute in values for the variables. But first, we are given the diameter, and we need to find the radius.
The radius is half of the diameter so 1.5÷2 = 1.5× 1

2 = 0.75.

Volume =
πr2(h)

3

Volume =
π(0.75)2(5)

3

We evaluate the expression in our calculator, using π≈ 3.14.

Volume≈ 2.94

The volume of the cone is approximately 2.94 inches cubed. It is approximate because we used an approximation of
π.

For a great illustration of problem solving, click here. When the video ends, click on the Guided Practice link for
more practice.

Guided Practice

An architect is designing a room that is going to be twice as long as it is wide. The total square footage of the room
is going to be 722 square feet. What are the dimensions in feet of the room?

3
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A formula applies very well to this situation. The formula for the area of a rectangle is A = l(w), where l = length
and w = width. From the situation, we know the length is twice as long as the width. Translating this into an
algebraic equation, we get:

A = (2w)w

Simplifying the equation: A = 2w2

Substituting the known value for A: 722 = 2w2

2w2 = 722 Divide both sides by 2.

w2 = 361 Take the square root of both sides.

w =
√

361 = 19

2w = 2×19 = 38

w = 19

The width is 19 feet and the length is 38 feet.

Practice

Sample explanations for some of the practice exercises below are available by viewing the following video. Note
that there is not always a match between the number of the practice exercise in the video and the number of the
practice exercise listed in the following exercise set. However, the practice exercise is the same in both. CK-12 Ba
sic Algebra:Word Problem Solving 3 (11:06)

MEDIA
Click image to the left for more content.

1. Patricia is building a sandbox for her daughter. It’s going to be five feet wide and eight feet long. She wants
the height of the sandbox to be four inches above the height of the sand. She has 30 cubic feet of sand. How
high should the sandbox be?

4
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2. It was sale day at Macy’s and everything was 20% less than the regular price. Peter bought a pair of shoes,
and using a coupon, got an additional 10% off the discounted price. The price he paid for the shoes was $36.
How much did the shoes cost originally?

3. Peter is planning to show a video file to the school at graduation, but he’s worried that the distance the audience
sits from the speakers will cause the sound and the picture to be out of sync. If the audience sits 20 meters
from the speakers, what is the delay between the picture and the sound? (The speed of sound in air is 340
meters per second.)

4. Rosa has saved all year and wishes to spend the money she has on new clothes and a vacation. She will spend
30% more on the vacation than on clothes. If she saved $1000 in total, how much money (to the nearest whole
dollar) can she spend on the vacation?

5. On a DVD, data is stored between a radius of 2.3 cm and 5.7 cm. Calculate the total area available for data
storage in square cm.

6. If a Blu-ray T M DVD stores 25 gigabytes (GB), what is the storage density in GB per square cm ?
7. The volume of a cone is given by the formula Volume = πr2(h)

3 , where r = the radius, and h = the height of
the cone. Determine the amount of liquid a paper cone can hold with a 1.5-inch diameter and a 5-inch height.

8. Consider the conversion 1 meter = 39.37 inches. How many inches are in a kilometer? (Hint: A kilometer is
equal to 1,000 meters.)

9. Yanni’s motorcycle travels 108 miles/hour. 1 mph = 0.44704 meters/second. How many meters did Yanni
travel in 45 seconds?

10. The area of a rectangle is given by the formula A = l(w). A rectangle has an area of 132 square centimeters
and a length of 11 centimeters. What is the perimeter of the rectangle?

Mixed Review

11. Write the following ratio in simplest form: 14:21.
12. Write the following ratio in simplest form: 55:33.
13. Solve for a : 15a

36 = 45
12 .

14. Solve for x : 4x+5
5 = 2x+7

7 .
15. Solve for y : 4(x−7)+ x = 2.
16. What is 24% of 96?
17. Find the sum: 4 2

5 −
(
−7

3

)
.

5
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1.2 Graphs of Linear Equations

Here you’ll learn how to use coordinate pairs to graph linear equations.

Suppose that there is a linear relationship between your annual income and the amount you must pay in state income
tax. What if you wanted to make a graph that showed how much tax you must pay based on your income? Could you
do it? After completing this Concept, you’ll be able to take a linear equation like the one representing the situation
just described and graph it on a coordinate plane.

Watch This

To see some simple examples of graphing linear equations by hand, view the video

KhanAcademygraphing lines (9:49)

MEDIA
Click image to the left for more content.

.

The narrator of the video models graphing linear equations by using a table of values to plot points and then
connecting those points with a line. This process reinforces the procedure of graphing lines by hand.

Guidance

Previously, you learned how to solve equations in one variable. The answer was of the form variable = some
number. In this Concept, you will learn how to solve equations with two variables. Below are several examples of
two-variable equations:

p = 20(h)

m = 8.15(n)

y = 4x+7

You have seen each of these equations used in a previous Concept, and you will see how to graph them in this
Concept. Their solutions are not one value because there are two variables. The solutions to these equations are
pairs of numbers. These pairs of numbers can be graphed in a Cartesian plane.

The solutions to an equation in two variables are sets of ordered pairs.

The solutions to a linear equation are the coordinates on the graphed line.

By making a table, you are finding the solutions to the equation with two variables.

6
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Example A

Graph p = 2(h).

Solution:

Make a table and then graph the points:

TABLE 1.1:

h p
0 0
1 2
2 4
3 6

Notice that although there are only four sets of points in the table, there are actually infinite solution
sets.

We could also ask the following question:

Which of the following points lie on the graph of the equation p = 2h?

a. (.5, 1)
b. (-2, -4)
c. (1, 1)
d. (10, 20)

Solution: choices a, c, and d are all correct because they make the equation true.

7
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How many solutions does p = 2h have? Justify your conclusion.

Example B

Graph y = 4x+7.

Solution:

Make a table and then graph the points.

TABLE 1.2:

x y
-1 3
0 7
1 13

Example C

A taxi fare costs more the further you travel. Taxis usually charge a fee on top of the per-mile charge. In this case,
the taxi charges $3 as a set fee and $0.80 per mile traveled. Find all the possible solutions to this equation.

Solution: Here is the equation linking the cost in dollars (y) to hire a taxi and the distance traveled in miles (x):
y = 0.8x+3.

This is an equation in two variables. By creating a table, we can graph these ordered pairs to find the solutions.

8
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TABLE 1.3:

x (miles) y (cost $)
0 3
10 11
20 19
30 27
40 35

The solutions to the taxi problem are located on the green line graphed above. To find any cab ride cost, you just
need to find the y of the desired x.

Constraints

In the taxi fare example, would a negative value make sense for the value of x? Can you have a negative number
of miles? Only positive x values make sense in the context of this problem, which represents a constraint on this
equation. A constraint is a restriction on the values of the variables. Are there any constraints on the values for y?

Guided Practice

Graph m = 8.15(n).

Solution:

To graph this linear equation, we will make a table of some points. We can plug in values for h to get values for m.
For example:

m = 8.15(−1) =−8.15

TABLE 1.4:

n m
−1 −8.15
0 0
1 8.15
2 16.3

9
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Next, we will graph each point, and then connect the points with a line.

Practice

Sample explanations for some of the practice exercises below are available by viewing the following video. Note
that there is not always a match between the number of the practice exercise in the video and the number of the
practice exercise listed in the following exercise set. However, the practice exercise is the same in both. CK-12 Ba
sic Algebra:Graphs of Linear Equations (13:09)
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http://www.ck12.org
http://www.youtube.com/watch?v=rgvysb9emcQ
http://www.youtube.com/watch?v=rgvysb9emcQ
http://www.youtube.com/watch?v=rgvysb9emcQ
http://www.youtube.com/watch?v=rgvysb9emcQ
http://www.youtube.com/watch?v=rgvysb9emcQ
http://www.youtube.com/watch?v=rgvysb9emcQ
http://www.youtube.com/watch?v=rgvysb9emcQ
http://www.youtube.com/watch?v=rgvysb9emcQ
http://www.youtube.com/watch?v=rgvysb9emcQ
http://www.youtube.com/watch?v=rgvysb9emcQ
http://www.youtube.com/watch?v=rgvysb9emcQ
http://www.youtube.com/watch?v=rgvysb9emcQ
http://www.youtube.com/watch?v=rgvysb9emcQ


www.ck12.org Chapter 1. Representing Relationships Mathematically

MEDIA
Click image to the left for more content.

1. What are the solutions to an equation in two variables? How is this different from an equation in one variable?
2. Think of a number. Triple it, and then subtract seven from your answer. Make a table of values and plot the

function that this sentence represents.

Graph the solutions to each linear equation by making a table and graphing the coordinates.

3. y = 2x+7
4. y = 0.7x−4
5. y = 6−1.25x
6. How many solutions does the equation in #2 have? Justify your conclusion.
7. The admission fee at the fair is $5.00 per person. Ride tickets cost an additional $.25 each.

(a) What is an equation that models this situation?
(b) Are there any constraints on the values of the variables?
(c) What should the label on the x-axis be?
(d) What should the label on the y-axis be?
(e) Where should the graph of the equation intersect the y-axis?
(f) Graph the equation.

8. Create a real life context for the equations in number 3, 4, or 5 above. Name any constraints on the variables
you named.
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1.3 Functions as Rules and Tables

Learning Objectives

• Identify the domain and range of a function.
• Make a table for a function.
• Write a function rule.
• Represent a real-world situation with a function.

Introduction

A function is a rule for relating two or more variables. For example, the price you pay for phone service may depend
on the number of minutes you talk on the phone. We would say that the cost of phone service is a function of the
number of minutes you talk. Consider the following situation.

Josh goes to an amusement park where he pays $2 per ride.

There is a relationship between the number of rides Josh goes on and the total amount he spends that day: To figure
out the amount he spends, we multiply the number of rides by two. This rule is an example of a function. Functions
usually—but not always—are rules based on mathematical operations. You can think of a function as a box or a
machine that contains a mathematical operation.

Whatever number we feed into the function box is changed by the given operation, and a new number comes out the
other side of the box. When we input different values for the number of rides Josh goes on, we get different values
for the amount of money he spends.

The input is called the independent variable because its value can be any number. The output is called the
dependent variable because its value depends on the input value.

Functions usually contain more than one mathematical operation. Here is a situation that is slightly more complicated
than the example above.

Jason goes to an amusement park where he pays $8 admission and $2 per ride.

The following function represents the total amount Jason pays. The rule for this function is "multiply the number of
rides by 2 and add 8."

12
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When we input different values for the number of rides, we arrive at different outputs (costs).

These flow diagrams are useful in visualizing what a function is. However, they are cumbersome to use in practice.
In algebra, we use the following short-hand notation instead:

input

↓
f (x)︸︷︷︸= y← out put

f unction

box

First, we define the variables:

x = the number of rides Jason goes on

y = the total amount of money Jason spends at the amusement park.

So, x represents the input and y represents the output. The notation f () represents the function or the mathematical
operations we use on the input to get the output. In the last example, the cost is 2 times the number of rides plus 8.
This can be written as a function:

f (x) = 2x+8

In algebra, the notations y and f (x) are typically used interchangeably. Technically, though, f (x) represents the
function itself and y represents the output of the function.

Identify the Domain and Range of a Function

In the last example, we saw that we can input the number of rides into the function to give us the total cost for going
to the amusement park. The set of all values that we can use for the input is called the domain of the function, and
the set of all values that the output could turn out to be is called the range of the function. In many situations the
domain and range of a function are both simply the set of all real numbers, but this isn’t always the case. Let’s look
at our amusement park example.

Example 1

Find the domain and range of the function that describes the situation:

Jason goes to an amusement park where he pays $8 admission and $2 per ride.

Solution

Here is the function that describes this situation:

f (x) = 2x+8 = y

In this function, x is the number of rides and y is the total cost. To find the domain of the function, we need to
determine which numbers make sense to use as the input (x).

13
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• The values have to be zero or positive, because Jason can’t go on a negative number of rides.
• The values have to be integers because, for example, Jason could not go on 2.25 rides.
• Realistically, there must be a maximum number of rides that Jason can go on because the park closes, he runs

out of money, etc. However, since we aren’t given any information about what that maximum might be, we
must consider that all non-negative integers are possible values regardless of how big they are.

Answer For this function, the domain is the set of all non-negative integers.

To find the range of the function we must determine what the values of y will be when we apply the function to the
input values. The domain is the set of all non-negative integers: {0, 1, 2, 3, 4, 5, 6, ...}. Next we plug these values
into the function for x. If we plug in 0, we get 8; if we plug in 1, we get 10; if we plug in 2, we get 12, and so on,
counting by 2s each time. Possible values of y are therefore 8, 10, 12, 14, 16, 18, 20... or in other words all even
integers greater than or equal to 8.

Answer The range of this function is the set of all even integers greater than or equal to 8.

Example 2

Find the domain and range of the following function.

A ball is dropped from a height and it bounces up to 75% of its original height.

Solution

a) Let’s define the variables:

x = original height

y = bounce height

A function that describes the situation is y = f (x) = 0.75x. x can represent any real value greater than zero, since
you can drop a ball from any height greater than zero. A little thought tells us that y can also represent any real value
greater than zero.

Answer

The domain is the set of all real numbers greater than zero. The range is also the set of all real numbers greater than
zero.

In the functions we’ve looked at so far, x is called the independent variable because it can be any of the values from
the domain, and y is called the dependent variable because its value depends on x. However, any letters or symbols
can be used to represent the dependent and independent variables. Here are three different examples:

y = f (x) = 3x

R = f (w) = 3w

v = f (t) = 3t

These expressions all represent the same function: a function where the dependent variable is three times the
independent variable. Only the symbols are different. In practice, we usually pick symbols for the dependent and
independent variables based on what they represent in the real world—like t for time, d for distance, v for velocity,
and so on. But when the variables don’t represent anything in the real world—or even sometimes when they do—we
traditionally use y for the dependent variable and x for the independent variable.

For another look at the domain of a function, see the following video, where the narrator solves a sample problem
from the California Standards Test about finding the domain of an unusual function: http://www.youtube.com/watch
?v=NRB6s77nx2gI.

