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CHAPTER 1 Exponential Functions and
Equations

Chapter Outline
1.1 EXPONENTIAL FUNCTIONS

1.2 GRAPHING AND COMPARING EXPONENTIAL FUNCTIONS

1.3 APPLICATIONS OF EXPONENTIAL FUNCTIONS

1.4 MORE APPLICATIONS OF EXPONENTIAL FUNCTIONS
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1.1 Exponential Functions

Here you’ll learn to sketch and recognize basic exponential functions. You will also learn a real world application
of exponential functions.

Roberta invested $600 into a mutual fund that paid 4% interest each year compounded annually.

i) Complete a table showing the value of the mutual fund for the first five years.

ii) Write an exponential function of the form y = a ·bx to describe the value of the mutual fund.

iii) Use the exponential function to determine the value of the mutual fund in 15 years.

Watch This

Khan Academy Exponential Growth Functions

MEDIA
Click image to the left for more content.

Khan Academy Exponential Decay Functions

MEDIA
Click image to the left for more content.

Guidance

An exponential function is a function with a variable in the exponent. Two examples of exponential functions are
shown below:

y = 2x
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y =
(

1
2

)x

Here are some facts to notice about the functions and their graphs:

• The graph of y = 2x is an increasing curve. It shows growth.
• Each y-value of y = 2x is 2 times the previous y-value (for the integer values of x). For example, the points on

the graph go from (0, 1) to (1, 2) to (2, 4). The next point would be (3, 8). The y-values keep being multiplied
by 2.

• The graph of y =
(1

2

)x is a decreasing curve. It shows decay.
• Each y-value of y =

(1
2

)x is 1
2 the value of the previous y-value (for the integer values of x). For example, the

points on the graph go from (0, 1) to (1, 1
2) to (2, 1

4). The y-values keep being multiplied by 1
2 .

• Both graphs have a y-intercept of 1. This is because anything to the zero power is equal to 1.
• The domain of each function is D = {x|x ∈ R}.
• The range for each function is R = {y|y > 0, y ∈ R}.

Based on the above observations, you can deduce that an exponential function of the form y = abx where b > 0 has
the following properties:

3
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Properties of an Exponential Function of the form

• ’b’ is the value of the common ratio. Within the function, as the x-value increases by 1, the y-value is
multiplied by the common ratio.

• If b > 1 then the curve will represent exponential growth.
• If 0 < b < 1 then the curve will represent exponential decay.
• Every exponential function of the form y = abx will pass through the point (0,a). a will always be the y-

intercept of the function, or its value at time 0.
• Every exponential function of the form y = abx will have the domain and range:

D = {x|x ∈ R} and R = {y|y > 0, y ∈ R}

How do exponential functions compare to linear functions?

Example A

Complete the following table given f (x) = 2x and g(x) = 2x.

TABLE 1.1:

x f(x) g(x) Rate of Change for
f(x)

Rate of change for
g(x)

1

2
3
4
5

Solution:

For the second column f(x), substitute each value of x in f(x). For the first row x = 1, f (1) = 2(1) = 2.

For the third column g(x), substitute each value of x in g(x). For the first row x = 1, g(x) = 21 = 2.

For the fourth column Rate of Change for f(x), recall the average rate of change on the interval [a,b] is f (b)− f (a)
b−a .

If we select the interval from 1 to 2, or [1,2], f (2)− f (1)
2−1 = 4−2

2−1 = 2.

For the fifth column Rate of Change for g(x), we will use the same formula as the previous column.

For the interval from 1 to 2, we will end up with the same rate of change but watch what happens when we look at
the interval [2,3], g(3)−g(2)

3−2 = 8−4
1 = 4.

TABLE 1.2:

x f(x) g(x) Rate of Change for
f(x)

Rate of change for
g(x)

1 2 2

2 4 4 2 2
3 6 8 2 4
4 8 16 2 8
5 10 32 2 16

4
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Linear functions, such as f(x), have a constant rate of change. f(x) increases by 2 units for every 1 unit that x
increases. Exponential functions, such as g(x), do not have a constant rate of change. The rate of change for g(x)
is increasing as x increases. The average rate of change across an x interval of length 1 doubles for each successive
interval of length 1. This is the common ratio, or b, discussed previously. No matter how large the rate of change
is for the linear function, there is an x-value at which the rate of change for the exponential function will exceed the
rate of change for the linear function.

Example B

For the following tables of values that represent exponential functions, determine the common ratio:

i)

x 0 1 2 3 4 · · ·
y 1 2 4 8 16 · · ·

ii)

x 0 1 2 3 4 · · ·
y 100 50 25 12.5 6.25 · · ·

Solutions:

i) The common ratio is a constant that is determined by r = tn+1
tn

. All this formula means is to divide successive
function values. If you look at the y row in (i) above, you are just taking the second and first y values and dividing
them (2/1) for the first row below. Then you take the third and second y values and divide them (4/2), and so on.

r =
tn+1

tn
=

2
1
= 2

r =
tn+1

tn
=

4
2
= 2

r =
tn+1

tn
=

8
4
= 2

r =
tn+1

tn
=

16
8

= 2

The common ratio is 2.

ii) The common ratio is a constant that is determined by r = tn+1
tn

. All this formula means is to divide successive
function values. If you look at the y row in (ii) above, you are just taking the second and first y values and dividing
them (50/100) for the first row below. Then you take the third and second y values and divide them (25/50), and so
on.

5
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r =
tn+1

tn

r =
50
100

=
1
2

r =
25
50

=
1
2

r =
12.5
25

=
1
2

r =
6.25
12

=
1
2

The common ratio is
1
2
.

Example C

In order to evaluate exponential functions, recall the following properties of exponents:

Zero as an exponent

For every nonzero number a, a0 = 1.

Examples:

30 = 1

(−2)0 = 1

(1
2)

0 = 1

Negative exponent

For every nonzero number a, and integer n, a−n = 1
an .

Examples:

3−3 = 1
33 =

1
3·3·3 = 1

27

(−2)−3 = 1
(−2)3 =

1
(−2)(−2)(−2) =−

1
8

Using the exponential function

f (x) = 3x

, determine the value of each of the following:

i) f (2)

ii) f (3)

iii) f (0)

iv) f (4)

v) f (−2)

Solutions: f (x) = 3x is another way to express y = 3x. To determine the value of the function for the given values,
replace the exponent with that value and evaluate the expression.

i)

6
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f (x) = 3x

f (2) = 32

f (2) = 9

f (2) = 9

ii)

f (x) = 3x

f (3) = 33

f (3) = 27

f (3) = 27

iii)

f (x) = 3x

f (0) = 30

f (0) = 1

f (0) = 1

iv)

f (x) = 3x

f (4) = 34

f (4) = 81

f (4) = 81

v)

f (x) = 3x

f (−2) = 3−2

f (−2) =
1
32

f (−2) =
1
9

Example D

On January 1, Juan invested $1.00 at his bank at a rate of 10% interest compounded daily.

i) Create a table of values for the first 8 days of the investment.

7
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ii) What is the common ratio?

iii) Determine the equation of the function that would best represent Juan’s investment.

iv) How much money will Juan have in his account on January 31?

v) If Juan had originally invested $100 instead of $1.00 at 10%, what exponential equation would describe the
investment. How much money would he have in his account on January 31?

Solution:

i)

1.00(.10) = 0.10 1.10(.10) = 0.11 1.21(.10) = 0.12 1.33(.10) = 0.13

1.00+0.10 = 1.10 1.10+0.11 = 1.21 1.21+0.12 = 1.33 1.33+0.13 = 1.46

1.46(.10) = 0.15 1.61(.10) = 0.16 1.77(.10) = 0.18 1.95(.10) = 0.20

1.46+0.15 = 1.61 1.61+0.16 = 1.77 1.77+0.18 = 1.95 1.95+0.20 = 2.15

of days 0 1 2 3 4 5 6 7 8

Money ($) 1 1.10 1.21 1.33 1.46 1.61 1.77 1.95 2.15

ii) The common ratio is a constant that is determined by tn+1
tn

. Therefore, the common ratio for this problem is
r = tn+1

tn
→ 1.10

1 = 1.10→ 1.21
1.10 = 1.10→ 1.33

1.21 = 1.10.

The common ratio is

1.10

.

iii) The equation of the function to model Juan’s investment is y = 1.10x

iv)

y = 1.10x→ y = 1.1031→ y = $19.19

.

On January 31, Juan will have $19.19 in his account.

v)

y = 100(1.10)x

y = 100(1.10)31→ y = $1919.43→ y = $1919.43 .

On January 31, Juan would have $1919.43 in his account if he had invested $100 instead of $1.00.

Concept Problem Revisited

Roberta invested $600 into a mutual fund that paid 4% interest each year compounded annually.

8
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i)

600(.04) = 24 624(.04) = 24.96 648.96(.04) = 25.96

600+24 = 624 624+24.96 = 648.96 648.96+25.96 = 674.92

674.92(.04) = 27.00 701.92(.04) = 28.08

674.92+27.00 = 701.92 701.92+28.08 = 730.00

Time (years) 0 1 2 3 4 5

Value ($) 600 624 648.96 674.92 701.92 730.00

ii) The initial value is $600. The common ratio is 1.04 which represents the initial investment and the interest rate
of 4%. The exponent is the time in years. The exponential function is y = 600(1.04)x or v = 600(1.04)t .

iii)

v = 600(1.04)t

v = 600(1.04)15

v = $1080.57

v = $1080.57

The value of the mutual fund in fifteen years will be $1080.57.

Vocabulary

Common Ratio
The common ratio is the constant that exists between successive terms and is determined by applying the
formula r = tn+1

tn
. In an exponential function of the form y = bx, ’b’ represents the common ratio.

Decay Curve
A decay curve is the name given to the graph of an exponential function in which the common ratio is such
that 0 < b < 1. The graph is decreasing since the value of the function falls as the value of ’x’ increases. The
following shows a decay curve:

9
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Exponential Function
An exponential function is a function (y) of the form y = bx, where ’b’ is the common ratio and ’x’ is an
exponent that represents the variable.

Growth Curve
A growth curve is the name given to the graph of an exponential function in which the common ratio is such
that b > 1. The graph is increasing since the value of the function rises as the value of ’x’ increases. The
following shows a growth curve:

Guided Practice

1. The graph below shows the change in value of two comic books purchases in the year 2000. Both comics
were expected to be good investments, but one of them did not perform as expected. Use the graphs to answer the
questions.