14
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Make a Table For a Function

A table is a very useful way of arranging the data represented by a function. We can match the input and output
values and arrange them as a table. For example, the values from Example 1 above can be arranged in a table as
follows:

x 0 1 2 3 4 5 6

y 8 10 12 14 16 18 20

A table lets us organize our data in a compact manner. It also provides an easy reference for looking up data, and it
gives us a set of coordinate points that we can plot to create a graph of the function.

Example 3

Make a table of values for the function f (x) = 1
x . Use the following numbers for input values: -1, -0.5, -0.2, -0.1,

-0.01, 0.01, 0.1, 0.2, 0.5, 1.

Solution

Make a table of values by filling the first row with the input values and the next row with the output values calculated
using the given function.

x −1 −0.5 −0.2 −0.1 −0.01 0.01 0.1 0.2 0.5 1

f (x) =
1
x

1
−1

1
−0.5

1
−0.2

1
−0.1

1
−0.01

1
0.01

1
0.1

1
0.2

1
0.5

1
1

y −1 −2 −5 −10 −100 100 10 5 2 1

When you’re given a function, you won’t usually be told what input values to use; you’ll need to decide for yourself
what values to pick based on what kind of function you’re dealing with. We will discuss how to pick input values
throughout this book.

Write a Function Rule

In many situations, we collect data by conducting a survey or an experiment, and then organize the data in a table of
values. Most often, we want to find the function rule or formula that fits the set of values in the table, so we can use
the rule to predict what could happen for values that are not in the table.

Example 4

Write a function rule for the following table:

Number of CDs 2 4 6 8 10

Cost in $ 24 48 72 86 120

Solution

You pay $24 for 2 CDs, $48 for 4 CDs, $120 for 10 CDs. That means that each CD costs $12.

We can write a function rule:

Cost = $12 × (number of CDs) or f (x) = 12x
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Coming up with a function based on a set of values really is as tricky as it looks. There’s no rule that will tell you
the function every time, so you just have to think of all the types of functions you know and guess which one might
be a good fit, and then check if your guess is right. In this book, though, we’ll stick to writing functions for linear
relationships, which are the simplest type of function.

Represent a Real-World Situation with a Function

Let’s look at a few real-world situations that can be represented by a function.

Example 5

Maya has an internet service that currently has a monthly access fee of $11.95 and a connection fee of $0.50 per
hour. Represent her monthly cost as a function of connection time.

Solution

Define

Let x = the number of hours Maya spends on the internet in one month

Let y = Maya’s monthly cost

Translate

The cost has two parts: the one-time fee of $11.95 and the per-hour charge of $0.50. So the total cost is the flat fee
+ the charge per hour × the number of hours.

Answer

The function is y = f (x) = 11.95+0.50x.

Review Questions

1. Identify the domain and range of the following functions.

a. Dustin charges $10 per hour for mowing lawns.
b. Maria charges $25 per hour for tutoring math, with a minimum charge of $15.
c. f (x) = 15x−12

2. What is the range of the function y = x2−5 when the domain is -2, -1, 0, 1, 2?
3. What is the range of the function y = 2x− 3

4 when the domain is -2.5, -1.5, 5?
4. What is the domain of the function y = 3x when the range is 9, 12, 15?
5. What is the range of the function y = 3x when the domain is 9, 12, 15?
6. Angie makes $6.50 per hour working as a cashier at the grocery store. Make a table that shows how much she

earns if she works 5, 10, 15, 20, 25, or 30 hours.
7. The area of a triangle is given by the formula A = 1

2 bh. If the base of the triangle measures 8 centimeters,
make a table that shows the area of the triangle for heights 1, 2, 3, 4, 5, and 6 centimeters.

8. Write a function rule for the following table:

x 3 4 5 6

y 9 16 15 36

9. Write a function rule for the following table:

Hours 0 1 2 3

Cost 15 20 25 30

10. Write a function that represents the number of cuts you need to cut a ribbon into x pieces.
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11. Write a function that represents the number of cuts you need to divide a pizza into x slices.
12. Solomon charges a $40 flat rate plus $25 per hour to repair a leaky pipe.

a. Write a function that represents the total fee charged as a function of hours worked.
b. How much does Solomon earn for a 3-hour job?
c. How much does he earn for three separate 1-hour jobs?

13. Rochelle has invested $2500 in a jewelry making kit. She makes bracelets that she can sell for $12.50 each.

a. Write a function that shows how much money Rochelle makes from selling b bracelets.
b. Write a function that shows how much money Rochelle has after selling b bracelets, minus her investment

in the kit.
c. How many bracelets does Rochelle need to make before she breaks even?
d. If she buys a $50 display case for her bracelets, how many bracelets does she now need to sell to break

even?
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1.4 Vertical Line Test

Here you’ll learn how to use techniques such as a flow chart or the vertical line test to decide if a relation is a
function.

Suppose each student in your class were represented by a point, with the x-coordinate being the student’s year in
school and the y-coordinate being the student’s age. Would the set of points represent a function? How would you
know? What if you graphed the set of points on a Cartesian plane? Is there any sort of test you could use to find out
if you had a function? Upon finishing this Concept, you’ll be able to answer these questions and determine whether
or not any relation is a function.

Watch This

Watch this YouTube video giving step-by-step instructions of the vertical line test. CK-12 Basic Algebra:Ver
tical Line Test (3:11)

MEDIA
Click image to the left for more content.

MEDIA
Click image to the left for more content.

Guidance

Determining Whether a Relation Is a Function

You saw that a function is a relation between the independent and the dependent variables. It is a rule that uses the
values of the independent variable to give the values of the dependent variable. A function rule can be expressed
in words, as an equation, as a table of values, and as a graph. All representations are useful and necessary in
understanding the relation between the variables.

Definition: A relation is a set of ordered pairs.

Mathematically, a function is a special kind of relation.

Definition: A function is a relation between two variables such that the independent value has EXACTLY one
dependent value.

This usually means that each x−value has only one y−value assigned to it. But, not all functions involve x and y.
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Example A

One way to determine whether a relation is a function is to construct a flow chart linking each dependent value to
its matching independent value. Consider the relation that shows the heights of all students in a class. The domain
is the set of people in the class and the range is the set of heights. Each person in the class cannot be more than one
height at the same time. This relation is a function because for each person there is exactly one height that belongs
to him or her.

Notice that in a function, a value in the range can belong to more than one element in the domain, so more than one
person in the class can have the same height. The opposite is not possible; that is, one person cannot have multiple
heights.

Example B

Determine if the relation is a function.

a) (1, 3), (–1, –2), (3, 5), (2, 5), (3, 4)

b) (–3, 20), (–5, 25), (–1, 5), (7, 12), (9, 2)

Solution:

a) To determine whether this relation is a function, we must use the definition of a function. Each x−coordinate can
have ONLY one y−coordinate. However, since the x−coordinate of 3 has two y−coordinates, 4 and 5, this relation
is NOT a function.

b) Applying the definition of a function, each x−coordinate has only one y−coordinate. Therefore, this relation is a
function.

Determining Whether a Graph Is a Function

Suppose all you are given is the graph of the relation. How can you determine whether it is a function?

You could organize the ordered pairs into a table or a flow chart, similar to the student and height situation. This
could be a lengthy process, but it is one possible way. A second way is to use the vertical line test. Applying this
test gives a quick and effective visual to decide if the graph is a function.

Theorem:

Part A) A relation is a function if there are no vertical lines that intersect the graphed relation in more than one point.

Part B) If a graphed relation does not intersect a vertical line in more than one point, then that relation is a function.

If a graphed relation is not a function it is not sufficient reasoning to say that it did not pass the vertical line
test. Remember that hitting the vertical line on the graph of the relation in more than one point would mean
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that there are more than one dependent values for a certain independent value. The definition of a function is
a relation between two variables such that the independent value has EXACTLY one dependent value. Keep
in mind that not all relations involve x and y as variables so using independent and dependent values would
cover all relations.

Example C

Is this graphed relation a function?

By drawing a vertical line (the red line) through the graph, we can see that the vertical line intersects the circle more
than once, meaning there are more than one y values for a given x value (this is an appropriate use of x and y since
the variables are defined in the graph). Therefore, this graph is NOT a function.

Here is a second example:

No matter where a vertical line is drawn through the graph, there will be only one intersection. Therefore, this graph
is a function.

Guided Practice

Determine if the graphed relation is a function.

20

http://www.ck12.org


www.ck12.org Chapter 1. Representing Relationships Mathematically

Solution:

Imagine moving a vertical line across the plane. Do you see anywhere that this vertical line would intersect the graph
at more than one place?

There is no place on this graph where a vertical line would intersect the graph at more than one place. Using the
vertical line test, we can conclude the relation is a function.

Practice

Sample explanations for some of the practice exercises below are available by viewing the following video. Note
that there is not always a match between the number of the practice exercise in the video and the number of the
practice exercise listed in the following exercise set. However, the practice exercise is the same in both. CK-12 Ba
sic Algebra:Functions as Graphs (9:34)

MEDIA
Click image to the left for more content.

In 1 – 4, determine if the relation is a function.

1. (1, 7), (2, 7), (3, 8), (4, 8), (5, 9)
2. (1, 1), (1, –1), (4, 2), (4, –2), (9, 3), (9, –3)

3.

Age 20 25 25 30 35

Number of jobs by that age 3 4 7 4 2

4.

amp;x −4 −3 −2 −1 0

amp;y 16 9 4 1 0

In 5 and 6, write a function rule for the graphed relation.
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5.

6.

In 7-8, determine whether the graphed relation is a function.

7.

8.

Mixed Review

9. A theme park charges $12 entry to visitors. Find the money taken if 1296 people visit the park.
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10. A group of students are in a room. After 25 students leave, it is found that 2
3 of the original group are left in

the room. How many students were in the room at the start?
11. Evaluate the expression x2+9

y+2 when y = 3 and x = 4.
12. The amount of rubber needed to make a playground ball is found by the formula A = 4πr2, where r = radius.

Determine the amount of material needed to make a ball with a 7-inch radius.
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1.5 Function Notation

Here you’ll learn how to convert an equation to function notation and how to input a value into a function in order
to get an output value.

Suppose you just purchased a used car, and the number of miles on the odometer can be represented by the equation
y = x+ 30,000, where y is the number of miles on the odometer, and x is the number of miles you have driven it.
Could you convert this equation to function notation? How many miles will be on the odometer if you drive the car
700 miles? In this Concept, you’ll learn how to convert equations such as this one to function notation and how to
input a value into a function in order to get an output value.

Guidance

So far, the term function has been used to describe many of the equations we have been graphing. The concept of a
function is extremely important in mathematics. Not all equations are functions. To be a function, for each value of
x there is one and only one value for y.

Definition: A function is a relationship between two variables such that the input value has ONLY one unique
output value.

Recall from a previous Concept that a function rule replaces the variable y with its function name, usually f (x).
Remember that these parentheses do not mean multiplication. They separate the function name from the independent
variable, x.

input

↓
f (x)︸︷︷︸= y← out put

f unction

box

f (x) is read “the function f of x” or simply “ f of x.”

If the function looks like this: h(x) = 3x−1, it would be read h of x equals 3 times x minus 1.

Using Function Notation

Function notation allows you to easily see the input value for the independent variable inside the parentheses.

Example A

Consider the function f (x) =−1
2 x2.

Evaluate f (4).

Solution: The value inside the parentheses is the value of the variable x. Use the Substitution Property to evaluate
the function for x = 4.
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f (4) =−1
2
(42)

f (4) =−1
2
·16

f (4) =−8

To use function notation, the equation must be written in terms of x. This means that the y−variable must be isolated
on one side of the equal sign.

Example B

Rewrite 9x+3y = 6 using function notation.

Solution: The goal is to rearrange this equation so the equation looks like y =. Then replace y = with f (x) =.

9x+3y = 6 Subtract 9x from both sides.

3y = 6−9x Divide by 3.

y =
6−9x

3
= 2−3x

f (x) = 2−3x

Functions as Machines

You can think of a function as a machine. You start with an input (some value), the machine performs the operations
(it does the work), and your output is the answer. For example, f (x) = 3x+2 takes some number, x, multiplies it by
3 and adds 2. As a machine, it would look like this:

When you use the function machine to evaluate f (2), the solution is f (2) = 8.

Example C

A function is defined as f (x) = 6x−36. Determine the following:

a) f (2)

b) f (p)

Solution:

a) Substitute x = 2 into the function f (x) : f (2) = 6 ·2−36 = 12−36 =−24.

b) Substitute x = p into the function f (x) : f (p) = 6p−36.

Guided Practice

Rewrite the equation 2y− 4x = 10 in function notation where f (x) = y, and then evaluate f (−1), f (2), f (0), and
f (z).
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Solution:

First we need to solve for y.

Adding 4x to both sides gives 2y = 4x+10, and dividing by 2 gives y = 2x+5.

Now we just replace the y with f (x) to get f (x) = 2x+5..

Now we can evaluate f (x) = y = 2x+5 for f (−1), f (2), f (0), and f (z):

f (−1) = 2(−1)+5 =−2+5 = 3

f (2) = 2(2)+5 = 4+5 = 9

f (0) = 2(0)+5 = 5

f (z) = 2z+5

Practice

Sample explanations for some of the practice exercises below are available by viewing the following video. Note
that there is not always a match between the number of the practice exercise in the video and the number of the
practice exercise listed in the following exercise set. However, the practice exercise is the same in both. CK-12 Ba
sic Algebra:Linear FunctionGraphs (11:49)

MEDIA
Click image to the left for more content.

(http://www.youtube.com/watch?v=EmTvdKkAUtE)

1. How is f (x) read?
2. What does function notation allow you to do? Why is this helpful?
3. Define function. How can you tell if a graph is a function?

In 4 – 7, tell whether the graph is a function. Explain your reasoning.

4.
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5.

6.

7.

Rewrite each equation using function notation.

8. y = 7x−21
9. 6x+8y = 36

10. x = 9y+3
11. y = 6
12. d = 65t +100
13. F = 1.8C+32
14. s = 0.10(m)+25,000

In 15 – 19, evaluate f (−3), f (7), f (0), and f (z).

15. f (x) =−2x+3
16. f (x) = 0.7x+3.2
17. f (x) = 5(2−x)

11
18. f (t) = 1

2 t2 +4
19. f (x) = 3− 1

2 x
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1.6 Sequences

Introduction

The Arcade

On the way home from school on the day of the trip downtown, a bunch of students stopped off at the arcade. It was
always fun to talk and get something to eat and play a video game or two. Sam and Henry began to play a favorite
game of theirs with aliens.

“That has a lot of math in it,” Sasha commented as Henry had his turn.

“How do you figure?” Henry asked.

“It just does,” Sasha said convincingly. “Think about it. In this video game, an alien splits into two aliens who then
split into two more aliens every 10 minutes.”

“Good point, how many aliens there would be after they split 10 times?” Henry asked.

We can start by thinking about this as a number pattern. This lesson is all about patterns and sequences.
Think about the video game and you will need to solve the sequence at the end of the lesson.

What You Will Learn

In this lesson, you will learn how to complete the following skills.

• Recognize an arithmetic sequence as having a common difference between consecutive terms.
• Extend and graph arithmetic sequences.
• Recognize a geometric sequence as having a constant common ratio between consecutive terms.
• Extend and graph geometric sequences.
• Evaluate and analyze real – world situations modeled by sequences, using a graphing calculator.
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Teaching Time

I. Recognize an Arithmetic Sequence as Having a Common Difference Between Consecutive Terms

Look at this example of a sequence.

You probably saw a pattern right away. If there were another set of boxes, you’d probably guess at how many there
would be.

If you saw this same pattern in terms of numbers, it would look like this:

2,4,6,8,10

This set of numbers is called a sequence; it is a series of numbers that follow a pattern. If there was another set
of boxes, you’d probably guess there would be 12, right? Just like if you added another number to the sequence,
you’d write 12. You noticed that there was a difference of 2 between each two numbers, or terms, in the sequence.
When we have a sequence with a fixed number between each of the terms, we call this sequence an arithmetic
sequence.

Example

What is the common difference between each of the terms in the sequence?

The difference is 5 between each number.

This is an example of an arithmetic sequence. You can see that you have to be a bit of a detective to figure out
the number patterns in these examples.
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II. Extend and Graph Arithmetic Sequences

Finding the difference between two terms in a sequence is one way to look at sequences. We have used tables of
values for several types of equations and we have used those tables of values to create graphs. Graphs are helpful
because they are visual representations of the same numbers. When values rise, we can see them rise on a graph.
Let’s use the same ideas, then, to graph arithmetic sequences.

Example

Graph the sequence 2, 5, 8, 11, 14, 17,...

First convert it into a table of values with independent values being the term number and the dependent values being
the actual term.

Use this table to create a graph.

30

http://www.ck12.org


www.ck12.org Chapter 1. Representing Relationships Mathematically

You can see the pattern clearly in the graph. That is one of the wonderful things about graphing arithmetic sequences.

In the graph that we created in the example, each term was expressed as a single point. This is called discrete
data—only the exact points are shown. This type of data is usually involves things that are counted in whole
numbers like people or boxes. Depending on what type of situation you are graphing, you may choose to connect
the points with a line. The line demonstrates that there are data points between the points that we have graphed. This
is called continuous data and usually involves things like temperature or length that can change fractionally.

So, we can graph sequences and classify them as either discrete or continuous data. Yet another possibility is
continuing a sequence in either direction by adding terms that follow the same pattern.

III. Recognize a Geometric Sequence as Having a Constant Common Ratio Between Consecutive Terms

Arithmetic sequences are commonplace in the world of mathematics. There are other types of sequences, though,
that follow other types of patterns. Look at the boxes below.

Can you see a pattern? The boxes increase each time. Using numbers, the sequence could be written 1, 4, 16, 64.
You might even guess at what would come next. Is there a common difference between them? Not really. There is
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a difference of 3 between the first two terms, 12 between the second and third terms, and 48 between the third and
fourth terms. If you guessed that 256 would follow it’s because you figured out the pattern. You noticed that to get
to the next term, you have to multiply by 4 instead of by adding a certain number.

This is a geometric sequence; it’s a sequence in which the terms are found by multiplying by a fixed number
called the common ratio. In the example above, the common ratio is 4.

Once you know the common ratio, then you can figure out the next step in the pattern.

Example

What is the common ratio between each of the terms in the sequence?

The ratio is 2 between each number.

You can see how knowing the common ratio helped us with our problem solving.

IV. Extend and Graph a Geometric Sequence

Consider the following sequence:

8,24,72,216, . . .

Doesn’t your brain want to find the next number? You’ve probably figured out that the common ratio here is 3. So
the next term in the sequence would be 216 · 3 or 648. You would continue the same process to find the term that
follows. Or, you could divide by 3 to find the previous term.

Just as we did with arithmetic sequences, it can be useful to graph geometric sequences. We’ll use the same
method as before—create a table of values and then use a coordinate plane to plot the points.

Example

The amount of memory that computer chips can hold in the same amount of space doubles every year. In 1992, they
could hold 1MB. Chart the next 15 years in a table of values and show the amount of memory on the same size chip
in 2007.
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TABLE 1.5:

Year Memory (MB)
1992 1
1993 2
1994 4
1995 8
1996 16
1997 32
1998 64
1999 128
2000 256
2001 512
2002 1024
2003 2048
2004 4096
2005 8192
2006 16384
2007 32768

Now let’s go back and solve the problem from the introduction.

Real-Life Example Completed

The Arcade

Here is the problem from the introduction. Reread it and then solve figure out the solution.
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On the way home from school on the day of the trip downtown, a bunch of students stopped off at the arcade. It was
always fun to talk and get something to eat and play a video game or two. Sam and Henry began to play a favorite
game of theirs with aliens.

“That has a lot of math in it,” Sasha commented as Henry had his turn.

“How do you figure?” Henry asked.

“It just does,” Sasha said convincingly. “Think about it. In this video game, an alien splits into two aliens who then
split into two more aliens every 10 minutes.”

“Good point, how many aliens there would be after they split 10 times?” Henry asked.

Solution to Real – Life Example

We can write a number pattern.

2, 4, 8, 16, 32, 64, 128, 256, 512, 1024

1024 aliens after 10 splits!

This is the answer to our problem.

Vocabulary

Here are the vocabulary words that are found in this lesson.

Sequence
a series of numbers that follows a pattern.

Arithmetic Sequence
a fixed number between each of the terms in a sequence.

Discrete data
only the exact points are shown.

Continuous data
data that changes continuously.

Geometric Sequence
a sequence where you find terms by multiplying a fixed number by a common ratio.

34

http://www.ck12.org


www.ck12.org Chapter 1. Representing Relationships Mathematically

Time to Practice

Directions: Write the common difference for each sequence. If there is not a pattern, indicate this in your answer.

1. -9, -7, -5, -3, -1
2. 5.05, 5.1, 5.15, 5.2, 5.25
3. 3, 6, 10, 15, 21, 28
4. 17, 14, 11, 8, 5, 2

Directions: Solve this problem by using what you know about arithmetic sequences.

An ant colony invades the caramels in a candy store. The first day they eat a 1
4 of a caramel, the second day 1

2 of a
caramel, the third day 3

4 .

5. What is the difference between each day?
6. How many do you think they’ll eat on the fourth, fifth, and sixth days?

Directions: Find the common ratio between each term.

7. -4, 20, -100, 500, -2500
8. 60, 15, 15

4 , 15
64

9. 1
8 , 1

4 , 1
2 , 1, 2

10. 3, 6, 8, 9

Directions: Identify the following sequences as an arithmetic sequence, a geometric sequence, or neither. For
arithmetic sequences, find the common difference. For geometric sequences, find the common ratio.

11. 1, 4, 7, 10, 13
12. 180, 60, 20, 6 2

3
13. 102, 94, 86, 78
14. 18, 27, 35, 43, 50
15. 5, -50, 500, -5000, 50000
16. 17

62 , 10
31 , 23

62 , 13
31 , 29

62
17. You have been hired to paint a house. They give you two options for payment. Option A is for you to receive

$80 up front plus $40 per day. Option B is to get paid based on the number of days you work. They offer
you $3 if you work only one day, $6 if you work two days, $12 if you work three days, and so on. Make two
separate tables of value to show the two options for 10 days. Which option would you prefer?
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1.7 Functions that Describe Situations

Here you’ll learn how to interpret situations that occur in everyday life and use functions to represent them. You’ll
also use these functions to answer questions that come up.

What if your bank charged a monthly fee of $15 for your checking account and also charged $0.10 for each check
written? How would you represent this scenario with a function? Also, what if you could only afford to spend $20
a month on fees? Could you use your function to find out how many checks you could write per month? In this
Concept, you’ll learn how to handle situations like these by using functions.

Guidance

Write a Function Rule

In many situations, data is collected by conducting a survey or an experiment. To visualize the data, it is arranged
into a table. Most often, a function rule is needed to predict additional values of the independent variable.

Example A

Write a function rule for the table.

Number of CDs 2 4 6 8 10

Cost ($) 24 48 72 96 120

Solution:

You pay $24 for 2 CDs, $48 for 4 CDs, and $120 for 10 CDs. That means that each CD costs $12.

We can write the function rule.

Cost = $12×number of CDs or f (x) = 12x

Example B

Write a function rule for the table.
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amp;x −3 −2 −1 0 1 2 3

amp;y 3 2 1 0 1 2 3

Solution:

The values of the dependent variable are always the corresponding positive outcomes of the input values. This
relationship has a special name, the absolute value. The function rule looks like this: f (x) = |x|.

Represent a Real-World Situation with a Function

Let’s look at a real-world situation that can be represented by a function.

Example C

Maya has an internet service that currently has a monthly access fee of $11.95 and a connection fee of $0.50 per
hour. Represent her monthly cost as a function of connection time.

Solution:

Let x = the number of hours Maya spends on the internet in one month and let y = Maya’s monthly cost. The
monthly fee is $11.95 with an hourly charge of $0.50.

The total cost = flat fee + hourly fee × number of hours. The function is y = f (x) = 11.95+0.50x.

MEDIA
Click image to the left for more content.

For a quick refresher on story graphs click here.

You can also sketch function graphs to represent a situation. Sketch a graph, in terms of time and temperature, to
represent the situation: the temperature decreases at night and then warms up during the day. Label your axes.

How often is the function decreasing?

The function is decreasing where the graph of the function is blue (about 6pm-9pm and about 11pm-5am).

When is the function increasing?

The function is increasing where the graph of the function is red (about 7am-9am).

What is the approximate minimum temperature for this time span?

The minimum temperature is the lowest point in the graph, or about 84 degrees.

What does the portion of the function that is neither increasing nor decreasing represent?

A flat line with would represent no change in temperature, or a constant temperature.
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Guided Practice

When diving in the ocean, you must consider how much pressure you will experience from diving a certain depth.
From the atmosphere, we experience 14.7 pounds per square inch (psi) and for every foot we dive down into the
ocean, we experience another 0.44 psi in pressure.

a.) Write a function expressing how pressure changes depending on depth underwater.

b.) How far can you dive without experiencing more than 58.7 psi of pressure on your body?

Solution:

a.) We are always experiencing 14.7 psi from the atmosphere, and that pressure increases by 0.44 psi for every foot
we descend into the ocean. Let d be our depth in feet underwater. Our dependent variable is the pressure P, which
is a function of d:

P = P(d) = 14.7+0.44d

b.) We want to know what our depth would be for a pressure of 58.7 psi.

58.7 = 14.7+0.44d

Simplifying our equation by subtracting 14.7 from each side:

44 = 0.44d

What should d be in order to satisfy this equation? It looks like d should be 100. Let’s check:

44 = 0.44(100) = 44

So we do not want to dive more than 100 feet, because then we would experience more than 58.7 psi of pressure.

Practice

1. Use the following situation: Sheri is saving for her first car. She currently has $515.85 and is saving $62 each
week.

a. Write a function rule for the situation.
b. Can the domain be “all real numbers"? Explain your thinking.
c. How many weeks would it take Sheri to save $1,795.00?

2. Write a function rule for the table.

amp;x 3 4 5 6

amp;y 9 16 25 36

3. Write a function rule for the table.

hours 0 1 2 3

cost 15 20 25 30

4. Write a function rule for the table.

amp;x 0 1 2 3

amp;y 24 12 6 3
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5. Write a function that represents the number of cuts you need to cut a ribbon in x number of pieces.
6. Solomon charges a $40 flat rate and $25 per hour to repair a leaky pipe. Write a function that represents the

total fee charged as a function of hours worked. How much does Solomon earn for a three-hour job?
7. Rochelle has invested $2500 in a jewelry-making kit. She makes bracelets that she can sell for $12.50 each.

How many bracelets does Rochelle need to make before she breaks even?
8. It started raining lightly at 5am and then the rainfall became heavier at 7am. By 10am the storm was over,

with a total rainfall of 3 inches. It didn’t rain for the rest of the day. Sketch a possible graph for the number
of inches of rain as a function of time, from midnight to midday. Be sure to label your axes. Describe the
minimum and maximum of your function in context. In addition, describe when your function is decreasing,
increasing, or remaining constant.

Quick Quiz

1. Write a function rule to describe the following table:

of Books 1 2 3 4 5 6

Cost 4.75 5.25 5.75 6.25 6.75 7.25

2. Simplify: 84÷ [(18−16)×3].

3. Evaluate the expression 2
3(y+6) when y = 3.

4. Rewrite using function notation: y = 1
4 x2.

5. You purchased six video games for $29.99 each and three DVD movies for $22.99. What is the total amount of
money you spent?
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1.8 Function Families

Here you will learn to identify primary function families by their equations and graphs. This will set the stage for
analyzing all types of functions.

Functions come in all different shapes. A few are very closely related and others are very different, but often
confused. For example, what is the difference betweenx2 and2x? They both have anx and a 2 and they both equal
4 whenx = 2, but one eventually becomes much bigger than the other. Although we will focus on linear functions
in first semester, we will briefly introduce you to a few non-linear functions to help facilitate your understanding of
linear and non-linear functions and transformations.