10
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a) What was the purchase price of each comic book?
b) Which comic book shows exponential growth?
c) Which comic book shows exponential decay?
d) In what year were both comic books equal in value?
e) State the domain and range for each comic.

2. Paulette bought a Bobby Orr rookie card for $300. The value of the card appreciates (increases) by 30% each
year.

a) Complete a table of values to show the first five years of the investment.
b) Determine the common ratio for the successive terms.
c) Determine the equation of the exponential function that models this investment.

3. Due to the closure of the pulp and paper mill, the population of the small town is decreasing at a rate of 12%
annually. If there are now 2400 people living in the town, what will the town’s projected population be in eight
years?

Answers:

1. a) The purchase price of each comic book is the y-intercept. The y-intercept is the initial value of the books. The
Spiderman comic book cost $30.00 and the Superman comic book cost $5.00.

b) The Superman comic book shows exponential growth.
c) The Spiderman comic book shows exponential decay.
d) In 2005 both comic books were equal in value. The graphs intersect at approximately (5, $12.50), where 5

represents five years after the books were purchased.
e) The domain and range for each comic is D = {x|x ∈ R} and R = {y|y > 0, y ∈ R}

2.

300(.30) = 90 390(.30) = 117 507(.30) = 152.10

300+90 = 390 390+117 = 507 507+152.10 = 659.10

659.10(.30) = 197.73 856.83(.30) = 257.05

659.10+197.73 = 856.83 856.83+257.05 = 1113.88

a)

Time (years) 0 1 2 3 4 5

Value ($) 300 390 507 659.10 856.83 1113.88

11
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b)

r =
tn+1

tn

r =
390
300

= 1.3

r =
507
390

= 1.3

r =
659.10

507
= 1.3

r =
856.83
659.10

= 1.3

r =
1113.88
856.83

= 1.3

c) The exponential function that would model Paulette’s investment is

y = 300(1.3)x or v = 300(1.3)t

3. The town’s population is decreasing by 12% annually. The simplest way to use this in an exponential function is
to use the percent of the population that still exists each year –88%.

Therefore, the exponential function would consist of the present population (a), the common ratio is 0.88 (b) and
the time in years would be the exponent (x). The function is p = 2400(0.88)t

The population in eight years would be

p = 2400(0.88)t

p = 2400(0.88)8

p = 863.123

p≈ 863 people

Practice

Brandon bought a car for $13,000. The value of the car depreciates by 20% each year.

1. Complete a table of values to show the car’s values for the first five years.
2. Determine the exponential function that would model the depreciation of Brandon’s car.

For each of the following exponential functions, identify the common ratio and the y-intercept, and tell if the function
represents a growth or decay curve.

3. y = 4(5)x

4. y = 13(2.3)x

5. y = 0.85(0.16)x

6. y = 1.6(0.5)x

7. y = 0.4(2.1)x

Match each graph below with its corresponding equation:

12
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8. y = 2x

9. y = 3x

10. y = 2(3)x

11. y = 3(2)x

12. Do these graphs represent growth or decay?

Match each graph below with its corresponding equation:

13. y = 0.5x

14. y = 0.2x

15. y = 2(0.5)x

16. y = 3(0.2)x

17. Do these graphs represent growth or decay?

18. Jolene purchased a summer home for $120,000 in 2002. If the property has consistently increased in value by
11% each year, what will be the value of her summer home in 2012?

19. Joshua was studying the following functions: f (x) = 2x+4 and g(x) = 2(2x)+4. He concluded that linear
and exponential functions are basically the same because he plotted the points of each function at x = 0 and
x = 1. Help Josh understand the difference between linear and exponential functions by comparing and
contrasting the f (x) and g(x). Support your answer with a written explanation that includes the use of the
average rate of change and supporting tables and/or graphs of these functions.

13
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1.2 Graphing and Comparing Exponential
Functions

Learning Objectives

• Graph an exponential function.
• Compare graphs of exponential functions.
• Analyze the properties of exponential functions.

Introduction

A colony of bacteria has a population of three thousand at noon on Monday. During the next week, the colony’s
population doubles every day. What is the population of the bacteria colony just before midnight on Saturday?

At first glance, this seems like a problem you could solve using a geometric sequence. And you could, if the bacteria
population doubled all at once every day; since it doubled every day for five days, the final population would be
3000 times 25.

But bacteria dont reproduce all at once; their population grows slowly over the course of an entire day. So how do
we figure out the population after five and a half days?

Exponential Functions

Exponential functions are a lot like geometric sequences. The main difference between them is that a geometric
sequence is discrete while an exponential function is continuous. Geometric sequences will be covered at length
in the next Chapter.

Discrete means that the sequence has values only at distinct points (the 1st term, 2nd term, etc.)

Continuous means that the function has values for all possible values of x. The integers are included, but also all
the numbers in between.

The problem with the bacteria is an example of a continuous function. Heres an example of a discrete function:

An ant walks past several stacks of Lego blocks. There is one block in the first stack, 3 blocks in the 2nd stack and
9 blocks in the 3rd stack. In fact, in each successive stack there are triple the number of blocks than in the previous
stack.

In this example, each stack has a distinct number of blocks and the next stack is made by adding a certain number of
whole pieces all at once. More importantly, however, there are no values of the sequence between the stacks. You
cant ask how high the stack is between the 2nd and 3rd stack, as no stack exists at that position!

As a result of this difference, we use a geometric series to describe quantities that have values at discrete points, and
we use exponential functions to describe quantities that have values that change continuously.

When we graph an exponential function, we draw the graph with a solid curve to show that the function has values
at any time during the day. On the other hand, when we graph a geometric sequence, we draw discrete points to
signify that the sequence only has value at those points but not in between.

Here are graphs for the two examples above:

14
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The formula for an exponential function is similar to the formula for finding the terms in a geometric sequence. An
exponential function takes the form

y = A ·bx

where A is the starting amount and b is the amount by which the total is multiplied every time. For example, the
bacteria problem above would have the equation y = 3000 ·2x.

Compare Graphs of Exponential Functions

Lets graph a few exponential functions and see what happens as we change the constants in the formula. The basic
shape of the exponential function should stay the same but it may become steeper or shallower depending on the
constants we are using.

First, lets see what happens when we change the value of A.

Example 1

Compare the graphs of y = 2x and y = 3 ·2x.

Solution

Lets make a table of values for both functions.

TABLE 1.3:

x y = 2x y = 3 ·2x

-3 1
8 y = 3 ·2−3 = 3 · 1

23 =
3
8

-2 1
4 y = 3 ·2−2 = 3 · 1

22 =
3
4

-1 1
2 y = 3 ·2−1 = 3 · 1

21 =
3
2

0 1 y = 3 ·20 = 3
1 2 y = 3 ·21 = 6
2 4 y = 3 ·22 = 3 ·4 = 12
3 8 y = 3 ·23 = 3 ·8 = 24

Now let’s use this table to graph the functions.

15
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We can see that the function y = 3 · 2x is bigger than the function y = 2x. In both functions, the value of y doubles
every time x increases by one. However, y = 3 ·2x starts with a value of 3, while y = 2x starts with a value of 1, so it
makes sense that y = 3 ·2x would be bigger as its values of y keep getting doubled.

Similarly, if the starting value of A is smaller, the values of the entire function will be smaller.

Example 2

Compare the graphs of y = 2x and y = 1
3 ·2

x.

Solution

Lets make a table of values for both functions.

TABLE 1.4:

x y = 2x y = 1
3 ·2

x

-3 1
8 y = 1

3 ·2
−3 = 1

3 ·
1
23 =

1
24

-2 1
4 y = 1

3 ·2
−2 = 1

3 ·
1
22 =

1
12

-1 1
2 y = 1

3 ·2
−1 = 1

3 ·
1
21 =

1
6

0 1 y = 1
3 ·2

0 = 1
3

1 2 y = 1
3 ·2

1 = 2
3

2 4 y = 1
3 ·2

2 = 1
3 ·4 = 4

3
3 8 y = 1

3 ·2
3 = 1

3 ·8 = 8
3

Now let’s use this table to graph the functions.
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As we expected, the exponential function y = 1
3 ·2

x is smaller than the exponential function y = 2x.

So what happens if the starting value of A is negative? Lets find out.

Example 3

Graph the exponential function y =−5 ·2x.

Solution

Lets make a table of values:

TABLE 1.5:

x y =−5 ·2x

-2 −5
4

-1 −5
2

0 -5
1 -10
2 -20
3 -40

Now let’s graph the function:
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This result shouldnt be unexpected. Since the starting value is negative and keeps doubling over time, it makes sense
that the value of y gets farther from zero, but in a negative direction. The graph is basically just like the graph of
y = 5 ·2x, only mirror-reversed about the x−axis.

Now, lets compare exponential functions whose bases (b) are different.

Example 4

Graph the following exponential functions on the same graph: y = 2x,y = 3x,y = 5x,y = 10x.

Solution

First well make a table of values for all four functions.

TABLE 1.6:

x y = 2x y = 3x y = 5x y = 10x

-2 1
4

1
9

1
25

1
100

-1 1
2

1
3

1
5

1
10

0 1 1 1 1
1 2 3 5 10
2 4 9 25 100
3 8 27 125 1000

Now let’s graph the functions.

Notice that for x = 0, all four functions equal 1. They all start out at the same point, but the ones with higher values
for b grow faster when x is positiveand also shrink faster when x is negative.

Finally, lets explore what happens for values of b that are less than 1.

Example 5

Graph the exponential function y = 5 ·
(1

2

)x.

Solution

Lets start by making a table of values. (Remember that a fraction to a negative power is equivalent to its reciprocal
to the same positive power.)
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TABLE 1.7:

x y = 5 ·
(1

2

)x

-3 y = 5 ·
(1

2

)−3
= 5 ·23 = 40

-2 y = 5 ·
(1

2

)−2
= 5 ·22 = 20

-1 y = 5 ·
(1

2

)−1
= 5 ·21 = 10

0 y = 5 ·
(1

2

)0
= 5 ·1 = 5

1 y = 5 ·
(1

2

)1
= 5

2

2 y = 5 ·
(1

2

)2
= 5

4

Now let’s graph the function.

This graph looks very different than the graphs from the previous example! Whats going on here?

When we raise a number greater than 1 to the power of x, it gets bigger as x gets bigger. But when we raise a number
smaller than 1 to the power of x, it gets smaller as x gets biggeras you can see from the table of values above. This
makes sense because multiplying any number by a quantity less than 1 always makes it smaller.