Watch This

MEDIA
Click image to the left for more content.

http://www.youtube.com/watch?v=3a7UbMJpeIM Khan Academy: Graphing a Quadratic Function

MEDIA
Click image to the left for more content.

http://www.youtube.com/watch?v=9SOSfRNCQZQ Khan Academy: Graphing Exponential Functions

Guidance

If mathematicians are cooks, then families of functions are their ingredients. Each family of functions has its own
flavor and personality.

The Identity Function: f (x) = x
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The identity function is the simplest function and all straight lines are transformations of the identity function family.

The Squaring Function: f (x) = x2

The squaring function is commonly called a parabola and is useful for modeling the motion of falling objects. All
parabolas are transformations of this squaring function.

The Cubing Function: f (x) = x3

The cubing function has a different kind of symmetry than the squaring function. Since volume is measured in cubic
units, many physics applications use the cubic function.

So far all the functions can be grouped together into an even larger function family called the power function family.

The Power Function Family: f (x) = cxa

The power function family has two parameters. The parameter c is a vertical scale factor. The parameter a controls
everything about the shape. The reason why all the functions so far are subsets of the larger power function family
is because they only differ in their value of a. The power function family also shows you that there are an infinite
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number of other functions like quartics ( f (x) = x4) and quintics ( f (x) = x5) that don’t really need a whole category
of their own. The power function family can be extended to create polynomials and rational functions.

The Exponential Function Family: f (x) = ex

The exponential function family is one of the first functions you see where x is not the base of the exponent. This
function eventually grows much faster than any power function. f (x) = 2x is a very common exponential function
as well. Many applications like biology and finance require the use of exponential growth.

The Absolute Value Function: f (x) = |x|

The absolute value function is one of the few basic functions that is not totally smooth.

Example A

Compare and contrast the graphs of the identity function and the squaring function.

Solution:

Similarities: Both are functions by definition because there is one dependent value for each independent value.

Differences: The identity function is linear and the squaring function is non-linear.

Vocabulary

A function family is a group of functions that all have the same basic shape.

A parameter is a constant embedded in a function that affects the shape of the function in a limited and specific
way.

Continuous means that the function can be drawn entirely without lifting your pencil.
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Practice

For 1-4, sketch a graph of the function from memory.

1. y = x2

2. y = |x|

3. y = x3

4. y = x

5. What are the differences between y = x2 and y = x3?
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1.9 Vertical and Horizontal Transformations

Here you will learn about graphing more complex types of functions easily by applying horizontal and vertical shifts
to the graphs of parent functions. If you are not familiar with parent functions or function families, it would be a
good idea to review the lessons on those topics before proceeding.

Horizontal and vertical transformations are two of the many ways to convert the basic parent functions in a function
family into their more complex counterparts.

What vertical and/or horizontal shifts must be applied to the parent function of y = x2 in order to graph g(x) =
(x−3)2 +4?

Watch This

Embedded Video:

MEDIA
Click image to the left for more content.

James Sousa - Function Transformations: Horizontal and Vertical Translations

Guidance

Have you ever tried to draw a picture of a rabbit, or cat, or dog? Unless you are talented, even the most common
animals can be a bit of a challenge to draw accurately (or even recognizably!). One trick that can help even the
most "artistically challenged" to create a clearly recognizable basic sketch is demonstrated in nearly all "learn to
draw" courses: start with basic shapes. By starting your sketch with simple circles, ellipses, rectangles, etc., the
basic outline of the more complex figure is easily arrived at, then details can be added as necessary, but the figure is
already recognizable for what it is.

The same trick works when graphing equations. By learning the basic shapes of different types of function graphs,
and then adjusting the graphs with different types of transformations, even complex graphs can be sketched rather
easily. This lesson will focus on two particular types of transformations: vertical shifts and horizontal shifts.

We can express the application of vertical shifts this way:

Formally: For any function f (x), the function g(x) = f (x) + c has a graph that is the same as f (x), shifted c units
vertically. If c is positive, the graph is shifted up. If c is negative, the graph is shifted down.

Informally: Adding a positive number after the x outside the parenthesis shifts the graph up, adding a negative (or
subtracting) shifts the graph down.

We can express the application of horizontal shifts this way:

Formally: given a function f (x), and a constant a >0, the function g(x) = f (x - a) represents a horizontal shift a units
to the right from f (x). The function h(x) = f (x + a) represents a horizontal shift a units to the left.
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Informally: Adding a positive number after the x inside the parenthesis shifts the graph left, adding a negative (or
subtracting) shifts the graph right.

Example A

What must be done to the graph of y = x2 to convert it into the graphs of y = x2 - 3, and y = x2 + 4?

Solution:

At first glance, it may seem that the graphs have different widths. For example, it might look like y = x2 + 4,
the uppermost of the three parabolas, is thinner than the other two parabolas. However, this is not the case. The
parabolas are congruent.

If we shifted the graph of y = x2 up four units, we would have the exact same graph as y = x2 + 4. If we shifted y =
x2 down three units, we would have the graph of y = x2 - 3.

Example B

Identify the transformation(s) involved in converting the graph of f (x) = |x| into g(x) = |x - 3|.

Solution:

From the examples of vertical shifts above, you might think that the graph of g(x) is the graph of f(x), shifted 3 units
to the left. However, this is not the case. The graph of g(x) is the graph of f (x), shifted 3 units to the right.

The direction of the shift makes sense if we look at specific function values.

TABLE 1.6:

x g(x) = abs(x - 3)
0 3
1 2
2 1
3 0
4 1
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TABLE 1.6: (continued)

x g(x) = abs(x - 3)
5 2
6 3

From the table we can see that the vertex of the graph is the point (3, 0). The function values on either side of x = 3
are symmetric, and greater than 0.

Example C

What transformations must be applied to y = x2, in order to graph g(x) = (x+2)2−2?

Solution

The graph of g(x) = (x+2)2−2 is the graph of y = x2 shifted 2 units to the left, and 2 units down.

TABLE 1.7:

Were you able to solve the question at the beginning of the lesson?
"What transformations must be applied to y = x2, in order to graph g(x) = (x−3)2 +4?"
The graph of g(x) = (x−3)2 +4 is the graph of y = x2 shifted 3 units to the right, and 4 units up.
If you were able to identify the translation before the review, congratulations! You are on your way to an excellent
conceptual base for manipulating functions.
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Vocabulary

A shift, also known as a translation or a slide, is a transformation applied to the graph of a function which does not
change the shape of the graph, only the location.

Vertical shifts are a result of adding a constant term to the value of a function. A positive term results in an upward
shift, and a negative term in a downward shift.

Horizontal shifts are produced by adding a constant term to the function inside the parenthesis. A positive term
results in a shift to the left and a negative term in a shift to the right (easily confused, pay attention!).

Guided Practice

Questions:

1) Use the graph of y = x2 to graph the function y = x2 - 5.
2) What is the relationship between f (x) = x2 and g(x) = (x - 2)2?
3) What is the relationship between f(x) = x2 - 6 and f(x) = x2?
4) Use the parent function f(x) = x2 to graph f(x) = x2 + 3.
5) Use the parent function f(x) = |x| to graph f(x) = |x - 4|.

Solutions:

1) The graph of y = x2 is a parabola with vertex at (0, 0).
The graph of y = x2- 5 is therefore a parabola with vertex (0, -5).
To quickly sketch y = x2 - 5, you can sketch several points on y = x2, and then shift them down 5 units.

2) The graph of g(x) is the graph of f (x), shifted 2 units to the right.

3) Adding or subtracting a value outside the parenthesis results in a vertical shift.
Therefore, the graph of f(x) = x2 - 6 is the same as f(x) = x2 shifted 6 units down.
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4) The function f(x) = x2 is a parabola with the vertex at (0, 0).
As we saw in Q #3, adding outside the parenthesis shifts the graph vertically.
Therefore, f(x) = x2 + 3 will be a parabola with the vertex 3 units up.

5) The graph of the absolute value function family parent function f(x) = |x| is a large "V" with the vertex at the
origin.

Adding or subtracting inside the parenthesis results in horizontal movement.
Recall that the horizontal shift is right for negative numbers, and left for positive numbers.
Therefore f(x) = |x - 4| is a large "V" with the vertex 4 units to the right of the origin.
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Practice

1. Graph the function f (x) = 2|x−1|−3 without a calculator.
2. What is the vertex of the graph and how do you know?
3. Does it open up or down and how do you know?
4. For the function: f (x) = |x|+c if c is positive, the graph shifts in what direction?
5. For the function: f (x) = |x|+c if c is negative, the graph shifts in what direction?
6. The function g(x) = |x−a| represents a shift to the right or the left?
7. The function h(x) = |x+a| represents a shift to the right or the left?
8. If a graph is in the form a · f (x). What is the effect of changing the a?

Describe the transformation that has taken place for the parent function f (x) = |x|

9. f (x) = |x|−5
10. f (x) = 5|x+7|

Write an equation that reflects the transformation that has taken place for the parent function g(x) = 1
x , for it

to move in the following ways:

11. Move two spaces up
12. Move four spaces to the right
13. Stretch it by 2 in the y-direction

Write an Equation for each described transformation.

14. a V-shape shifted down 4 units.
15. a V-shape shifted left 6 units
16. a V-shape shifted right 2 units and up 1 unit.

The following graphs are transformations of the parent function f (x) = |x| in the form of f (x) = a|x−h|= k.
Graph or sketch each to observe the type of transformation.

49

http://www.ck12.org


1.9. Vertical and Horizontal Transformations www.ck12.org

17. f (x) = |x|+2. What happens to the graph when you add a number to the function? (i.e. f(x) + k).
18. f (x) = |x|−4. What happens to the graph when you subtract a number from the function? (i.e. f(x) - k).
19. f (x) = |x−4|. What happens to the graph when you subtract a number in the function? (i.e. f(x - h)).
20. f (x) = |x+2|. What happens to the graph when you add a number in the function? (i.e. f(x + h)).

Practice: Graph the following:

21. f (x) = 2|x|
22. f (x) = 5

2 |x|
23. f (x) = 1

2 |x|
24. f (x) = 2

5 |x|
25. Let f (x) = x2. Let g(x) be the function obtained by shifting the graph of f (x) two units to the right and then

up three units. Find a formula forg(x) and then draw its graph

Suppose H(t) gives the height of high tide in Hawaii(H) on a Tuesday, (t) of the year. Use shifts of the function
H(t) to find formulas of each of the following functions:

26. F(t), the height of high tide on Fiji on Tuesday (t), given that high tide in Fiji is always one foot higher than
high tide in Hawaii.

27. S(d), the height of high tide in Saint Thomas on Tuesday (t), given that high tide in Saint Thomas is the same
height as the previous day’s height in Hawaii.
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1.10 Stretching and Reflecting Transformations

Here you will explore how to take the parent function in a function family and either stretch it horizontally or
vertically, or reflect it to change its direction. If you are not already familiar with function families, it would be a
good idea to review them first, and then return here to apply those concepts.

Understanding how changes in the equation of a function result in stretching and/or reflecting the graph of the
function is a great way to take some of the mystery out of graphing more complicated equations. By recognizing the
family to which a more complex equation belongs, and then identifying what changes have been made to the parent
of that family, the graph of even quite detailed functions can be made much more understandable.

See if you can identify what parts of the equation: y = −1
5 x2represent either a stretch or a reflection of the parent

function: y = x2 before the review at the end of this lesson.

Watch This

Embedded Video:

MEDIA
Click image to the left for more content.

James Sousa - Function Transformations: Horizontal and Vertical Stretches and Compressions

Guidance

Stretching and compressing graphs

If we multiply a function by a coefficient, the graph of the function will be stretched or compressed.

Given a function f(x), we can formalize compressing and stretching the graph of f(x) as follows:

• A function g(x) represents a vertical stretch of f (x) if g(x) = cf (x) and c >1.

• A function g(x) represents a vertical compression of f (x) if g(x) = cf (x) and 0 <c <1.

• A function h(x) represents a horizontal compression of f (x) if h(x) = f (cx) and c >1.

• A function h(x) represents a horizontal stretch of f (x) if h(x) = f (cx) 0 <c <1.

Notice that a vertical compression or a horizontal stretch occurs when the coefficient is a number between 0 and 1.

Reflecting graphs over the y-axis and x-axis

Consider the graphs of the functions y = x2 and y = -x2, shown below.

51

http://www.ck12.org
http://www.ck12.org/flx/show/video/http%3A//www.youtube.com/embed/2S9LUinJ8-w%3Fwmode%3Dtransparent%26rel%3D0%26hash%3D66eed1b7f513ffb226bc441e13f35214
http://youtu.be/2S9LUinJ8-w?t=4s
http://youtu.be/2S9LUinJ8-w?t=4s
http://youtu.be/2S9LUinJ8-w?t=4s
http://youtu.be/2S9LUinJ8-w?t=4s
http://youtu.be/2S9LUinJ8-w?t=4s
http://youtu.be/2S9LUinJ8-w?t=4s
http://youtu.be/2S9LUinJ8-w?t=4s
http://youtu.be/2S9LUinJ8-w?t=4s
http://youtu.be/2S9LUinJ8-w?t=4s
http://youtu.be/2S9LUinJ8-w?t=4s
http://youtu.be/2S9LUinJ8-w?t=4s
http://youtu.be/2S9LUinJ8-w?t=4s
http://youtu.be/2S9LUinJ8-w?t=4s
http://youtu.be/2S9LUinJ8-w?t=4s
http://youtu.be/2S9LUinJ8-w?t=4s
http://youtu.be/2S9LUinJ8-w?t=4s
http://youtu.be/2S9LUinJ8-w?t=4s
http://youtu.be/2S9LUinJ8-w?t=4s
http://youtu.be/2S9LUinJ8-w?t=4s
http://youtu.be/2S9LUinJ8-w?t=4s
http://youtu.be/2S9LUinJ8-w?t=4s
http://youtu.be/2S9LUinJ8-w?t=4s
http://youtu.be/2S9LUinJ8-w?t=4s
http://youtu.be/2S9LUinJ8-w?t=4s


1.10. Stretching and Reflecting Transformations www.ck12.org

The graph of y = -x2 represents a reflection of y = x2, over the x-axis. That is, every function value of y = -x2 is the
negative of a function value of y = x2. In general, g(x) = -f (x) has a graph that is the graph of f (x), reflected over the
x-axis.

Example A

Identify the graph of the function y = (3x)2.

Solution

We have multiplied x by 3. This should affect the graph horizontally. However, if we simplify the equation, we get y
= 9x2. Therefore the graph if this parabola will be taller/thinner than y = x2. Multiplying x by a number greater than
1 creates a horizontal compression, which looks like a vertical stretch.

Example B

Identify the transformation described by y = ((1/2)x)2.

Solution

If we simplify this equation, we get y = (1/4) x2. Therefore multiplying x by a number between 0 and 1 creates a
horizontal stretch, which looks like a vertical compression. That is, the parabola will be shorter/wider.

Example C

Sketch a graph of y = x3 and y = -x3 on the same axes.

Solution:
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At first the two functions might look like two parabolas. If you graph by hand, or if you set your calculator to
sequential mode (and not simultaneous), you can see that the graph of y = -x3 is in fact a reflection of y = x3 over the
x-axis.

However, if you look at the graph, you can see that it is a reflection over the y-axis as well. This is the case because
in order to obtain a reflection over the y-axis, we negate x. In other words, h(x) = f (-x) is a reflection of f (x) over
the y-axis. For the function y = x3, h(x) = (-x)3 = (-x) (-x) (-x) = -x3. This is the same function as the one we have
already graphed.

It is important to note that this is a special case. The graph of y = x2 is also a special case. If we want to reflect y =
x2 over the y-axis, we will just get the same graph! This can be explained algebraically: y = (-x)2 = (-x) (-x) = x2.

Concept question wrap-up:

TABLE 1.8:

Are you able to identify the transformations described in the beginning of the lesson now?
The function: y =−1

5 x2 is the result of transforming y = x2 by:

reflecting it over the x axis, because of the negative co-efficient on the x. and:
vertically compressing it (making it wider), because of the co-efficient being a fraction between 0 and 1.

Vocabulary

Reflections are transformations which result in a "mirror image" of a parent function. They are a result of differing
signs between parent and child functions.
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Stretches are transformations which result in the width of a graph being increased or decreased. They are the result
of the co-efficient of the x term being between 0 and 1.

Guided Practice

Questions

1) Sketch the graph of y = 3x2 by appropriately stretching the parent graph y = x2

2) Sketch the graph of y =−3x2 by reflecting the graph of y = 3x2 above.

Answers

1) The graph of y = 3x2 is the graph of the parent, y = x2, with each y-coordinate multiplied by 3. The image below
shows both the parent and the child function on the same axes.

2) The graph of y =−3x2 is the graph of y = 3x2reflected over the x-axis, the image below shows both functions.
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Practice

1. If a function is multiplied by a coefficient, what will happen to the graph of the function?
2. What does multiplying x by a number greater than one create?
3. What happens when we multiply x by a number between 0 and 1
4. In order to obtain a reflection over the y axis what do we have to do to x?
5. How do we obtain a reflection over the x-axis?
6. Write a function that will create a horizontal compression of the following: f (x) = x2 +3
7. Write a function that will horizontally stretch the following: f (x) = x2−6
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2.1 Write a Function in Slope-Intercept Form

Here you’ll learn how to write the slope-intercept form of linear functions and how to work with functions in this
form.

What if the linear function W (g) represented a family’s monthly water bill, with g as the number of gallons of water
used. If you knew what the function was, could you find W (25)? How about if you knew the slope of the function
and the value of W (25)? Could you determine what the function was? Suppose you knew the values of W (25) and
W (50). Could you determine the function in this case? After completing this Concept, you’ll be able to perform
tasks like these.

Guidance

Remember that a linear function has the form f (x) = mx+ b. Here f (x) represents the y values of the equation or
the graph. So y = f (x) and they are often used interchangeably. Using the functional notation in an equation often
provides you with more information.

For instance, the expression f (x) = mx+b shows clearly that x is the independent variable because you substitute
values of x into the function and perform a series of operations on the value of x in order to calculate the values of
the dependent variable, y.

In this case when you substitute x into the function, the function tells you to multiply it by m and then add b to the
result. This process generates all the values of y you need.

Example A

Consider the function f (x) = 3x−4. Find f (2), f (0), and f (−1).

Solution:

Each number in parentheses is a value of x that you need to substitute into the equation of the function.

f (2) = 2; f (0) =−4; and f (−1) =−7

Function notation tells you much more than the value of the independent variable. It also indicates a point on the
graph. For example, in the above example, f (−1) = −7. This means the ordered pair (–1, –7) is a solution to
f (x) = 3x−4 and appears on the graphed line. You can use this information to write an equation for a function.
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Example B

Write an equation for a line with m = 3.5 and f (−2) = 1.

Solution:

You know the slope, and you know a point on the graph, (–2, 1). Using the methods presented in this Concept, write
the equation for the line.

Begin with slope-intercept form.

y = mx+b

Substitute the value for the slope. y = 3.5x+b

Use the ordered pair to solve for b. 1 = 3.5(−2)+b

b = 8

Rewrite the equation. y = 3.5x+8

or f (x) = 3.5x+8

Example C

Write an equation for a line with f (−1) = 2 and f (5) = 20.

Solution:

You know two points on the graph. Using the methods presented in the previous Concept, write the equation for the
line. First, you must find the slope:

m = y2−y1
x2−x1

= 20−2
5−(−1) =

18
6 = 3.

Now use the slope-intercept form:

y = mx+b

Substitute the value for the slope. y = 3x+b

Use the ordered pair to solve for b. 2 = 3(−1)+b

b = 5

Rewrite the equation. y = 3x+5

or f (x) = 3x+5

Guided Practice

Write an equation for a line with f (0) = 2 and f (3) =−4 and use it to find f (−5), f (2), f (0), and f (z).

Solution:

Notice that the first point given as an input value is 0, and the output is 2, which means the point is (0,2). This is the
y-intercept. So, all we have to do is find the slope and then plug both values into the slope-intercept form:

m = y2−y1
x2−x1

= −4−2
3−0 = −6

3 =−2.

Now use the slope-intercept form.
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y = mx+b

Substitute the value for the slope. y =−2x+b

Substitute the value for the y-intercept y =−2x+2

or f (x) =−2x+2

Now we find the values of f (−5), f (2), f (0), and f (z) for f (x) =−2x+2.

f (−5) =−2(−5)+2 = 10+2 = 12

f (2) =−2(2)+2 =−2

f (0) =−2(0)+2 = 0

f (z) =−2z+2

Practice

Sample explanations for some of the practice exercises below are available by viewing the following video. Note
that there is not always a match between the number of the practice exercise in the video and the number of the
practice exercise listed in the following exercise set. However, the practice exercise is the same in both. CK-12 Ba
sic Algebra:Linear Equations inSlope-InterceptForm (14:58)

MEDIA
Click image to the left for more content.

1. Consider the function f (x) =−2x−3. Find f (−3), f (0), and f (5).
2. Consider the function f (x) = 2

3 x+10. Find f (−9), f (0), and f (9).

In 3 – 10, find the equation of the linear function in slope–intercept form.

3. m = 5, f (0) =−3
4. m =−2, f (0) = 5
5. m =−7, f (2) =−1
6. m = 1

3 , f (−1) = 2
3

7. m = 4.2, f (−3) = 7.1
8. f

(1
4

)
= 3

4 , f (0) = 5
4

9. f (1.5) =−3, f (−1) = 2
10. f (−1) = 1, f (1) =−1

Mixed Review

11. Translate into a sentence: 4( j+2) = 400.
12. Evaluate 0.45 ·0.25−24÷ 1

4 .
13. The formula to convert Fahrenheit to Celsius is C(F) = F−32

1.8 . What is the Celsius equivalent to 35◦F?
14. Find the rate of change: The diver dove 120 meters in 3 minutes.
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15. What percent of 87.4 is 106?
16. Find the percent of change: The original price was $25.00. The new price is $40.63.
17. Solve for w : 606 = 0.045(w−4000)+0.07w.
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2.2 Graph a Line in Standard Form

Here you’ll learn how to graph a line in standard form.

Scott and Brooke are organizing a fundraiser for their school. They are planning a pasta dinner, where adult tickets
will cost $16 and kids’ tickets will cost $8. Their goal is to make $2000. If they sell only adult tickets, how many
must they sell to reach their goal? If they sell only kids’ tickets, how many must they sell to reach their goal?

Guidance

When a line is in standard form, there are two different ways to graph it. The first is to change the equation to
slope-intercept form and then graph as shown in the previous concept. The second is to use standard form to find the
x and y−intercepts of the line and connect the two. Here are a few examples.

Example A

Graph 5x−2y =−15.

Solution: Let’s use approach #1; change the equation to slope-intercept form.

5x−2y =−15

−2y =−5x−15

y =
5
2

x+
15
2

The y−intercept is
(
0, 15

2

)
. Change the improper fraction to a decimal and approximate it on the graph, (0, 7.5).

Then use slope triangles. If you find yourself running out of room “rising 5” and “running 2,” you could also “fall
5” and “run backwards 2” to find a point on the other side of the y−intercept.
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Example B

Find the x and y intercepts of the equation 4x−3x = 21.

Solution: Recall the Standard Form of a Line concept. The other coordinate will be zero at these points. Therefore,
for the x−intercept, plug in zero for y and for the y−intercept, plug in zero for x.

4x−3(0) = 21 4(0)−3y = 21

4x = 21 −3y = 21

x =
21
4

or 5.25 y =−7

Example C

Graph the equation from Example B.

Solution: Use approach #2 from above. Plot each intercept from Example B on their respective axes and draw a
line to connect them.

Intro Problem Revisit The equation, in standard form, for the pasta dinner sales goal is 2000 = 16x+ 8y. If they
sell only adult tickets, we are looking for the x-intercept, so set y equal to zero.

2000 = 16x+8(0)

2000 = 16x

x = 125

Therefore, they must sell 125 adult tickets to reach their goal.

If they sell only kids’ tickets, we are looking for the y-intercept, so set x equal to zero.

2000 = 16(0)+8y

2000 = 8y

y = 250
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Therefore, they must sell 250 kids’ tickets to reach their goal.

Guided Practice

1. Graph 4x+6y = 18 by changing it into slope-intercept form.

2. Graph 5x−3y = 30 by plotting the intercepts.

Answers

1. Change 4x+6y = 18 into slope-intercept form by solving for y, then graph.

4x+6y = 18

6y =−4x+18

y =−2
3

x+3

2. Substitute in zero for x, followed by y and solve each equation.

5(0)−3y = 30 5x−3(0) = 30

−3y = 30 5x = 30

y =−10 x = 6

Now, plot each on their respective axes and draw a line.
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Practice

Graph the following lines by changing the equation to slope-intercept form.

1. −2x+ y = 5
2. 3x+8y = 16
3. 4x−2y = 10
4. 6x+5y =−20
5. 9x−6y = 24
6. x+4y =−12

Graph the following lines by finding the intercepts.

7. 2x+3y = 12
8. −4x+5y = 30
9. x−2y = 8

10. 7x+ y =−7
11. 6x+10y = 15
12. 4x−8y =−28
13. y = 3
14. Writing Which method do you think is easier? Why?
15. Writing Which method would you use to graph x =−5? Why?
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2.3 Linear Equations in Point-Slope Form

Learning Objectives

• Write an equation in point-slope form.
• Graph an equation in point-slope form.
• Write a linear function in point-slope form.
• Solve real-world problems using linear models in point-slope form.

Introduction

In the last lesson, we saw how to write the equation of a straight line in slope-intercept form. We can rewrite this
equation in another way that sometimes makes solving the problem easier. The equation of a straight line that we
are going to talk about is called point-slope form.

y− y0 = m(x− x0)

Here m is the slope and (x0,y0) is a point on the line. Lets see how we can use this form of the equation in the three
cases that we talked about in the last section.

Case 1: You know the slope of the line and the y−intercept.

Case 2: You know the slope of the line and a point on the line.

Case 3: You know two points on the line.

Write an Equation in Point-Slope Form

Case 1 You know the slope and the y−intercept.

1. Start with the equation in point-slope form y− y0 = m(x− x0).
2. Plug in the value of the slope.
3. Plug in 0 for x0 and b for y0.

Example 1

Write the equation of the line in point-slope form, given that the slope =−5 and the y−intercept = 4.

Solution:

1. Start with the equation in point-slope form. y− y0 = m(x− x0)
2. Plug in the value of the slope. y− y0 =−5(x− x0)
3. Plug in 0 for x0 and 4 for y0. y− (−4) =−5(x− (0))

Therefore, the equation is y+4 =−5x

Case 2 You know the slope and a point on the line.
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1. Start with the equation in point-slope form y− y0 = m(x− x0).
2. Plug in the value of the slope.
3. Plug in the x and y values in place of x0 and y0.

Example 2

Write the equation of the line in point-slope form, given that the slope = 3
5 and the point (2,6) is on the line.

Solution:

1. Start with the equation in point-slope form. y− y0 = m(x− x0)
2. Plug in the value of the slope. y− y0 =

3
5(x− x0)

3. Plug in 2 for x0 and 6 for y0. y− (6) = 3
5(x− (2))

The equation is y−6 = 3
5(x−2)

Notice that the equation in point-slope form is not solved for y.

Case 3 You know two points on the line.

1. Start with the equation in point-slope form y− y0 = m(x− x0).
2. Find the slope using the slope formula. m = y2−y1

x2−x1
3. Plug in the value of the slope.
4. Plug in the x and y values of one of the given points in place of x0 and y0

Example 3

Write the equation of the line in point-slope form, given that the line contains points (-4, -2) and (8, 12).

Solution

1. Start with the equation in point-slope form. y− y0 = m(x− x0)

2. Find the slope using the slope formula. m = 12−(−2)
8−(−4) = 14

12 = 7
6

3. Plug in the value of the slope. y− y0 =
7
6(x− x0)

4. Plug in -4 for x0 and -2 for y0. y− (−2) = 7
6(x− (−4))

Therefore, the equation is y+2 = 7
6(x+4)Answer 1

In the last example, you were told that for the last step you could choose either of the points you were given to plug
in for the point (x0,y0) but it might not seem like you would get the same answer if you plug the second point in
instead of the first. Lets redo Step 4.