So, when the base b of an exponential function is between 0 and 1, the graph is like an ordinary exponential graph,
only decreasing instead of increasing. Graphs like this represent exponential decay instead of exponential growth.
Exponential decay functions are used to describe quantities that decrease over a period of time.

When b can be written as a fraction, we can use the Property of Negative Exponents to write the function in a
different form. For instance, y = 5 ·

(1
2

)x is equivalent to 5 · 2−x. These two forms are both commonly used, so its
important to know that they are equivalent.

Example 6

Graph the exponential function y = 8 ·3−x.

Solution

Here is our table of values and the graph of the function.
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TABLE 1.8:

x y = 8 ·3−x

-3 y = 8 ·3−(−3) = 8 ·33 = 216
-2 y = 8 ·3−(−2) = 8 ·32 = 72
-1 y = 8 ·3−(−1) = 8 ·31 = 24
0 y = 8 ·30 = 8
1 y = 8 ·3−1 = 8

3
2 y = 8 ·3−2 = 8

9

Example 7

Graph the functions y = 4x and y = 4−x on the same coordinate axes.

Solution

Here is the table of values for the two functions. Looking at the values in the table, we can see that the two functions
are backwards of each other, in the sense that the values for the two functions are reciprocals.

TABLE 1.9:

x y = 4x y = 4−x

-3 y = 4−3 = 1
64 y = 4−(−3) = 64

-2 y = 4−2 = 1
16 y = 4−(−2) = 16

-1 y = 4−1 = 1
4 y = 4−(−1) = 4

0 y = 40 = 1 y = 40 = 1
1 y = 41 = 4 y = 4−1 = 1

4
2 y = 42 = 16 y = 4−2 = 1

16
3 y = 43 = 1

64 y = 4−3 = 1
64

Here is the graph of the two functions. Notice that the two functions are mirror images of each other if the mirror is
placed vertically on the y−axis.
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In the next lesson, youll see how exponential growth and decay functions can be used to represent situations in the
real world.

Review Questions

Graph the following exponential functions by making a table of values.

1. y = 3x

2. y = 5 ·3x

3. y = 40 ·4x

4. y = 3 ·10x

Graph the following exponential functions.

5. y =
(1

5

)x

6. y = 4 ·
(2

3

)x

7. y = 3−x

8. y = 3
4 ·6

−x

9. Which two of the eight graphs above are mirror images of each other?
10. What function would produce a graph that is the mirror image of the one in problem 4?
11. How else might you write the exponential function in problem 5?
12. How else might you write the function in problem 6?
13. Graph the following set of equations on the same graph. Describe any similarities and differences among the

graphs. y = 2x,y = 3x,y = 6x.
14. Graph the following set of equations on the same graph. Describe any similarities and differences among the

graphs. y = (1
2)

x,y = (1
3)

x,y = (1
6)

x.
15. Graph the following set of equations on the same graph. Describe any similarities and differences among the

graphs. y = 2x,y = 3(2x),y = 1
6(2

x).
16. Graph the following set of equations on the same graph. Describe any similarities and differences among the

graphs. y =−2x,y =−3(2x),y =−1
6(2

x).
17. How does the graph of f (x) = abx change when a and b are changed?

Solve the following problems.

18. A chain letter is sent out to 10 people telling everyone to make 10 copies of the letter and send each one to a
new person.
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13. (a) Assume that everyone who receives the letter sends it to ten new people and that each cycle takes a week.
How many people receive the letter on the sixth week?

(b) What if everyone only sends the letter to 9 new people? How many people will then get letters on the
sixth week?

19. Nadia received $200 for her 10th birthday. If she saves it in a bank account with 7.5% interest compounded
yearly, how much money will she have in the bank by her 21st birthday?
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1.3 Applications of Exponential Functions

Here you’ll learn how to apply a problem-solving plan to problems involving exponential functions. You’ll also
learn how to solve real-world applications involving exponential growth and decay.

What if you won $500 in a spelling bee competition and invested it into a mutual fund that pays 8% interest
compounded annually? How much money would you have after 5 years? After completing this Concept, you’ll
be able to solve real-world problems like this one that involve exponential functions.

Watch This

MEDIA
Click image to the left for more content.

CK-12 Foundation: 0812S Applications of Exponential Functions

Guidance

For her eighth birthday, Shelley’s grandmother gave her a full bag of candy. Shelley counted her candy and found
out that there were 160 pieces in the bag. As you might suspect, Shelley loves candy, so she ate half the candy on
the first day. Then her mother told her that if she eats it at that rate, the candy will only last one more dayShelley
devised a clever plan. She will always eat half of the candy that is left in the bag each day. She thinks that this way
she can eat candy every day and never run out.

How much candy does Shelley have at the end of the week? Will the candy really last forever?

Let’s make a table of values for this problem.

Day 0 1 2 3 4 5 6 7

of candies 160 80 40 20 10 5 2.5 1.25

You can see that if Shelley eats half the candies each day, then by the end of the week she only has 1.25 candies left
in her bag.

Let’s write an equation for this exponential function. Using the formula y = A · bx, we can see that A is 160 (the
number of candies she starts out with and b is 1

2 , so our equation is y = 160 ·
(1

2

)x.)

Now let’s graph this function. The resulting graph is shown below.
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What is the y-intercept? What does it mean in the context of the problem?

The y-intercept is (0,160) which represents the initial amount of candy Shelley had in the bag.

What is the domain for the function? The theoretical domain, or the domain taken out of context, is all real
numbers. However, the practical domain given the constraints of the problem, would be the integers for x≥ 0.

So, will Shelley’s candy last forever? We saw that by the end of the week she has 1.25 candies left, so there doesn’t
seem to be much hope for that. But if you look at the graph, you’ll see that the graph never really gets to zero.
Theoretically there will always be some candy left, but Shelley will be eating very tiny fractions of a candy every
day after the first week!

This is a fundamental feature of an exponential decay function. Its values get smaller and smaller but never quite
reach zero. In mathematics, we say that the function has an asymptote at y = 0; in other words, it gets closer and
closer to the line y = 0 but never quite meets it.

Problem-Solving Strategies

Remember our problem-solving plan from earlier?

1. Understand the problem.
2. Devise a plan –Translate.
3. Carry out the plan –Solve.
4. Look –Check and Interpret.

We can use this plan to solve application problems involving exponential functions. Compound interest, loudness of
sound, population increase, population decrease or radioactive decay are all applications of exponential functions.
In these problems, we’ll use the methods of constructing a table and identifying a pattern to help us devise a plan for
solving the problems.

Example A

Suppose $4000 is invested at 6% interest compounded annually. How much money will there be in the bank at the
end of 5 years? At the end of 20 years?

Solution

Step 1: Read the problem and summarize the information.

$4000 is invested at 6% interest compounded annually; we want to know how much money we have in five years.
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Assign variables:

Let x = time in years

Let y = amount of money in investment account

Step 2: Look for a pattern.

We start with $4000 and each year we add 6% interest to the amount in the bank.

Start: $4000

1st year: Interest = 4000× (0.06) = $240

This is added to the previous amount: $4000+$4000× (0.06)

= $4000(1+0.06)

= $4000(1.06)

= $4240

2nd year Previous amount+ interest on the previous amount

= $4240(1+0.06)

= $4240(1.06)

= $4494.40

The pattern is that each year we multiply the previous amount by the factor of 1.06.

Let’s fill in a table of values:

Time (years) 0 1 2 3 4 5

Investments amount($) 4000 4240 4494.4 4764.06 5049.90 5352.9

We see that at the end of five years we have $5352.90 in the investment account.

Step 3: Find a formula.

We were able to find the amount after 5 years just by following the pattern, but rather than follow that pattern for
another 15 years, it’s easier to use it to find a general formula. Since the original investment is multiplied by 1.06
each year, we can use exponential notation. Our formula is y = 4000 · (1.06)x, where x is the number of years since
the investment.

To find the amount after 5 years we plug x = 5 into the equation:

y = 4000 · (1.06)5 = $5352.90

To find the amount after 20 years we plug x = 20 into the equation:

y = 4000 · (1.06)20 = $12828.54

Step 4: Check.

Looking back over the solution, we see that we obtained the answers to the questions we were asked and the answers
make sense.
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To check our answers, we can plug some low values of x into the formula to see if they match the values in the table:

x = 0 : y = 4000 · (1.06)0 = 4000

x = 1 : y = 4000 · (1.06)1 = 4240

x = 2 : y = 4000 · (1.06)2 = 4494.4

The answers match the values we found earlier. The amount of increase gets larger each year, and that makes sense
because the interest is 6% of an amount that is larger every year.

Example B

In 2002 the population of schoolchildren in a city was 90,000. This population decreases at a rate of 5% each year.
What will be the population of school children in year 2010?

Solution

Step 1: Read the problem and summarize the information.

The population is 90,000; the rate of decrease is 5% each year; we want the population after 8 years.

Assign variables:

Let x = time since 2002 (in years)

Let y = population of school children

Step 2: Look for a pattern.

Let’s start in 2002, when the population is 90,000.

The rate of decrease is 5% each year, so the amount in 2003 is 90,000 minus 5% of 90,000, or 95% of 90,000.

In 2003 : Population = 90,000×0.95

In 2004 : Population = 90,000×0.95×0.95

The pattern is that for each year we multiply by a factor of 0.95

Let’s fill in a table of values:

Year 2002 2003 2004 2005 2006 2007

Population 90,000 85,500 81,225 77,164 73,306 69,640

Step 3: Find a formula.

Since we multiply by 0.95 every year, our exponential formula is y = 90000 · (0.95)x, where x is the number of years
since 2002. To find the population in 2010 (8 years after 2002), we plug in x = 8:

y = 90000 · (0.95)8 = 59,708 schoolchildren.

Step 4: Check.

Looking back over the solution, we see that we answered the question we were asked and that it makes sense. The
answer makes sense because the numbers decrease each year as we expected. We can check that the formula is
correct by plugging in the values of x from the table to see if the values match those given by the formula.
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Year 2002,x = 0 : Population = y = 90000 · (0.95)0 = 90,000

Year 2003,x = 1 : Population = y = 90000 · (0.95)1 = 85,500

Year 2004,x = 2 : Population = y = 90000 · (0.95)2 = 81,225

Solve Real-World Problems Involving Exponential Growth

Now we’ll look at some more real-world problems involving exponential functions. We’ll start with situations
involving exponential growth.

Example C

The population of a town is estimated to increase by 15% per year. The population today is 20 thousand. Make a
graph of the population function and find out what the population will be ten years from now.