4. Plug in 8 for x0 and 12 for y0 y−12 = 7
6(x−8)Answer 2

This certainly does not see like the same answer as we got by plugging in the first point. What is going on?

Notice that the equation in point-slope form is not solved for y. Lets change both answers into slope-intercept form
by solving for y.
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Answer 1 Answer 2

y+2 =
7
6
(x+4) y−12 =

7
6
(x−8)

y+2 =
7
6

x+
28
6

y−12 =
7
6

x− 56
6

y =
7
6

x+
14
3
−2 y =

7
6

x− 28
3
+12

y =
7
6

x+
8
3

y =
7
6

x+
8
3

Now that the two answers are solved for y, you can see that they simplify to the same thing. In point-slope form
you can get an infinite number of right answers, because there are an infinite number of points on a line. The slope
of the line will always be the same but the answer will look different because you can substitute any point on the
line for (x0,y0). However, regardless of the point you pick, the point-slope form should always simplify to the same
slope-intercept equation for points that are on the same line.

In the last example you saw that sometimes we need to change between different forms of the equation. To change
from point-slope form to slope-intercept form, we just solve for y.

Example 4

Re-write the following equations in slope-intercept form.

a) y−5 = 3(x−2)

b) y+7 =−(x+4)

Solution

a) To re-write in slope-intercept form, solve for y.

y−5 = 3(x−2)

−5 = 3x−6

y = 3x−1

b) To re-write in slope-intercept form, solve for y.

y+7 =−(x+4)

y+7 =−x−4

y =−x−11

Graph an Equation in Point-Slope Form

If you are given an equation in point-slope form, it is not necessary to re-write it in slope-intercept form in order
to graph it. The point-slope form of the equation gives you enough information so you can graph the line y− y0 =
m(x− x0). From this equation, we know a point on the line (x0,y0) and the slope of the line.

To graph the line, you first plot the point (x0,y0). Then the slope tells you how many units you should go up or down
and how many units you should go to the right to get to the next point on the line. Lets demonstrate this method with
an example.
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Example 5

Make a graph of the line given by the equation y−2 = 2
3(x+2)

Solution

Lets rewrite the equation y− (2) = 2
3(x+2).

Now we see that point (-2, 2) is on the line and that the slope = 2
3 .

First plot point (-2, 2) on the graph.

A slope of 2
3 tells you that from your point you should move. 2 units up and 3 units to the right and draw another

point.

Now draw a line through the two points and extend the line in both directions.
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Write a Linear Function in Point-Slope Form

The functional notation for the point-slope form of the equation of a line is:

f (x)− f (x0) = m(x− x0)

Note that we replaced the each y with the f (x)

y = f (x) and y0 = f (x0)

That tells us more clearly that we find values of y by plugging in values of x into the function defined by the equation
of the line. Lets use the functional notation to solve some examples.

Example 6

Write the equation of the following linear functions in point-slope form.

a) m = 25 and f (0) = 250

b) m = 9.8 and f (5.5) = 12.5

c) f (32) = 0 and f (77) = 25

a) Here we are given the slope = 25 and the point on the line gives x0 = 0, f (x0) = 250

1. Start with the equation in point-slope form. f (x)− f (x0) = m(x− x0)
2. Plug in the value of the slope. f (x)− f (x0) = 25(x− x0)
3. Plug in 0 for x0 and 250 for f (x0). f (x)−250 = 25(x−0)

Solution

The linear function is f (x)−250 = 25x.

b) Here we are given that slope = 9.8 and the point on the line gives x0 = 5.5, f (x0) = 12.5

1. Start with the equation in point-slope form. f (x)− f (x0) = m(x− x0)
2. Plug in the value of the slope. f (x)− f (x0) = 9.8(x− x0)
3. Plug in 5.5 for x0 and 12.5 for f (x0). f (x)−12.5 = 9.8(x−5.5)

Solution
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The linear function is f (x)−12.5 = 9.8(x−5.5).

c) Here we are given two points (32, 0) and (77, 25).

1. Start with the equation in point-slope form. f (x)− f (x0) = m(x− x0)
2. Find the value of the slope. m = 25−0

77−32 = 25
45 = 5

9
3. Plug in the value of the slope. f (x)− f (x0) =

5
9(x− x0)

4. Plug in 32 for and 0 for f (x0). f (x)−0 = 5
9(x−32)

Solution

The linear function is f (x)−0 = 5
9(x−32).

Solve Real-World Problems Using Linear Models in Point-Slope Form

Lets solve some word problems where we need to write the equation of a straight line in point-slope form.

Example 7

Marciel rented a moving truck for the day. Marciel only remembers that the rental truck company charges $40 per
day and some amount of cents per mile. Marciel drives 46 miles and the final amount of the bill (before tax) is $63.
What is the amount per mile the truck rental company charges per day? Write an equation in point-slope form that
describes this situation. How much would it cost to rent this truck if Marciel drove 220 miles?

Lets define our variables:

x = distance in miles

y = cost of the rental truck in dollars

We see that we are given the y−intercept and the point (46, 63).

Peter pays a flat fee of $40 for the day. This is the y−intercept.

He pays $63 for 46 miles this is the coordinate point (46, 63).

Start with the point-slope form of the line. (y− y0) = m(x− x0)

Plug in the coordinate point. 63− y0 = m(46− x0)

Plug in point (0,40). 63−40 = m(46−0)

Solve for the slope. 23 = m(46)→ m =
23
46

= 0.5

The slope is : 0.5 dollars per mile

So, the truck company charges 50 cents per mile. ($0.5 = 50 cents)Equation of line is : y = 0.5x+40

To answer the question of 220 miles we plug in x = 220.

Solution

y−40 = 0.5(220)⇒ y = $150
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Example 8

Anne got a job selling window shades. She receives a monthly base salary and a $6 commission for each window
shade she sells. At the end of the month, she adds up her sales and she figures out that she sold 200 window shades
and made $2500. Write an equation in point-slope form that describes this situation. How much is Annes monthly
base salary?

Lets define our variables

x = number of window shades sold

y = Annes monthly salary in dollars

We see that we are given the slope and a point on the line:

Anne gets $6 for each shade, so the slope = 6 dollars/shade.

She sold 200 shades and made $2500, so the point is (200, 2500).

Start with the point-slope form of the line. y− y0 = m(x− x0)

Plug in the coordinate point. y− y0 = 6(x− x0)

Plug in point (200,2500). y−2500 = 6(x−200)

Annes base salary is found by plugging in x = 0. We obtain y−2500 =−1200⇒ y = $1300

Solution

Annes monthly base salary is $1300.

Lesson Summary

• The point-slope form of an equation for a line is: y− y0 = m(x− x0).
• If you are given the slope and a point on the line:

1. Simply plug the point and the slope into the equation.

• If you are given the slope and y−intercept of a line:

1. Plug the value of m into the equation
2. Plug the y−intercept point into the equation y0 = y−intercept and x0 = 0.

• If you are given two points on the line:

1. Use the two points to find the slope using the slope formula m = y2−y1
x2−x1

.
2. Plug the value of m into the equation.
3. Plug either of the points into the equation as (x0,y0).

• The functional notation of point-slope form is f (x)− f (x0) = m(x− x0).

Review Questions

Write the equation of the line in point-slope form.
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1. The line has slope − 1
10 and goes through point (10, 2).

2. The line has slope -75 and goes through point (0, 125).
3. The line has slope 10 and goes through point (8, -2).
4. The line goes through the points (-2, 3) and (-1, -2).
5. The line contains points (10, 12) and (5, 25).
6. The line goes through points (2, 3) and (0, 3).
7. The line has a slope 3

5 and a y−intercept -3.
8. The line has a slope -6 and a y−intercept 0.5.

Write the equation of the linear function in point-slope form.

9. m =−1
5 and f (0) = 7

10. m =−12 and f (−2) = 5
11. f (−7) = 5 and f (3) =−4
12. f (6) = 0 and f (0) = 6
13. m = 3 and f (2) =−9
14. m =−9

5 and f (0) = 32
15. Nadia is placing different weights on a spring and measuring the length of the stretched spring. She finds that

for a 100 gram weight the length of the stretched spring is 20 cm and for a 300 gram weight the length of
the stretched spring is 25 cm. Write an equation in point-slope form that describes this situation. What is the
unstretched length of the spring?

16. Andrew is a submarine commander. He decides to surface his submarine to periscope depth. It takes him
20 minutes to get from a depth of 400 feet to a depth of 50 feet. Write an equation in point-slope form that
describes this situation. What was the submarines depth five minutes after it started surfacing?

Review Answers

1. y−2 =− 1
10(x−10)

2. y−125 =−75x
3. y+2 = 10(x−8)
4. y+2 =−5(x+1) or y−3 =−5(x+2)
5. y−25 =−13

5 (x−5) or y−12 =−13
5 (x−10)

6. y−3 = 0
7. y+3 = 3

5 x
8. y−0.5 =−6x
9. f (x)−7 =−1

5 x
10. f (x)−5 =−12(x+2)
11. f (x)−5 =− 9

10(x+7) or f (x)+4 =− 9
10(x−3)

12. f (x) =−x(x−6) or f (x)−6 =−x
13. f (x)+9 = 3(x−2)
14. f (x)−32 = 9

5 x
15. y−20 = 1

40(x−100) unstretched length = 17.5 cm
16. y−50 =−17.5(x−20) or y−400 =−17.5x depth = 312.5 f eet
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2.4 Writing and Comparing Functions

Here you’ll use function notation to graph functions.

Have you ever thought about how to write a function given a table? Take a look at this dilemma about banana plants.

The following table shows the height (in) of a banana tree in terms of its age in days.

TABLE 2.1:

Age (days) Height (in)
0 8
1 12
2 16
3 20
4 24
5 28

Can you construct a function that represents the height f(d) the banana tree will be after d days?

Do you recognize the y-intercept in the table?

The y-intercept is (0, 8). Since we can identify the y-intercept easily, we can use slope intercept form y = mx+b to
write this function. In this case, b = 8.

In addition, you can pick any ordered pairs and compute the slope. Find the slope between (0, 8) and (1, 12).
12−8
1−0 = 4

1 = 4 so m = 4. The function that represents height as a function of days is f (d) = 4d +8.

What if you didn’t have the y-intercept in the table? No problem! You have already learned how to use the point-
slope formula. Simply find the slope then use one of the ordered pairs in the point-slope formula to construct the
function.
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In science, an independent variable is a parameter that is manipulated or chosen by a scientist while the dependent
variable is a parameter that is measured. Scientists oftentimes look for a correlation between an independent variable
and a dependent variable—they want to know if the dependent variable depends on the independent variable. For
example, a scientist might measure the speed at which a car is moving and the force upon impact when the car hits
a wall. The scientist can manipulate the speed of the car—she can make the car move slower or faster. She would
then measure the force of impact related to the given speed. Then, a conclusion can be drawn about their relatedness
and cars, in this case, might be designed based on that relation.

The independent variable will be shown in the left column of a t-table and on the x-axis of a graph. The
dependent variable will be shown in the right column of a t-table and on the y-axis of a graph.

If you think about this it makes perfect sense. The function of ydepends on the rest of the equation. Then we can
use function notation to represent this situation.

f (x) = 4x+1

Here we know that the function of x is dependent on 4 times that value, x and one.
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Once you understand the connection between independent variables and dependent variables, we can move on to
graphing these linear equations.

As with any other linear equation, functions can be graphed using a t-table or using the slope-intercept form. It is
important to place the independent variable on the x-axis and the dependent variable on the y-axis or the results can
be misinterpreted. Let’s look at how to do this.

A group of students measure the length of their classmates’ arms and legs and found the following data:

TABLE 2.2:

arm(in) legs(in)
25 30
27 33.2
26 31.6

Assume there is a linear relationship. Write and graph the linear function that describes this data.

Use the table to determine ordered pairs. Then you can find the slope. Find the slope using the slope formula for
x1 = 25,y1 = 30,x2 = 27,y2 = 33.2.

m =
y2− y1

x2− x1

m =
33.2−30
27−25

m =
3.2
2

m = 1.6

m =
8
5

Now substitute in our known values of m,x1, and y1.

m =
y− y1

x− x1
8
5
=

y−30
x−25

5(y−30) = 8(x−25)

5y−150 = 8x−200

5 = 8x−50

y =
8
5

x−10

Now we can graph the data.
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Determine each slope and y-intercept by using the given information.

Example A

f (x) = 3x+2

Solution: Slope = 3, y-intercept = 2

Example B

f (x) =−2x−9

Solution: Slope = -2, y-intercept = -9

Example C

f (x) =−x+3

Solution: Slope = -1, y-intercept = 3

Now let’s go back to the dilemma from the beginning of the Concept.

Here is the equation that we are going to graph. This equation describes the situation with the banana plant.

h = 4d +8

Let’s use slope-intercept form to show its graph.

m = 4,b = 8
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Notice that we only need the first quadrant of the coordinate plane because negative values would not make
sense.

Vocabulary

Independent Variable
a value that is not dependent on another value. It is the x value in a table.

Dependent Variable
a value that is dependent on the equation. It is the y value in a table.

Function Notation
an equation where the value of x is dependent on the equation involving x.

Guided Practice

Here is one for you to try on your own.

Do you have enough information to graph this situation?
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You buy a orange tree that is 12 inches tall. It grows 3 inches per day. Its height (in inches) h is a function of time
(in days) d.

h = 3d +12

Let’s use slope-intercept form to show its graph. We know that the slope is 3 and the y – intercept is 12. That gives
us enough information to graph this line.

Video Review

MEDIA
Click image to the left for more content.

Linear Function Graphs

Practice

Directions:Graph each function.

1. f (x) = 3x+1
2. f (x) = 2x+2
3. f (x) = 5x−1
4. f (x) = x−3
5. f (x) =−2x+1
6. f (x) =−2x−5
7. f (x) =−4x+9
8. f (x) = 4x+8
9. f (x) = x−10

10. f (x) = 2x+6
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Directions: Use what you have learned to solve each problem.

11. A migrating monarch butterfly travels 1100 miles. If it flies 30 miles per day, the distance d it still has to travel
is a function of days t it has traveled. Write a function rule for the situation.