Solution

First, we need to write a function that describes the population of the town.

The general form of an exponential function is y = A ·bx.

Define y as the population of the town.

Define x as the number of years from now.

A is the initial population, so A = 20 (thousand).

Finally we must find what b is. We are told that the population increases by 15% each year. To calculate percents
we have to change them into decimals: 15% is equivalent to 0.15. So each year, the population increases by 15% of
A, or 0.15A.

To find the total population for the following year, we must add the current population to the increase in population.
In other words, A+0.15A = 1.15A. So the population must be multiplied by a factor of 1.15 each year. This means
that the base of the exponential is b = 1.15.

The formula that describes this problem is y = 20 · (1.15)x.

Now let’s make a table of values.

TABLE 1.10:

x y = 20 · (1.15)x

-10 4.9
-5 9.9
0 20
5 40.2
10 80.9

Now we can graph the function.
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Notice that we used negative values of x in our table of values. Does it make sense to think of negative time? Yes;
negative time can represent time in the past. For example, x = −5 in this problem represents the population from
five years ago.

The question asked in the problem was: what will be the population of the town ten years from now? To find that
number, we plug x = 10 into the equation we found: y = 20 · (1.15)10 = 80,911.

The town will have 80,911 people ten years from now.

Example D

Peter earned $1500 last summer. If he deposited the money in a bank account that earns 5% interest compounded
yearly, how much money will he have after five years?

Solution

This problem deals with interest which is compounded yearly. This means that each year the interest is calculated on
the amount of money you have in the bank. That interest is added to the original amount and next year the interest is
calculated on this new amount, so you get paid interest on the interest.

Let’s write a function that describes the amount of money in the bank.

The general form of an exponential function is y = A ·bx.

Define y as the amount of money in the bank.

Define x as the number of years from now.

A is the initial amount, so A = 1500.

Now we have to find what b is.

We’re told that the interest is 5% each year, which is 0.05 in decimal form. When we add 0.05A to A, we get 1.05A,
so that is the factor we multiply by each year. The base of the exponential is b = 1.05.

The formula that describes this problem is y = 1500 ·1.05x. To find the total amount of money in the bank at the end
of five years, we simply plug in x = 5.

y = 1500 · (1.05)5 = $1914.42
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Solve Real-World Problems Involving Exponential Decay

Exponential decay problems appear in several application problems. Some examples of these are half-life problems
and depreciation problems. Let’s solve an example of each of these problems.

Example E

A radioactive substance has a half-life of one week. In other words, at the end of every week the level of radioactivity
is half of its value at the beginning of the week. The initial level of radioactivity is 20 counts per second.

Draw the graph of the amount of radioactivity against time in weeks.

Find the formula that gives the radioactivity in terms of time.

Find the radioactivity left after three weeks.

Solution

Let’s start by making a table of values and then draw the graph.

TABLE 1.11:

Time Radioactivity
0 20
1 10
2 5
3 2.5
4 1.25
5 0.625

Exponential decay fits the general formula y = A ·bx. In this case:

y is the amount of radioactivity

x is the time in weeks

A = 20 is the starting amount

b = 1
2 since the substance losses half its value each week
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The formula for this problem is y = 20 ·
(1

2

)x or y = 20 · 2−x. To find out how much radioactivity is left after three
weeks, we plug x = 3 into this formula.

y = 20 ·
(

1
2

)3

= 20 ·
(

1
8

)
= 2.5

Watch this video for help with the Examples above.

MEDIA
Click image to the left for more content.

CK-12 Foundation: Applications of Exponential Functions

Vocabulary

• General Form of an Exponential Function: y = A(b)x, where A = initial value and

b =

multiplication factor.

Guided Practice

The cost of a new car is $32,000. It depreciates at a rate of 15% per year. This means that it loses 15% of each value
each year.

Draw the graph of the car’s value against time in year.

Find the formula that gives the value of the car in terms of time.

Find the value of the car when it is four years old.

Solution

Let’s start by making a table of values. To fill in the values we start with 32,000 at time t = 0. Then we multiply the
value of the car by 85% for each passing year. (Since the car loses 15% of its value, that means it keeps 85% of its
value). Remember that 85% means that we multiply by the decimal .85.

TABLE 1.12:

Time Value (thousands)
0 32
1 27.2
2 23.1
3 19.7
4 16.7
5 14.2
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Now draw the graph:

Let’s start with the general formula y = A ·bx

In this case:

y is the value of the car,

x is the time in years,

A = 32 is the starting amount in thousands,

b = 0.85 since we multiply the amount by this factor to get the value of the car next year

The formula for this problem is y = 32 · (0.85)x.

Finally, to find the value of the car when it is four years old, we plug x = 4 into that formula: y = 32 · (0.85)4 = 16.7
thousand dollars, or $16,704 if we don’t round.

Practice

Solve the following problems involving exponential growth.

1. Nadia received $200 for her 10th birthday. If she saves it in a bank with a 7.5% interest rate compounded
yearly, how much money will she have in the bank by her 21st birthday?

2. Suppose again that Nadia received $200 for her 10th birthday. But what if she saves it in a bank, also with
a 7.5% interest rate, but this bank compounds compounds quarterly - how much money will she have in the
bank by her 21st birthday?

3. The population of a city grows 15% each year. If the town started with 105 people, how many people will
there be in 10 years?

4. Half-life:Suppose a radioactive substance decays at a rate of 3.5% per hour.

a. What percent of the substance is left after 6 hours?
b. What percent is left after 12 hours?
c. The substance is safe to handle when at least 50% of it has decayed. Make a guess as to how many hours

this will take.
d. Test your guess. How close were you?
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5. Population decrease:In 1990 a rural area has 1200 bird species.

a. If species of birds are becoming extinct at the rate of 1.5% per decade (ten years), how many bird species
will be left in the year 2020?

b. At that same rate, how many were there in 1980?
c. What is the y-intercept and what does it mean in the context of the problem?
d. What is the domain and what does it mean in the context of the problem?

6. Growth: Janine owns a chain of fast food restaurants that operated 200 stores in 1999. If the rate of increase
is 8% annually, how many stores does the restaurant operate in 2007?

7. Investment:Paul invests $360 in an account that pays 7.25% compounded annually.

a. What is the total amount in the account after 12 years?
b. If Paul invests an equal amount in an account that pays 5% compounded quarterly (four times a year),

what will be the amount in that account after 12 years?
c. Which is the better investment?

8. The cost of a new ATV (all-terrain vehicle) is $7200. It depreciates at 18% per year.

a. Draw the graph of the vehicle’s value against time in years.
b. What is the y-intercept and what does it mean in the context of the problem?
c. What is the domain and what does it mean in the context of the problem?
d. Is the function increasing or decreasing? Explain.
e. Find the formula that gives the value of the ATV in terms of time.
f. Find the value of the ATV when it is ten years old.

9. The percentage of light visible at d meters is given by the function V (d) = 0.70d .

a. What is the multiplication factor?
b. What is the initial value?
c. Find the percentage of light visible at 25 meters.

10. A person is infected by a certain bacterial infection. When he goes to the doctor the population of bacteria is
2 million. The doctor prescribes an antibiotic that reduces the bacteria population to 1

4 of its size each day.

a. Draw the graph of the size of the bacteria population against time in days.
b. Find the formula that gives the size of the bacteria population in terms of time.
c. Find the size of the bacteria population ten days after the drug was first taken.
d. Find the size of the bacteria population after 2 weeks (14 days).

Texas Instruments Resources

In the CK-12 Texas Instruments Algebra I FlexBook, there are graphing calculator activities designed to supple-
ment the objectives for some of the lessons in this chapter. See http://www.ck12.org/flexr/chapter/9618.
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1.4 More Applications of Exponential Func-
tions

Here you’ll learn how to applications involving exponents and exponential functions.

Have you ever heard of the Consumer Price Index? It measures the price level of certain goods and services in
order to measure inflation. Suppose the Consumer Price Index is currently at 226 and is increasing at a rate of 3%
per year. What will it be in 10 years? What exponential function could you set up to answer this question? In
this Concept, you’ll learn to solve real-world problems like this one by using everything that was presented in the
previous Concepts.

Watch This

Multimedia Link: To learn more about how to use the correct exponential function, visit the http://regentsprep.o
rg/REgents/math/ALGEBRA/AE7/ExpDecayL.htm - algebra lesson page by RegentsPrep.

Guidance

We have to deal with problem solving in many real-world situations. Therefore, it is important to know the steps
you must take when problem solving.

Solving Equations Involving Exponents

Sometimes, properties of equations can be helpful in solving equations with exponents.

Equating Exponents when Solving Equations

Two powers with the same positive base other than 1 are equal if and only if the exponents are equal.

If b > 0 and b 6= 1, then bx = by if and only if x = y.

For example, if 3x = 34, then x = 4. If x = 4, then 3x = 34.

Example A

Solve the equation.
2
3(3

x) = 18
2
3(3

x) = 18
3
2 ·

2
3(3

x) = 18 · 3
2 Multiply each side by 3

2 .

3x = 27 Simplify.

3x = 33 Write 27 as a power of 3.

x = 3 bx = by if and only if x = y.

With problems in context, we often can’t write both sides of the equation as a whole number power of the same
base. Instead, you can treat the expressions on either side of the equation as two different functions. Graphing these
two resulting functions and looking for their point of intersection will reveal the input value you are looking for.

Example B

A city has 152,817 residents. The population is increasing at a rate of 7% a year. The city council is running a
contest to see who can predict how long it will take the city to reach a population of 200,000. Make a prediction.

Step One: Write an exponential model for the situation. Let y represent the population and let x represent time (in
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years).

y = 152817(1+ .07)x

Step Two: Write an equation in one variable to represent the time x, when the population reaches 200,000.

200000 = 152817(1+ .07)x

Step Three: Write functions for the expressions on either side of the equation.

f (x) = 200000

g(x) = 152817(1.07)x

Notice that f (x) is linear and g(x) is exponential.

Step Four: Graph both functions on the same screen on your graphing calculator. Use the TRACE feature to find
the point of interesection of the two functions. You may have to use the ZoomFit feature by hitting the ZOOM key
at the top to get a graph you can trace.

FIGURE 1.1

As you can see from the graph, the point of intersection of the two functions is approximately (3.98, 200000) where
the x value represents the amount of years it would take for the population of the city to reach 200,000. According
to this model, it will take approximately 4 years for the population to reach 200,000.

Example C

Suppose $4000 is invested at a 6% interest rate compounded annually. How much money will there be in the bank
at the end of five years? At the end of 20 years?

Solution:

Read the problem and summarize the information.

$4000 is invested at a 6% interest rate compounded annually. We want to know how much money we will have after
five years.

• Assign variables. Let x = time in years and y = amount of money in investment account.
• We start with $4000 and each year we apply a 6% interest rate on the amount in the bank.
• The pattern is that each year we multiply the previous amount by a factor of 100%+6% = 106% = 1.06.
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• Complete a table of values.

TABLE 1.13:

Time (years) 0 1 2 3 4 5
Investment
Amount ($)

4000 4240 4494.40 4764.06 5049.91 5352.90

Using the table, we see that at the end of five years we have $5352.90 in the investment account.

In the case of five years, we don’t need an equation to solve the problem. However, if we want the amount at the end
of 20 years, it becomes too difficult to constantly multiply. We can use a formula instead.

Since we take the original investment and keep multiplying by the same factor of 1.06, this means we can use
exponential notation.

y = 4000 · (1.06)x

To find the amount after five years we use x = 5 in the equation.

y = 4000 · (1.06)5 = $5352.90

To find the amount after 20 years we use x = 20 in the equation.

y = 4000 · (1.06)20 = $12,828.54

To check our answers we can plug in some low values of x to see if they match the values in the table:

x = 0 4000 · (1.06)0 = 4000

x = 1 4000 · (1.06)1 = 4240

x = 2 4000 · (1.06)2 = 4494.40

The answers make sense because after the first year, the amount goes up by $240 (6% of $4000). The amount of
increase gets larger each year and that makes sense because the interest is 6% of an amount that is larger and larger
every year.

Example D

The cost of a new car is $32,000. It depreciates at a rate of 15% per year. This means that it loses 15% of its value
each year.

• Draw a graph of the car’s value against time in years.
• Find the formula that gives the value of the car in terms of time.
• Find the value of the car when it is four years old.
• Find the monthly rate of depreciation of the car.
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Solution:

This is an example of an exponential decay function. Start by making a table of values. To fill in the values we start
with 32,000 when t = 0. Then we multiply the value of the car by 85% for each passing year. (Since the car loses
15% of its value, it keeps 85% of its value). Remember 85% = 0.85.

TABLE 1.14:

Time Value (Thousands)
0 32
1 27.2
2 23.1
3 19.7
4 16.7
5 14.2

The general formula is y = a(b)x.

In this case: y is the value of the car, x is the time in years, a = 32,000 is the starting amount in thousands, and
b = 0.85 since we multiply the value in any year by this factor to get the value of the car in the following year. The
formula for this problem is y = 32,000(0.85)x.

To find the value of the car when it is four years old, we use x = 4 in the formula. Remember the value is in
thousands.

y = 32,000(0.85)4 = 16,704.

Finally, to find the monthly depreciation rate we need to consider our original expression represents one year at
a time: y = 32,000(0.85)x. If we want the monthly depreciation rate, we would need to think of 1/12th of this
rate. We can manipulate the original expression as follows:

y = 32000(0.85
1

12 )12x

y = 32000(0.987)12x (rounding to the nearest tenth of a percent)

Remember that 0.85 was the value the vehicle kept. In order to find the value lost, or the monthly depreciation rate,
we need to calculate 1−0.987 = 0.013, or a monthly depreciation rate of approximately 1.3%.

For a video highlighting this concept, click here.
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Example E

The half-life of the prescription medication Amiodarone is 25 days. Suppose a patient has a single dose of 12 mg of
this drug in her system.

1. How much Amiodarone will be in the patient’s system after four half-life periods?
2. When will she have less than 3 mg of the drug in her system?

Solution:

1. Four half life periods means the drug reduces by half 4 times:(1
2

)4
= 1

24 =
1
16

Since the patient started with 12 mg, 12 · 1
16 = 3·4

4·4 = 3
4 .

There will be 3
4 mg of Amiodarone left in the patient’s system after 4 half lives.

2. 3 is half of 6, which is half of 12. So 12 mg will be reduced to 3 mg after two half lives. Thus, after 50 days, the
patient will have less than 3 mg of Amiodarone in his or her system.

Video Review

MEDIA
Click image to the left for more content.

MEDIA
Click image to the left for more content.

Guided Practice

The population of a town is estimated to increase by 15% per year. The population today is 20,000. Make a graph
of the population function and find out what the population will be ten years from now.
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Solution: The population is growing at a rate of 15% each year. When something grows at a percent, this is a clue
to use exponential functions.

Remember, the general form of an exponential function is y = a(b)x, where a is the beginning value and b is the total
growth rate. The beginning value is 20,000. Therefore, a = 20,000.

The population is keeping the original number of people and adding 15% more each year.

100%+15% = 115% = 1.15

Therefore, the population is growing at a rate of 115% each year. Thus, b = 1.15.

The function to represent this situation is y = 20,000 (1.15)x.

Now make a table of values and graph the function.

TABLE 1.15:

x y = 20 · (1.15)x

–10 4.9
–5 9.9
0 20
5 40.2
10 80.9

Notice that we used negative values of x in our table. Does it make sense to think of negative time? In this case
x =−5 represents what the population was five years ago, so it can be useful information.

The question asked in the problem was “What will be the population of the town ten years from now?” To find the
population exactly, we use x = 10 in the formula. We find y = 20,000 · (1.15)10 = 80,912.

Practice

Sample explanations for some of the practice exercises below are available by viewing the following video. Note
that there is not always a match between the number of the practice exercise in the video and the number of the
practice exercise listed in the following exercise set. However, the practice exercise is the same in both. CK-12 Ba
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sic Algebra: Word Problem Solving (7:21)

MEDIA
Click image to the left for more content.

Apply the problem-solving techniques described in this section to solve the following problems.

1. Half-life Suppose a radioactive substance decays at a rate of 3.5% per hour. What percent of the substance is
left after six hours?

2. Population decrease In 1990, a rural area had 1200 bird species. If species of birds are becoming extinct at
the rate of 1.5% per decade (10 years), how many bird species will there be left in the year 2020?

3. Growth Nadia owns a chain of fast food restaurants that operated 200 stores in 1999. If the rate of increase is
8% annually, how many stores did the restaurant operate in 2007?

4. Investment Peter invests $360 in an account that pays 7.25% compounded annually. What is the total amount
in the account after 12 years? What is the approximate equivalent monthly interest rate?

5. Solve the following problems.
6. The population of a town in 2007 is 113,505 and is increasing at a rate of 1.2% per year. What will the

population be in 2012? Approximately how long will it take for the population to reach 120,000?
7. A set of bacteria begins with 20 and doubles every 2 hours. How many bacteria would be present 15 hours

after the experiment began? How long will it take for the bacteria to grow to 10,000?
8. The cost of manufactured goods is rising at the rate of inflation, or at about 2.3%. Suppose an item costs $12

today. How much will it cost five years from now due to inflation?

Solve the following application problems.

9. The cost of a new ATV (all-terrain vehicle) is $7200. It depreciates at 18% per year.

8. a. Draw the graph of the vehicle’s value against time in years.
b. Find the formula that gives the value of the ATV in terms of time.
c. Find the value of the ATV when it is ten years old.
d. What is the monthly rate of depreciation of the car? What is the daily rate of depreciation of the car?

10. Michigan’s population is declining at a rate of 0.5% per year. In 2004, the state had a population of 10,112,620.

9. a. Write a function to express this situation.
b. If this rate continues, what will the population be in 2012?
c. When will the population of Michigan reach 9,900,000?
d. What was the population in the year 2000, according to this model?

11. A certain radioactive substance has a half-life of 27 years. An organism contains 35 grams of this substance
on day zero.

10. a. Draw the graph of the amount remaining. Use these values for x : x = 0,27,54,81,108,135.
b. Find the function that describes the amount of this substance remaining after x days.
c. Find the amount of radioactive substance after 92 days.
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CHAPTER 2 Sequences and Functions
Chapter Outline

2.1 SEQUENCES

2.2 RECURSIVE AND EXPLICIT FORMULAS
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2.1 Sequences

Introduction

The Arcade

On the way home from school on the day of the trip downtown, a bunch of students stopped off at the arcade. It was
always fun to talk and get something to eat and play a video game or two. Sam and Henry began to play a favorite
game of theirs with aliens.

“That has a lot of math in it,” Sasha commented as Henry had his turn.

“How do you figure?” Henry asked.

“It just does,” Sasha said convincingly. “Think about it. In this video game, an alien splits into two aliens who then
split into two more aliens every 10 minutes.”

“Good point, how many aliens there would be after they split 10 times?” Henry asked.

We can start by thinking about this as a number pattern. This lesson is all about patterns and sequences.
Think about the video game and you will need to solve the sequence at the end of the lesson.

What You Will Learn

In this lesson, you will learn how to complete the following skills.

• Recognize an arithmetic sequence as having a common difference between consecutive terms.
• Extend and graph arithmetic sequences.
• Recognize a geometric sequence as having a constant common ratio between consecutive terms.
• Extend and graph geometric sequences.
• Evaluate and analyze real –world situations modeled by sequences, using a graphing calculator.
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Teaching Time

I. Recognize an Arithmetic Sequence as Having a Common Difference Between Consecutive Terms

Look at this example of a sequence.

You probably saw a pattern right away. If there were another set of boxes, you’d probably guess at how many there
would be.

If you saw this same pattern in terms of numbers, it would look like this:

2,4,6,8,10

This set of numbers is called a sequence; it is a series of numbers that follow a pattern. If there was another set
of boxes, you’d probably guess there would be 12, right? Just like if you added another number to the sequence,
you’d write 12. You noticed that there was a difference of 2 between each two numbers, or terms, in the sequence.
When we have a sequence with a fixed number between each of the terms, we call this sequence an arithmetic
sequence.

Example

What is the common difference between each of the terms in the sequence?

The difference is 5 between each number.

This is an example of an arithmetic sequence. You can see that you have to be a bit of a detective to figure out
the number patterns in these examples.
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II. Extend and Graph Arithmetic Sequences

Finding the difference between two terms in a sequence is one way to look at sequences. We have used tables of
values for several types of equations and we have used those tables of values to create graphs. Graphs are helpful
because they are visual representations of the same numbers. When values rise, we can see them rise on a graph.
Let’s use the same ideas, then, to graph arithmetic sequences.

Example

Graph the sequence 2, 5, 8, 11, 14, 17,...

First convert it into a table of values with independent values being the term number and the dependent values being
the actual term.