12. What is the slope of the situation?
13. A writer gets paid a writer’s fee of $3000 plus $1.50 for each copy of the book that is sold. Create a function

rule for this situation.
14. What is the slope of this situation?
15. How many books does the writer need to sell to earn $10,000 total?

80

http://www.ck12.org


www.ck12.org Chapter 2. Linear Functions

2.5 Applications Using Linear Models

Here you’ll learn how to solve real-world problems using linear equations and how to decide which form of a linear
equation is easiest to use in a given situation.

Suppose a movie rental service charges a fixed fee per month and also charges $3.00 per movie rented. Last month
you rented 8 movies, and your monthly bill was $30.00. Could you write a linear equation to model this situation?
Would slope-intercept form, point-slope form, or standard form be easiest to use? In this Concept, you’ll learn to
solve real-world problems such as this one using linear models, and you’ll also learn to decide which form of a linear
equation is easiest to use in a given situation.

Guidance

Let’s apply the methods we learned in previous lessons to a few application problems that can be modeled using a
linear relationship.

Example A

Nadia has $200 in her savings account. She gets a job that pays $7.50 per hour and she deposits all her earnings
in her savings account. Write the equation describing this problem in slope–intercept form. How many hours would
Nadia need to work to have $500 in her account?

Solution: Begin by defining the variables:

y = amount of money in Nadia’s savings account

x = number of hours

The problem gives the y−intercept and the slope of the equation.

We are told that Nadia has $200 in her savings account, so b = 200.

We are told that Nadia has a job that pays $7.50 per hour, so m = 7.50.

By substituting these values into slope–intercept form, y = mx+b, we obtain y = 7.5x+200.

To answer the question, substitute $500 for the value of y and solve.

500 = 7.5x+200⇒ 7.5x = 300⇒ x = 40
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Nadia must work 40 hours if she is to have $500 in her account.

Example B

Marciel rented a moving truck for the day. Marciel remembers only that the rental truck company charges $40 per
day and some amount of cents per mile. Marciel drives 46 miles and the final amount of the bill (before tax) is $63.
What is the amount per mile the truck rental company charges? Write an equation in point-slope form that describes
this situation. How much would it cost to rent this truck if Marciel drove 220 miles?

Solution: Define the variables: x = distance in miles; y = cost of the rental truck in dollars. There are two ordered
pairs: (0, 40) and (46, 63).

Step 1: Begin by finding the slope: 63−40
46−0 = 23

46 = 1
2 .

Step 2: Substitute the slope for m and one of the coordinates for (x1,y1).

y−40 =
1
2
(x−0)

To find out how much will it cost to rent the truck for 220 miles, substitute 220 for the variable x.

y−40 =
1
2
(220−0)

y−40 = 0.5(220)⇒ y = $150

Example C

Nimitha buys fruit at her local farmer’s market. This Saturday, oranges cost $2 per pound and cherries cost $3 per
pound. She has $12 to spend on fruit. Write an equation in standard form that describes this situation. If she buys 4
pounds of oranges, how many pounds of cherries can she buy?
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Solution: Define the variables: x = pounds of oranges and y = pounds of cherries.

The equation that describes this situation is: 2x+3y = 12

If she buys 4 pounds of oranges, we substitute x = 4 into the equation and solve for y.

2(4)+3y = 12⇒ 3y = 12−8⇒ 3y = 4⇒ y = 4
3 . Nimitha can buy 1 1

3 pounds of cherries.

Guided Practice

1. A stalk of bamboo of the family Phyllostachys nigra grows at steady rate of 12 inches per day and achieves its full
height of 720 inches in 60 days. Write the equation describing this problem in slope–intercept form. How tall is the
bamboo 12 days after it started growing?

2. Jethro skateboards part of the way to school and walks for the rest of the way. He can skateboard at 7 miles per
hour and he can walk at 3 miles per hour. The distance to school is 6 miles. Write an equation in standard form that
describes this situation. If Jethro skateboards for 1

2 of an hour, how long does he need to walk to get to school?

Solutions:

1. Define the variables.

y = the height of the bamboo plant in inches

x = number of days

The problem gives the slope of the equation and a point on the line.

The bamboo grows at a rate of 12 inches per day, so m = 12.

We are told that the plant grows to 720 inches in 60 days, so we have the point (60, 720).

Start with the slope-intercept form of the line. y = mx+b

Substitute 12 for the slope. y = 12x+b

Substitute the point (60,720). 720 = 12(60)+b⇒ b = 0

Substitute the value of b back into the equation. y = 12x

To answer the question, substitute the value x = 12 to obtain y = 12(12) = 144 inches.

The bamboo is 144 inches 12 days after it starts growing.

2. Define the variables: x = hours Jethro skateboards and y = hours Jethro walks.

The equation that describes this situation is 7x+3y = 6.

If Jethro skateboards 1
2 of an hour, we substitute x = 0.5 into the equation and solve for y.

7(0.5)+3y = 6⇒ 3y = 6−3.5⇒ 3y = 2.5⇒ y = 5
6 . Jethro must walk 5

6 of an hour.
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Practice

1. To buy a car, Andrew puts in a down payment of $1500 and pays $350 per month in installments. Write an
equation describing this problem in slope-intercept form. How much money has Andrew paid at the end of
one year?

2. Anne transplants a rose seedling in her garden. She wants to track the growth of the rose, so she measures
its height every week. In the third week, she finds that the rose is 10 inches tall and in the eleventh week she
finds that the rose is 14 inches tall. Assuming the rose grows linearly with time, write an equation describing
this problem in slope-intercept form. What was the height of the rose when Anne planted it?

3. Ravi hangs from a giant exercise spring whose length is 5 m. When his child Nimi hangs from the spring,
his length is 2 m. Ravi weighs 160 lbs. and Nimi weighs 40 lbs. Write the equation for this problem in
slope-intercept form. What should we expect the length of the spring to be when his wife Amardeep, who
weighs 140 lbs., hangs from it?

4. Petra is testing a bungee cord. She ties one end of the bungee cord to the top of a bridge and to the other end
she ties different weights. She then measures how far the bungee stretches. She finds that for a weight of 100
lbs., the bungee stretches to 265 feet and for a weight of 120 lbs., the bungee stretches to 275 feet. Physics tells
us that in a certain range of values, including the ones given here, the amount of stretch is a linear function of
the weight. Write the equation describing this problem in slope–intercept form. What should we expect the
stretched length of the cord to be for a weight of 150 lbs?

5. Nadia is placing different weights on a spring and measuring the length of the stretched spring. She finds that
for a 100 gram weight the length of the stretched spring is 20 cm and for a 300 gram weight the length of
the stretched spring is 25 cm. Write an equation in point-slope form that describes this situation. What is the
unstretched length of the spring?

6. Andrew is a submarine commander. He decides to surface his submarine to periscope depth. It takes him
20 minutes to get from a depth of 400 feet to a depth of 50 feet. Write an equation in point-slope form that
describes this situation. What was the submarine’s depth five minutes after it started surfacing?

7. Anne got a job selling window shades. She receives a monthly base salary and a $6 commission for each
window shade she sells. At the end of the month, she adds up her sales and she figures out that she sold 200
window shades and made $2500. Write an equation in point-slope form that describes this situation. How
much is Anne’s monthly base salary?

8. The farmer’s market sells tomatoes and corn. Tomatoes are selling for $1.29 per pound and corn is selling
for $3.25 per pound. If you buy 6 pounds of tomatoes, how many pounds of corn can you buy if your total
spending cash is $11.61?

9. The local church is hosting a Friday night fish fry for Lent. They sell a fried fish dinner for $7.50 and a baked
fish dinner for $8.25. The church sold 130 fried fish dinners and took in $2,336.25. How many baked fish
dinners were sold?

10. Andrew has two part-time jobs. One pays $6 per hour and the other pays $10 per hour. He wants to make
$366 per week. Write an equation in standard form that describes this situation. If he is only allowed to work
15 hours per week at the $10 per hour job, how many hours does he need to work per week at his $6 per hour
job in order to achieve his goal?

11. Anne invests money in two accounts. One account returns 5% annual interest and the other returns 7% annual
interest. In order not to incur a tax penalty, she can make no more than $400 in interest per year. Write an
equation in standard form that describes this problem. If she invests $5000 in the 5% interest account, how
much money does she need to invest in the other account?

Mixed Review

12. Write the following equation in slope-intercept form: y−2 = 6(x−3).
13. Solve for p : p−2

7 = p+1
6 .

14. Describe the graph of x = 1.5.
15. Tell whether (4, –3) is a solution to 5x+3y = 9.
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16. Give the coordinates of a point located in quadrant III.
17. Find the slope between (6, 6) and (16, 6).
18. Graph the equation y = 5

9 x−7.
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2.6 Rates of Change

Here you’ll learn the meaning of rate of change, how to calculate it, and how to make predictions about the future
based on it.

What if 1 week after a gym opened, it had 20 members, 2 weeks after it opened, it had 40 members, and 3 weeks
after it opened, it had 60 members? How would you calculate the rate of change in the number of gym members?
How is this different than the slope? If this rate continues, how long will it take for the gym to have 300 members?
In this Concept, you’ll learn the meaning of rate of change and how to calculate it. You’ll also learn how to make
predictions about the future based on a rate of change so that you can answer questions about real-world scenarios
such as the gym.

Try This

Multimedia Link: For more information regarding rates of change, visit NCTM’s website for an interactive – http
://standards.nctm.org/document/eexamples/chap6/6.2/part2.htm – rate of change activity.

Guidance

Finding the Rate of Change

When finding the slope of real-world situations, it is often referred to as rate of change. “Rate of change” means
the same as “slope.” If you are asked to find the rate of change, use the slope formula or make a slope triangle.

Example A

Andrea has a part-time job at the local grocery store. She saves for her vacation at a rate of $15 every week. Find
her rate of change.

Solution: Begin by finding two ordered pairs. You can make a chart or use the Substitution Property to find two
coordinates.

Sample: (2, 30) and (10, 150). Since (2, 30) is written first, it can be called (x1,y1). That means (10,150) = (x2,y2).

Use the formula: slope = y2−y1
x2−x1

= 150−30
10−2 = 120

8 = 15
1 .

Andrea’s rate of change is $15/1 week.

Example B

A candle has a starting length of 10 inches. Thirty minutes after lighting it, the length is 7 inches. Determine the
rate of change in the length of the candle as it burns. Determine how long the candle takes to completely burn to
nothing.

Solution: Begin by finding two ordered pairs. The candle begins at 10 inches in length. So at time “zero”, the length
is 10 inches. The ordered pair representing this is (0, 10). 30 minutes later, the candle is 7 inches, so the ordered
pair is (30, 7). Since (0, 10) is written first, it can be called (x1,y1). That means (30,7) = (x2,y2).

Use the formula: slope = y2−y1
x2−x1

= 7−10
30−0 = −3

30 =− 1
10 .
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The candle has a rate of change of –1 inch/10 minutes. To find the length of time it will take for the candle to burn
out, you can create a graph, use guess and check, or solve an equation.

You can create a graph to help visualize the situation. By plotting the ordered pairs you were given and by drawing
a straight line connecting them, you can estimate it will take 100 minutes for the candle to burn out.

Example C

Examine the following graph. It represents a journey made by a large delivery truck on a particular day. During
the day, the truck made two deliveries, each one taking one hour. The driver also took a one-hour break for lunch.
Identify what is happening at each stage of the journey (stages A through E).

Truck’s Distance from Home by Time

Here is the driver’s journey.

A. The truck sets off and travels 80 miles in 2 hours.

B. The truck covers no distance for 1 hour.

C. The truck covers (120−80) = 40 miles in 1 hour.

D. The truck covers no distance for 2 hours.
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E. The truck covers 120 miles in 2 hours.

Solution: To identify what is happening at each leg of the driver’s journey, you are being asked to find each rate of
change.

The rate of change for line segment A can be found using either the formula or the slope triangle. Using the slope
triangle, vertical change = 80 and the horizontal change = 2.

slope = rise
run = 80 miles

2 hours = 40 miles/1 hour.

Segments B and D are horizontal lines and each has a slope of zero.

The rate of change for line segment C using the slope formula: Rate of change= 4y
4x =

(120−80) miles
(4−3) hours = 40 miles per hour.

The rate of change for line segment E using the slope formula: Rate of change = 4y
4x = (0−120) miles

(8−6) hours = −120 miles
2 hours =

−60 miles per hour. The truck is traveling at negative 60 mph. A better way to say this is that the truck is returning
home at a rate of 60 mph.

Guided Practice

Adel spent $125 on groceries in one week. Use this to predict how much Adel will spend on groceries, if she keeps
buying them at the same rate, after about a month.

Solution:

Adel’s weekly rate is $125 per week. Since a month is about 4 weeks, multiply $125/week times 4 weeks:
$125

1 week ·4 weeks = $125
1���week ·4����weeks = $125 ·4 = $500

Adel will spend about $500 on groceries in about four weeks or a month.

Practice

Sample explanations for some of the practice exercises below are available by viewing the following video. Note
that there is not always a match between the number of the practice exercise in the video and the number of the
practice exercise listed in the following exercise set. However, the practice exercise is the same in both. CK-12 Ba
sic Algebra:Slope and Rate of Change (13:42)

MEDIA
Click image to the left for more content.

1. How is slope related to rate of change? In what ways is it different?

2. The graph below is a distance-time graph for Mark’s 3.5-mile cycle ride to school. During this particular ride,
he rode on cycle paths but the terrain was hilly. His speed varied depending upon the steepness of the hills.
He stopped once at a traffic light and at one point he stopped to mend a tire puncture. Identify each section of
the graph accordingly.
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3. Four hours after she left home, Sheila had traveled 145 miles. Three hours later she had traveled 300 miles.
What was her rate of change?

4. Jenna earns $60 every 2 1
2 weeks. What is her rate of change?

5. Geoffrey has a rate of change of 10 feet/1 second. Write a situation that could fit this slope.

Mixed Review

6. Find the intercepts of 3x−5y = 10.
7. Graph the line y =−6.
8. Draw a line with a negative slope passing through the point (3, 1).
9. Draw a graph to represent the number of quarter and dime combinations that equal $4.00.