Use this table to create a graph.
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You can see the pattern clearly in the graph. That is one of the wonderful things about graphing arithmetic sequences.

In the graph that we created in the example, each term was expressed as a single point. This is called discrete datathe
exact points are shown. An arithmetic sequence has inputs that are equally spaced integers (1, 2, 3, 4,...) and
outputs that are the sequence of numbers (2, 5, 8, 11,..). The domain of an arithmetic sequence is the positive
integers. The graph of an arithmetic sequence is a discrete linear function.

III. Recognize a Geometric Sequence as Having a Constant Common Ratio Between Consecutive Terms

Arithmetic sequences are commonplace in the world of mathematics. There are other types of sequences, though,
that follow other types of patterns. Look at the boxes below.

Can you see a pattern? The boxes increase each time. Using numbers, the sequence could be written 1, 4, 16, 64.
You might even guess at what would come next. Is there a common difference between them? Not really. There is
a difference of 3 between the first two terms, 12 between the second and third terms, and 48 between the third and
fourth terms. If you guessed that 256 would follow it’s because you figured out the pattern. You noticed that to get
to the next term, you have to multiply by 4 instead of by adding a certain number.
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This is a geometric sequence; it’s a sequence in which the terms are found by multiplying by a fixed number
called the common ratio. In the example above, the common ratio is 4.

Once you know the common ratio, then you can figure out the next step in the pattern.

Example

What is the common ratio between each of the terms in the sequence?

The ratio is 2 between each number.

You can see how knowing the common ratio helped us with our problem solving.

IV. Extend and Graph a Geometric Sequence

Consider the following sequence:

8,24,72,216, . . .

Doesn’t your brain want to find the next number? You’ve probably figured out that the common ratio here is 3. So
the next term in the sequence would be 216 · 3 or 648. You would continue the same process to find the term that
follows. Or, you could divide by 3 to find the previous term.

Just as we did with arithmetic sequences, it can be useful to graph geometric sequences. We’ll use the same
method as beforea table of values and then use a coordinate plane to plot the points.

A geometric sequence also has inputs that are equally spaced integers (1, 2, 3, 4,...) and outputs that are the
sequence of numbers (8, 24, 72, 216,...). The domain of a geometric sequence is the positive integers. The
graph of a geometric sequence is a discrete exponential function.

For a short video on the connection between sequences and functions, click here.

Example

The amount of memory that computer chips can hold in the same amount of space doubles every year. In 1992, they
could hold 1MB. Chart the next 15 years in a table of values and show the amount of memory on the same size chip
in 2007.
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TABLE 2.1:

Year Memory (MB)
1992 1
1993 2
1994 4
1995 8
1996 16
1997 32
1998 64
1999 128
2000 256
2001 512
2002 1024
2003 2048
2004 4096
2005 8192
2006 16384
2007 32768

Now let’s go back and solve the problem from the introduction.

Real-Life Example Completed

The Arcade

Here is the problem from the introduction. Reread it and then solve figure out the solution.
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On the way home from school on the day of the trip downtown, a bunch of students stopped off at the arcade. It was
always fun to talk and get something to eat and play a video game or two. Sam and Henry began to play a favorite
game of theirs with aliens.

“That has a lot of math in it,” Sasha commented as Henry had his turn.

“How do you figure?” Henry asked.

“It just does,” Sasha said convincingly. “Think about it. In this video game, an alien splits into two aliens who then
split into two more aliens every 10 minutes.”

“Good point, how many aliens there would be after they split 10 times?” Henry asked.

Solution to Real –Life Example

We can write a number pattern.

2, 4, 8, 16, 32, 64, 128, 256, 512, 1024

1024 aliens after 10 splits!

This is the answer to our problem.

Vocabulary

Here are the vocabulary words that are found in this lesson.

Sequence
a series of numbers that follows a pattern.

Arithmetic Sequence
a fixed number between each of the terms in a sequence.

Discrete data
only the exact points are shown.

Continuous data
data that changes continuously.

Geometric Sequence
a sequence where you find terms by multiplying a fixed number by a common ratio.
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Time to Practice

Directions: Write the common difference for each sequence. If there is not a pattern, indicate this in your answer.

1. -9, -7, -5, -3, -1
2. 5.05, 5.1, 5.15, 5.2, 5.25
3. 3, 6, 10, 15, 21, 28
4. 17, 14, 11, 8, 5, 2

Directions: Solve this problem by using what you know about arithmetic sequences.

An ant colony invades the caramels in a candy store. The first day they eat a 1
4 of a caramel, the second day 1

2 of a
caramel, the third day 3

4 .

5. What is the difference between each day?
6. How many do you think they’ll eat on the fourth, fifth, and sixth days?

Directions: Find the common ratio between each term.

7. -4, 20, -100, 500, -2500
8. 60, 15, 15

4 , 15
64

9. 1
8 , 1

4 , 1
2 , 1, 2

10. 3, 6, 8, 9

Directions: Identify the following sequences as an arithmetic sequence, a geometric sequence, or neither. For
arithmetic sequences, find the common difference. For geometric sequences, find the common ratio.

11. 1, 4, 7, 10, 13
12. 180, 60, 20, 6 2

3
13. 102, 94, 86, 78
14. 18, 27, 35, 43, 50
15. 5, -50, 500, -5000, 50000
16. 17

62 , 10
31 , 23

62 , 13
31 , 29

62
17. You have been hired to paint a house. They give you two options for payment. Option A is for you to receive

$80 up front plus $40 per day. Option B is to get paid based on the number of days you work. They offer
you $3 if you work only one day, $6 if you work two days, $12 if you work three days, and so on. Make two
separate tables of value to show the two options for 10 days. Which option would you prefer? Describe the
type of function that would best represent each option.
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2.2 Recursive and Explicit Formulas

Learning objectives

• Write a recursive formula for a sequence, and use the formula to identify terms in the sequence.
• Write an explicit formula for a sequence, and use the formula to identify terms in the sequence.
• Identify a sequence as arithmetic, geometric, or neither.

Introduction

Consider a situation in which the value of a car depreciates 10% per year. If the car is originally valued at $20,000,
the following year it is worth 90% of $20,000, or $18,000. After another, the value is 90% of $18,000, or $16,200.
If we write the decreasing values as a list: 20,000, 18,000, 16,200 ... we have written a sequence.

A sequence is an ordered list of objects. Above our "objects" were all numbers. The simplest way to represent a
sequence is by listing some of its terms. For example the sequence of odd, positive integers is shown here:

TABLE 2.2:

1, 3, 5, 7 ...

In this lesson you will learn to represent a sequence in two ways. The first method requires that you know the
previous term in order to find the next term in the sequence. The second method does not.

Representing a Sequence Recursively

Consider again the sequence shown above. What is the next term?

As long as you are familiar with the odd integers (i.e., you can count in 2’s) you can figure out that the next term is
9. If we want to describe this sequence in general, we can do so by stating what the first term is, and then by stating
the relationship between successive terms. When we represent a sequence by describing the relationship between its
successive terms, we are representing the sequence recursively.

The terms in a sequence are often denoted with a variable and a subscript. All of the terms in a given sequence are
written with the same variable, and increasing subscripts. So we might list terms in a sequence as a1, a2, a3, a4, a5
...

We can use this notation to represent the example above. This sequence is defined as follows:

TABLE 2.3:

a1 = 1
an = an−1 + 2

49

http://www.ck12.org


2.2. Recursive and Explicit Formulas www.ck12.org

At first glance this notation may seem confusing. What is important to keep in mind is that the subscript of a term
represents its “place in line.” So an just means the nth term in the sequence. The term an−1 just means the term
before an. In the sequence of odd numbers above, a1 = 1, a2 = 3, a3 = 5, a4 = 7, a5 = 9 and so on. If, for example,
we wanted to find a10, we would need to find the 9th term in the sequence first. To find the 9th term we need to find
the 8th term, and so on, back to a term that we know.

Example 1: For the sequence of odd numbers, list a6, a7, a8, a9, and a10

Solution: Each term is two more than the previous term.

a6 = a5 + 2 = 9 + 2 = 11
a7 = a6 + 2 = 11 + 2 = 13
a8 = a7 + 2 = 13 + 2 = 15
a9 = a8 + 2 = 15 + 2 = 17
a10 = a9 + 2 = 7 + 2 = 19

Finding terms in this sequence is relatively straightforward, as the pattern is familiar. However, this would clearly
be tedious if you needed to find the 100th term. We will turn to another method of defining sequences shortly. First
let’s consider some more complicated sequences.

Example 2: For each sequence, find the indicated term.

a. Find the 5th term for the sequence:

TABLE 2.4:

t1 = 3
tn = 2tn−1

b. Find the 4th term for the sequence:

TABLE 2.5:

b1 = 3
bn = (bn−1)2 + 1

Solution:

a. t5 = 48

TABLE 2.6:

t2 = 2t1 = 2 × 3 = 6
t1 = 3 → t3 = 2t2 = 2 × 6 = 12
tn = 2 × tn−1 t4 = 2t3 = 2 × 12 = 24

t5 = 2t4 = 2 × 24 = 48

b. b4 = 677

TABLE 2.7:

b2 = (b1)2 + 1 = 22 + 1 = 4 + 1 = 5
b1 = 2 → b3 = (b2)2 + 1 = 52 + 1 = 25 + 1 =

26
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TABLE 2.7: (continued)

b2 = (b1)2 + 1 = 22 + 1 = 4 + 1 = 5
bn = (bn−1)2 + 1 b4 = (b3)2 + 1 = 262 + 1 = 676 + 1 =

677

As you can see from just a few terms of the sequence in example 2b, the terms in a sequence can grow quickly. If we
compare the growth of the terms in the sequences we have seen so far, the first example, the sequence of odd numbers,
was the slowest. Its growth is linear, and it is referred to as an arithmetic sequence. Every arithmetic sequence
has a common difference, or a constant difference between each term. (The common difference is analogous to
the slope of a line.) The sequence of odd numbers has a common difference of 2 because for all n, an - an−1 =
2. The sequence in example 2a is a geometric sequence. Every geometric sequence has a common ratio. In the
sequence in example 2a, the common ratio is 2 because for all n, tn

tn−1
= 2. The terms of a geometric sequence follow

an exponential pattern. The sequence in example 2b is neither arithmetic nor geometric, though its values follow a
cubic pattern.

For more information on writing recursive formulas, click here.

For any of these sequences, as noted above, determining more than a few values by hand would be time consuming.
Next you will learn to define a sequence in a way that makes finding the nth term faster.

Representing a sequence explicitly

When we represent a sequence with a formula that lets us find any term in the sequence without knowing any other
terms, we are representing the sequence explicitly.

Given a recursive definition of an arithmetic or geometric sequence, you can always find an explicit formula, or an
equation to represent the nth term of the sequence. Consider for example the sequence of odd numbers we started
with: 1,3,5,7,...

We can find an explicit formula for the nth term of the sequence if we analyze a few terms:

a1 = 1
a2 = a1 + 2 = 1 + 2 = 3
a3 = a2 + 2 = 1 + 2 + 2 = 5
a4 = a3 + 2 = 1 + 2 + 2 + 2 = 7
a5 = a4 + 2 = 1 + 2 + 2 + 2 + 2 = 9
a6 = a6 + 2 = 1 + 2 + 2 + 2 + 2 + 2 = 11

Note that every term is made up of a 1, and a set of 2’s. How many 2’s are in each term?

TABLE 2.8:

a1 = 1
a2 = 1 + 2 = 3
a3 = 1 + 2 × 2 = 5
a4 = 1 + 3 × 2 = 7
a5 = 1 + 4 × 2 = 9
a6 = 1 + 5 × 2 = 11

The nth term has (n - 1)2 ’s. For example, a99 = 1 + 98 × 2 = 197 . We can therefore represent the sequence as an =
1 + 2(n - 1). We can simplify this expression:
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TABLE 2.9:

an =1+2(n-1)
an =1 + 2n - 2
an =2n-1

In general, we can represent an arithmetic sequence in this way, as long as we know the first term and the common
difference, d. Notice that in the previous example, the first term was 1, and the common difference, d, was 2. The
nth term is therefore the first term, plus d(n-1):

TABLE 2.10:

an =a1+d(n-1)

You can use this general equation to find an explicit formula for any term in an arithmetic sequence.

In an arithmetic sequence, the common difference corresponds to the slope, or m, in the explicit form of a
linear function, y = mx+b and the initial value of the sequence corresponds to the y-intercept, or b.

Example 3: Find an explicit formula for the nth term of the sequence 3,7,11,15... and use the equation to find the
50th term in the sequence.

Solution: an=4n-1 , and a50=199

The first term of the sequence is 3, and the common difference is 4.

TABLE 2.11:

an =a1+d(n-1)
an =3+4(n-1)
an =3+4n-4
an =4n-1

a50 =4(50)-1=200-1=199

We can also find an explicit formula for a geometric sequence. Consider again the sequence in example 2a:

TABLE 2.12:

t2 = 2t1 = 2 × 3 = 6
t1 = 3 → t3 = 2t2 = 2 × 6 = 12
tn = 2 × tn−1 t4 = 2t3 = 2 × 12 = 24

t5 = 2t4 = 2 × 24 = 48

Notice that every term is the first term, multiplied by a power of 2. This is because 2 is the common ratio for the
sequence.

TABLE 2.13:

t1 =3
t2 =2 × 3 = 6
t3 =2 × 2 × 6 = 22 × 6 = 12
t4 =2 × 2 × 2 × 6=23 × 6 =

24
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TABLE 2.13: (continued)

t1 =3
t5 =2× 2× 2× 26 = 24 × 6

= 48

The power of 2 in the nth term is (n-1). Therefore the nth term in this sequence can be defined as: tn=3(2n−1). In
general, we can define the nth term of a geometric sequence in terms of its first term and its common ratio, r:

TABLE 2.14:

tn =t1(rn−1)

You can use this general equation to find an explicit formula for any term in a geometric sequence.

In a geometric sequence, the common ratio corresponds to the base b in the explicit form of an exponential
equation y = abx. The initial value of the sequence corresponds to the y-intercept, a.

Example 4: Find an explicit formula for the nth term of the sequence 5,15,45,135... and use the equation to find the
10th term in the sequence.

Solution: an=5 × 31,and a10 = 98,415

The first term in the sequence is 5, and r = 3.

TABLE 2.15:

an =a1 × rn−1

an =5 × 3n−1

a10 =5 × 310−1

a10 =5 × 39 = 5 × 19,683 =
98,415

For more information on writing explicit formulas for arithmetic and geometric sequences click here.

Why would we have two different formulas for the same sequence? Click here to find out.

Again, it is always possible to write an explicit formula for terms of an arithmetic or geometric sequence. However,
you can also write an explicit formula for other sequences, as long as you can identify a pattern. To do this, you
must remember that a sequence is a function, which means there is a relationship between the input and the output.
That is, you must identify a pattern between the term and its index, or the term’s “place” in the sequence.

Example 5: Write an explicit formula for the nth term of the sequence 1,(1/2),(1/3),(1/4)...

Solution: an=(1/n)

Initially you may see a pattern in the fractions, but you may also wonder about the first term. If you write 1 as (1/1),
then it should become clear that the nth term is (1/n).

Simple interest and compound interest are analogous to arithmetic and geoemetric sequences.

Example 6: Jack needs $300 to buy a snowboard for the winter season. He borrows the money from his parents who
charge him 5% simple interest a year. How much will he owe if he waits 1 year to pay the loan? Two years? Three
years? Write a formula for the amount he will owe after t years.

Solution:

After one year, Jack will need to pay back $315; $330 after 2 years, $345 after 3 years.
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Formula: 300+0.05(300)(t−1)

What do you notice? This is an arithmetic sequence with a constant rate (the interest rate) and it is linear!

Eventually banks did realize that they could make even more money. Compound interest allows banks to calculate
interest for the first period, add it to the total, then calculate the interest on the total for the next period, and so on.

For more information on compound interest, click here.

As the site revealed, the formula for compound interest is FV = PV × (1+ r)n

where FV = Future Value, PV = Present Value, r = annual interest rate, and n = number of periods

Example 7: Olivia has $500 to invest. The bank offers an interest rate of 6% compounded annually. How much
will Olivia have after 1 year? 2 years? 5 years?

Solution:

So for 1 year (where n = 1), Olivia has 500× (1+0.06)1 = 530 or $530

For 2 years (where n = 2), Olivia has 500× (1+0.06)2 = 561.8 or $561.80

For 5 years (where n = 5), Olivia has 500× (1+0.06)5 ≈ 669.11 or $669.11

Remember to round to the nearest hundredth as we are working with dollars and cents, and cents are 1/100 of a
dollar.

What do you notice with this example? This is a geometric sequence and it is exponential!

Lesson Summary

In this lesson you have learned to represent a sequence in three ways. First, you can represent a sequence just by
listing its terms. Second, you can represent a sequence with a recursive formula. Given a list of terms, writing
a formula requires stating the first term and the relationship between successive terms. Finally, you can write a
sequence using an explicit formula. Doing this requires identifying a pattern between n and the nth term.

In this lesson we have looked at several kinds of sequences: arithmetic, geometric, and sequences that do not follow
either pattern. In the remainder of the chapter you will again see these three general categories of sequences.

Review Questions

1. Find the value of a6 , given the sequence defined as:

TABLE 2.16:

a1 =4
an =5an−1

2.
3. Find the value of a5, given the sequence defined as:

TABLE 2.17:

a1 =32
an =(1/2)an−1

4.
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5. Find the value of an−1 , given the sequence defined as:

TABLE 2.18:

a1 =1
an =3an−1-n

6.
7. Consider the sequence: 2,9,16... Write an explicit formula for the sequence, and use the formula to find the

value of the 20th term. Graph the terms of the sequence as ordered pairs (n, f (n)) on a coordinate plane.
8. Consider the sequence: 5,10,20... Write an explicit formula for the sequence, and use the formula to find the

value of the 9th term. Graph the terms of the sequence as ordered pairs (n, f (n)) on a coordinate plane.
9. Consider the sequence (1/2)(1/4)(1/8) Write an explicit formula for the sequence, and use the formula to find

the value of the 7th term.
10. Identify all sequences in the previous six problems that are geometric. What is the common ratio in each

sequence?
11. Consider a sequence given by the formula an = an−1−8 where a1 = 12 and n≥ 1. List the first five terms in

the sequence. Write an explicit formula for the sequence. Find a4 and a100.
12. Consider the situation in the introduction: a car that is originally valued at $20,000 depreciates by 10% per

year. What kind of sequence is this? What is the value of the car after 10 years? What type of function could
be used to model the situation? What are the slope and y-intercept? How do the slope and y-intercept relate
to the sequence?

13. In a particular arithmetic sequence, the second term is 4 and the fifth term is 13. Write an explicit formula for
this sequence. What type of function could be used to model this sequence?

14. If 2,a,b,−54 forms a geoemetric sequence, find the values of a and b.
15. The membership of an online dating service increases at an average rate of 8% per year. In the first year, there

are 500 members. a. How many members are there in the second year? b. How many members are there in
the eighteenth year? c. What type of function could be used to model this sequence? d. What are the slope
and y-intercept and how do they relate to the sequence?

16. The high school basketball team raised $800 in concession stand sales and would like to invest the money
in the bank for a while. Calculate the amount of money the group will have if: (a) Basic Bank pays simple
interest at a rate of 4% and the team leaves the money in for 3 years. (b) Bankasaurus pays compound interest
at a rate of 3% and the team leaves the money in for 5 years. (c) If the team needs the money quickly, which
is the better choice? Why?

17. When is recursive formula useful? When is an explicit formula useful? Give an example that illuminates
your point.

Vocabulary

Explicit formula
An explicit formula for a sequence allows you to find the value of any term in the sequence.

Natural numbers
The natural numbers are a subset of the integers: {1,2,3,4,5....}

Recursive formula
A recursive formula for a sequence allows you to find the value of the nth term in the sequence if you know
the value of the(n-1)th term in the sequence.
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Sequence
A sequence is an ordered list of objects.
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CHAPTER 3 Operations on Polynomials
Chapter Outline
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3.2 ADDITION AND SUBTRACTION OF POLYNOMIALS
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3.1 Polynomials in Standard Form

Here you’ll learn how to classify and simplify polynomials, as well as how to rewrite polynomials in standard form.

Suppose that two square plots of land both have a side length of x feet. For one of the plots of land, the length is
increased by 2 feet, and the width is decreased by 3 feet. For the other plot of land, the length is increased by 3 feet,
and the width is decreased by 4 feet. What is the difference in the resulting areas of the plots? Could you rewrite the
expression representing the difference in standard form? In this Concept, you’ll learn how to classify, simplify, and
rewrite polynomials in standard form so that you can produce expressions such as the one asked for here.

Guidance

So far we have discussed linear functions and exponential functions. This Concept introduces polynomial functions.