10. What is the domain and range of the following: {(−2,2),(−1,1),(0,0),(1,1),(2,2)}?
11. Solve for y : 16y−72 = 36.
12. Describe the process used to solve an equation such as: 3x+1 = 2x−35.
13. Solve the proportion: 6

a = 14
2a+1 .

Quick Quiz

1. Find the intercepts of 3x+6y = 25 and graph the equation.
2. Find the slope between (8, 5) and (–5, 6).
3. Graph f (x) = 2x+1.
4. Graph the ordered pair with the following directions: 4 units west and 6 units north of the origin.
5. Using the graph below, list two “trends” about this data. A trend is something you can conclude about the

given data.
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2.7 Linear and Non-Linear Function Distinc-
tion

Here you’ll learn to distinguish between linear and non - linear functions.

Do you like roller coasters? Take a look at this dilemma.

Jana loves roller coasters. She can’t wait to ride some of the roller coasters at the amusement park for the class trip.
Jana is so curious about roller coasters that she starts to do some research about them. For example, Jana wonders
whether or not the speed of the roller coaster is connected to the height of the roller coaster or the length of the roller
coaster. She thinks that the speed of the roller coaster is a function of its height.

After doing some research, here is what Jana discovers.

The Timber Terror Roller Coaster

Height = 85 f t

Speed = 55 mph

Kingda Ka Roller Coaster

Height = 456 f eet

Speed = 128 mph

Top Thrill Dragster Roller Coaster

Height = 420 f t.

Speed = 120 mph

Jana wants to show how this data appears in a chart. She wants to be able to prove that the speed of the roller
coaster is a function of its height.

This Concept is all about graphing functions. Pay close attention and at the end of this Concept you will be
able to help Jana organize and graph her function.
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Guidance

In the last Concept, you learned to identify a linear function. Let’s identify a linear function now.

What is a linear function?

A linear function has a graph that is straight line.

Let’s look at this table.

TABLE 2.3:

x y
0 2
1 4
2 6
3 8

Notice that each x value has a y value that gets larger as it goes up. As one value increases the dependent or y
value increases too. It does this in a sequential way. We can tell that this graph will form a straight line.

Let’s be sure that it does. Here is the graph of this function.
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That’s a great question.

What is a non-linear function?

A non-linear function is a function where the data does not increase or decrease in a systematic or sequential way.
In short, a non-linear function does not form a straight line when it is graphed.

Let’s look at a non-linear function in a table.

TABLE 2.4:

x y
1 3
2 5
3 4
4 9

Do you notice anything different about this function?

The data does not move in a sequential way. This graph will not form a straight line.

Let’s graph this function to be sure. Here is the graph of a non-linear function.
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We could connect these points, but it does not change the fact that this is a non-linear function.

Practice identifying whether each represents a linear or a non-linear function.

Example A
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Solution: Non - Linear Function

Example B

TABLE 2.5:

x y
1 10
2 8
3 6
4 4

Solution: Linear Function

Example C

TABLE 2.6:

x y
1 8
2 6
3 4
4 2

Solution: Linear Function

Now back to the roller coaster.

Here is the original problem once again. Reread the problem and then work on creating a table and function graph
of Jana’s data.

Jana loves roller coasters. She can’t wait to ride some of the roller coasters at the amusement park for the class trip.
Jana is so curious about roller coasters that she starts to do some research about them. For example, Jana wonders
whether or not the speed of the roller coaster is connected to the height of the roller coaster or the length of the roller
coaster. She thinks that the speed of the roller coaster is a function of its height.

After doing some research, here is what Jana discovers.

The Timber Terror Roller Coaster

Height = 85 f t

Speed = 55 mph

Kingda Ka Roller Coaster

Height = 456 f eet

Speed = 128 mph

Top Thrill Dragster Roller Coaster

Height = 420 f t.

Speed = 120 mph

To create a table of Jana’s data we must use the height as one variable and the speed as the other. Here is a
table of our data.
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TABLE 2.7:

H S
85 55
420 120
456 128

You can see that as the height increases so does the speed. Using this information, Jana can conclude that the speed
of a roller coaster is a function of its height.

Let’s create a graph of the function.

Notice that this graph is a non-linear graph. Even though the speed increases with the height of the roller coaster,
the interval that it increases is not even. Therefore, the graph of this function is non-linear.

Vocabulary

Here are the vocabulary words in this Concept.

Function
one variable is dependent on another. One variable matches exactly one other value.

Linear Function
the graph of a linear function forms a straight line.

Non-Linear Function
the graph of a non-linear function does not form a straight line.

Guided Practice

Here is one for you to try on your own.

Non - linear or linear?

TABLE 2.8:

x y
2 4
4 6
6 8
10 12
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Answer

This pattern does not follow a linear rule. It will not form a straight line when graphed. It is a non - linear function.

Video Review

Here are videos for review.

MEDIA
Click image to the left for more content.

KhanAcademy: Recognizing LinearFunctions

MEDIA
Click image to the left for more content.

KhanAcademy: Exploring Non-Linear Relationships

Practice

Directions: Look at each table and determine whether the function is linear or non-linear.

1.

TABLE 2.9:

x y
0 2
1 3
2 5
4 4

2.

TABLE 2.10:

x y
1 3
2 5
3 7
4 9
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3.

TABLE 2.11:

x y
2 6
3 9
5 15
6 18

4.

TABLE 2.12:

x y
2 3
3 4
6 7
8 9

5.

TABLE 2.13:

x y
8 4
6 12
2 8
0 0

6.

TABLE 2.14:

x y
0 3
1 4
2 5
6 9

7.

TABLE 2.15:

x y
5 11
4 9
3 7
2 5

8.
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TABLE 2.16:

x y
1 7
3 4
2 9
5 8

9.

TABLE 2.17:

x y
1 3
2 6
4 12
6 18

10.

TABLE 2.18:

x y
4 2
5 3
6 5
7 1

Directions: Now use each table in 1 – 10 and graph each function. You should have 10 graphs for this section.
Number these graphs 11 – 20. If the graph is a linear graph, then please connect the points with a line.
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2.8 Linear, Exponential, and Quadratic Models

Here you’ll learn how to identify a function’s type by examining the difference or the ratio of different values of the
dependent variable.

What if you were given a table of x and y values? How could you determine if those values represented a linear
function, an exponetial function, or a quadratic function? After completing this Concept, you’ll be able to identify
functions using differences and ratios between their values.

Watch This

MEDIA
Click image to the left for more content.

CK-12 Foundation: 1011S Linear, Exponential and Quadratic Models

Guidance

In this course we’ve learned about three types of functions, linear, quadratic and exponential.

• Linear functions take the form y = mx+b.
• Quadratic functions take the form y = ax2 +bx+ c.
• Exponential functions take the form y = a ·bx.

In real-world applications, the function that describes some physical situation is not given; it has to be found before
the problem can be solved. For example, scientific data such as observations of planetary motion are often collected
as a set of measurements given in a table. Part of the scientist’s job is to figure out which function best fits the data.
In this section, you’ll learn some methods that are used to identify which function describes the relationship between
the variables in a problem.

Identify Functions Using Differences or Ratios

One method for identifying functions is to look at the difference or the ratio of different values of the dependent
variable. For example, if the difference between values of the dependent variable is the same each time we
change the independent variable by the same amount, then the function is linear.

Example A

Determine if the function represented by the following table of values is linear.

TABLE 2.19:

x y
−2 –4
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TABLE 2.19: (continued)

x y
–1 –1
0 2
1 5
2 8

If we take the difference between consecutive y−values, we see that each time the x−value increases by one, the
y−value always increases by 3.

Since the difference is always the same, the function is linear.

When we look at the difference of the y−values, we have to make sure that we examine entries for which the
x−values increase by the same amount.

For example, examine the values in this table:

TABLE 2.20:

x y
0 5
1 10
3 20
4 25
6 35

At first glance this function might not look linear, because the difference in the y−values is not always the same. But
if we look closer, we can see that when the y−value increases by 10 instead of 5, it’s because the x−value increased
by 2 instead of 1. Whenever the x−value increases by the same amount, the y−value does too, so the function is
linear.

Another way to think of this is in mathematical notation. We can say that a function is linear if y2−y1
x2−x1

is always the
same for any two pairs of x− and y−values. Notice that the expression we used here is simply the definition of the
slope of a line.

Differences can also be used to identify quadratic functions. For a quadratic function, when we increase the
x−values by the same amount, the difference between y−values will not be the same. However, the difference
of the differences of the y−values will be the same.

Here are some examples of quadratic relationships represented by tables of values:
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In this quadratic function, y = x2, when we increase the x−value by one, the value of y increases by different values.
However, it increases at a constant rate, so the difference of the difference is always 2.

In this quadratic function, y = 2x2− 3x+ 1, when we increase the x−value by one, the value of y increases by
different values. However, the increase is constant: the difference of the difference is always 4.

To identify exponential functions, we use ratios instead of differences. If the ratio between values of the dependent
variable is the same each time we change the independent variable by the same amount, then the function is
exponential.

Example B

Determine if the function represented by each table of values is exponential.

a)
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b)

a) If we take the ratio of consecutive y−values, we see that each time the x−value increases by one, the y−value is
multiplied by 3. Since the ratio is always the same, the function is exponential.

b) If we take the ratio of consecutive y−values, we see that each time the x−value increases by one, the y−value is
multiplied by 1

2 . Since the ratio is always the same, the function is exponential.

Write Equations for Functions

Once we identify which type of function fits the given values, we can write an equation for the function by starting
with the general form for that type of function.

Example C

Determine what type of function represents the values in the following table.

TABLE 2.21:

x y
0 5
1 1
2 -3
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TABLE 2.21: (continued)

x y
3 -7
4 -11

Solution

Let’s first check the difference of consecutive values of y.

If we take the difference between consecutive y−values, we see that each time the x−value increases by one, the
y−value always decreases by 4. Since the difference is always the same, the function is linear.

To find the equation for the function, we start with the general form of a linear function: y = mx+b. Since m is the
slope of the line, it’s also the quantity by which y increases every time the value of x increases by one. The constant
b is the value of the function when x = 0. Therefore, the function is y =−4x+5.

Example D

Determine what type of function represents the values in the following table.

TABLE 2.22:

x y
0 0
1 5
2 20
3 45
4 80
5 125
6 180

Solution

Here, the difference between consecutive y−values isn’t constant, so the function is not linear. Let’s look at those
differences more closely.
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TABLE 2.23:

x y
0 0
1 5 5−0 = 5
2 20 20−5 = 15
3 45 45−20 = 25
4 80 80−45 = 35
5 125 125−80 = 45
6 180 180−125 = 55

When the x−value increases by one, the difference between the y−values increases by 10 every time. Since the
difference of the differences is constant, the function describing this set of values is quadratic.

To find the equation for the function that represents these values, we start with the general form of a quadratic
function: y = ax2 +bx+ c.

We need to use the values in the table to find the values of the constants: a,b and c.

The value of c represents the value of the function when x = 0, so c = 0.

Plug in the point (1,5) : 5 = a+b

Plug in the point (2,20) : 20 = 4a+2b⇒ 10 = 2a+b

To find a and b,we solve the system of equations: 5 = a+b

10 = 2a+b

Solve the first equation for b : 5 = a+b⇒ b = 5−a

Plug the first equation into the second: 10 = 2a+5−a

Solve for a and b a = 5 and b = 0

Therefore the equation of the quadratic function is y = 5x2.

Watch this video for help with the Examples above.

MEDIA
Click image to the left for more content.

CK-12 Foundation: 1011 Linear, Exponential and QuadraticModels

Vocabulary

• If the differences of the y−values is always the same, the function is linear.

• If the difference of the differences of the y−values is always the same, the function is quadratic.

• If the ratio of the y−values is always the same, the function is exponential.
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Guided Practice

Determine what type of function represents the values in the following table.

TABLE 2.24:

x y
0 400
1 500
2 25
3 6.25
4 1.5625

Solution

The differences between consecutive y−values aren’t the same, and the differences between those differences aren’t
the same either. So let’s check the ratios instead.

Each time the x−value increases by one, the y−value is multiplied by 1
4 . Since the ratio is always the same, the

function is exponential.

To find the equation for the function that represents these values, we start with the general form of an exponential
function, y = a ·bx.

Here b is the ratio between the values of y each time x is increased by one. The constant a is the value of the function
when x = 0. Therefore, the function is y = 400

(1
4

)x.

Practice

Determine whether the data in the following tables can be represented by a linear function.

TABLE 2.25:

x y
−4 10
-3 7
-2 4
-1 1
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TABLE 2.25: (continued)

x y
0 -2
1 -5

TABLE 2.26:

x y
−2 4
-1 3
0 2
1 3
2 6
3 11

TABLE 2.27:

x y
0 50
1 75
2 100
3 125
4 150
5 175

Determine whether the data in the following tables can be represented by a quadratic function.

TABLE 2.28:

x y
−10 10
-5 2.5
0 0
5 2.5
10 10
15 22.5

TABLE 2.29:

x y
1 4
2 6
3 6
4 4
5 0
6 -6

107

http://www.ck12.org


2.8. Linear, Exponential, and Quadratic Models www.ck12.org

TABLE 2.30:

x y
−3 -27
-2 -8
-1 -1
0 0
1 1
2 8
3 27

Determine whether the data in the following tables can be represented by an exponential function.

TABLE 2.31:

x y
0 200
1 300
2 1800
3 8300
4 25800
5 62700

TABLE 2.32:

x y
0 120
1 180
2 270
3 405
4 607.5
5 911.25

TABLE 2.33:

x y
0 4000
1 2400
2 1440
3 864
4 518.4
5 311.04

Determine what type of function represents the values in the following tables and find the equation of each function.

TABLE 2.34:

x y
0 400
1 500
2 625
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TABLE 2.34: (continued)

x y
3 781.25
4 976.5625

TABLE 2.35:

x y
−9 -3
-7 -2
-5 -1
-3 0
-1 1
1 2

TABLE 2.36:

x y
−3 14
-2 4
-1 -2
0 -4
1 -2
2 4
3 14
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