Definition: A polynomial is an expression made with constants, variables, and positive integer exponents of the
variables.

An example of a polynomial is: 4x3 + 2x2− 3x + 1. There are four terms: 4x3, 2x2, 3x, and 1. The numbers
appearing in each term in front of the variable are called the coefficients. 4, 2, and 3 are coefficients because those
numbers are in front of a variable. The number appearing all by itself without a variable is called a constant. 1 is
the constant because it is by itself.

Example A

Identify the following expressions as polynomials or non-polynomials.

(a) 5x2−2x

(b) 3x2−2x−2

(c) x
√

x−1

(d) 5
x3+1

(e) 4x
1
3

(f) 4xy2−2x2y−3+ y3−3x3

Solution:

(a) 5x2−2x This is a polynomial.

(b) 3x2−2x−2 This is not a polynomial because it has a negative exponent.

(c) x
√

x−1 This is not a polynomial because is has a square root.

(d) 5
x3+1 This is not a polynomial because the power of x appears in the denominator.

(e) 4x
1
3 This is not a polynomial because it has a fractional exponent.

(f) 4xy2−2xy−3+ y3−3x3 This is a polynomial.

Classifying Polynomials by Degree

The degree of a polynomial is the largest exponent of a single term.
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• 4x3 has a degree of 3 and is called a cubic term or 3rdorder term.
• 2x2 has a degree of 2 and is called a quadratic term or 2ndorder term.
• −3x has a degree of 1 and is called a linear term or 1storder term.
• 1 has a degree of 0 because there is no variable.

Polynomials can have more than one variable. Here is another example of a polynomial: t4−6s3t2−12st +4s4−5.
This is a polynomial because all exponents on the variables are positive integers. This polynomial has five terms.
Note: The degree of a term is the sum of the powers on each variable in the term.

t4 has a degree of 4, so it’s a 4th order term.

−6s3t2 has a degree of 5, so it’s a 5th order term.

−12st has a degree of 2, so it’s a 2nd order term.

4s4 has a degree of 4, so it’s a 4th order term.

–5 is a constant, so its degree is 0.

Since the highest degree of a term in this polynomial is 5, this is a polynomial of degree 5 or a 5th order polynomial.

Example B

Identify the coefficient on each term, the degree of each term, and the degree of the polynomial.

x4−3x3y2 +8x−12

Solution: The coefficients of each term in order are 1, –3, and 8, and the constant is –12.

The degrees of each term are 4, 5, 1, and 0. Therefore, the degree of the polynomial is 5.

A monomial is a one-termed polynomial. It can be a constant, a variable, or a variable with a coefficient. Examples
of monomials are the following: b2; 6; −2ab2; 1

4 x2

Rewriting Polynomials in Standard Form

Often, we arrange the terms in a polynomial in standard from in which the term with the highest degree is first and
is followed by the other terms in order of decreasing powers. The first term of a polynomial in this form is called the
leading term, and the coefficient in this term is called the leading coefficient.

Example C

Rearrange the terms in the following polynomials so that they are in standard form. Indicate the leading term and
leading coefficient of each polynomial.

(a) 7−3x3 +4x

(b) ab−a3 +2b

Solution:

(a) 7−3x3 +4x is rearranged as −3x3 +4x+7. The leading term is −3x3 and the leading coefficient is –3.

(b) ab−a3 +2b is rearranged as −a3 +ab+2b. The leading term is −a3 and the leading coefficient is –1.

Simplifying Polynomials

A polynomial is simplified if it has no terms that are alike. Like terms are terms in the polynomial that have the
same variable(s) with the same exponents, but they can have different coefficients.
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2x2y and 5x2y are like terms.

6x2y and 6xy2 are not like terms.

If we have a polynomial that has like terms, we simplify by combining them.

x2 +6xy−4xy+ y2

↗ ↖
Like terms

This polynomial is simplified by combining the like terms: 6xy−4xy = 2xy. We write the simplified polynomial as
x2 +2xy+ y2.

Example D

Simplify by collecting and combining like terms.

a3b3−5ab4 +2a3b−a3b3 +3ab4−a2b

Solution: Use the Commutative Property of Addition to reorganize like terms and then simplify.

= (a3b3−a3b3)+(−5ab4 +3ab4)+2a3b−a2b

= 0−2ab4 +2a3b−a2b

=−2ab4 +2a3b−a2b

Guided Practice

Simplify and rewrite the following polynomial in standard form. State the degree of the polynomial.

16x2y3−3xy5−2x3y2 +2xy−7x2y3 +2x3y2

Solution:

Start by simplifying by combining like terms:

16x2y3−3xy5−2x3y2 +2xy−7x2y3 +2x3y2 = (16x2y3−7x2y3)−3xy5 +(−2x3y2 +2x3y2)+2xy = 9x2y3−3xy5 +
2xy

In order to rewrite in standard form, we need to determine the degree of each term. The first term has a degree of
2+3 = 5, the second term has a degree of 1+5 = 6, and the last term has a degree of 1+1 = 2. We will rewrite the
terms in order from largest degree to smallest degree:

−3xy5 +9x2y3 +2xy

The degree of a polynomial is the largest degree of all the terms. In this case that is 6.

Practice

Sample explanations for some of the practice exercises below are available by viewing the following video. Note
that there is not always a match between the number of the practice exercise in the video and the number of the
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practice exercise listed in the following exercise set. However, the practice exercise is the same in both. CK-12 Ba
sic Algebra: Addition and Subtraction of Polynomials (15:59)

MEDIA
Click image to the left for more content.

Define the following key terms.

1. Polynomial
2. Monomial
3. Degree
4. Leading coefficient

For each of the following expressions, decide whether it is a polynomial. Explain your answer.

5. x2 +3x
1
2

6. 1
3 x2y−9y2

7. 3x−3

8. 2
3 t2− 1

t2

Express each polynomial in standard form. Give the degree of each polynomial. State the number of terms in each
polynomial.

9. 3−2x
10. 8x4− x+5x2 +11x4−10
11. 8−4x+3x3

12. −16+5 f 8−7 f 3

13. −5+2x−5x2 +8x3

14. x2−9x4 +12
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3.2 Addition and Subtraction of Polynomials

Here you’ll learn how to find the sum and the difference of two polynomials.

Suppose that two cars are having a race. The distance traveled by one car after t seconds is 10t2 +50t meters, while
the distance traveled by the other car after t seconds is 15t2 +40t meters. How far would the two cars be apart after
t seconds? What would you have to do to find the answer to this question? In this Concept, you’ll learn how to add
and subtract polynomials so that you can solve problems like this one.

Guidance

To add or subtract polynomials, you have to group the like terms together and combine them to simplify.

Example A

Add and simplify 3x2−4x+7 and 2x3−4x2−6x+5.

Solution: Add 3x2−4x+7 and 2x3−4x2−6x+5.

(3x2−4x+7)+(2x3−4x2−6x+5) = 2x3 +(3x2−4x2)+(−4x−6x)+(7+5)

= 2x3− x2−10x+12

Example B

Subtract 5b2−2a2 from 4a2−8ab−9b2.

Solution:

(4a2−8ab−9b2)− (5b2−2a2) = [(4a2− (−2a2)]+(−9b2−5b2)−8ab

= 6a2−14b2−8ab

Solving Real-World Problems Using Addition or Subtraction of Polynomials

Polynomials are useful for finding the areas of geometric objects. In the following examples, you will see this
usefulness in action.

Example C

Write a polynomial that represents the area of each figure shown.

(a)
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(b)

Solution: The blue square has the following area: y · y = y2.

The yellow square has the following area: x · x = x2.

The pink rectangles each have the following area: x · y = xy.

Test area = y2 + x2 + xy+ xy

= y2 + x2 +2xy

To find the area of the green region we find the area of the big square and subtract the area of the little square.

The big square has an area of y · y = y2.

The little square has an area of x · x = x2.

Area of the green region = y2− x2

For multiple videos on adding and subtracting polynomials see the following links:

Add polynomials by combining like terms

Add polynomials with negative coefficients

Subtract polynomials by combining like terms and using integer operations

Subtract polynomials that have negative coefficients

Subtract polynomials by changing subtraction to addition

Video Review

MEDIA
Click image to the left for more content.
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Guided Practice

Subtract 4t2 +7t3−3t−5 from 6t +3−5t3 +9t2.

Solution:

When subtracting polynomials, we have to remember to subtract each term. If the term is already negative, subtract-
ing a negative term is the same thing as adding:

6t +3−5t3 +9t2− (4t2 +7t3−3t−5) =

6t +3−5t3 +9t2− (4t2)− (7t3)− (−3t)− (−5) =

6t +3−5t3 +9t2−4t2−7t3 +3t +5 =

(6t +3t)+(3+5)+(−5t3−7t3)+(9t2−4t2) =

9t +8−12t3 +5t2 =

−12t3 +5t2 +9t +8

The final answer is in standard form.

Practice

Sample explanations for some of the practice exercises below are available by viewing the following video. Note
that there is not always a match between the number of the practice exercise in the video and the number of the
practice exercise listed in the following exercise set. However, the practice exercise is the same in both. CK-12 Ba
sic Algebra: Addition and Subtraction of Polynomials (15:59)

MEDIA
Click image to the left for more content.

Add and simplify.

1. (x+8)+(−3x−5)
2. (8r4−6r2−3r+9)+(3r3 +5r2 +12r−9)
3. (−2x2 +4x−12)+(7x+ x2)
4. (2a2b−2a+9)+(5a2b−4b+5)
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5. (6.9a2−2.3b2 +2ab)+(3.1a−2.5b2 +b)

Subtract and simplify.

6. (−t +15t2)− (5t2 +2t−9)
7. (−y2 +4y−5)− (5y2 +2y+7)
8. (−h7 +2h5 +13h3 +4h2−h−1)− (−3h5 +20h3−3h2 +8h−4)
9. (−5m2−m)− (3m2 +4m−5)

10. (2a2b−3ab2 +5a2b2)− (2a2b2 +4a2b−5b2)

Find the area of the following figures.

11.

12.

13.

14.
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3.3 Multiplication of Monomials by Polynomi-
als

Here you’ll learn how to multiply monomials by polynomials.

Did you know that the formula for the volume of a pyramid is V = 1
3 Bh, where B is the area of the base of the

pyramid and h is the pyramid’s height? What if the area of the base of a pyramid were x2 + 6x+ 8 and the height
were 9x? What would the volume of the pyramid be? In this Concept, you’ll learn how to multiply a polynomial by
a monomial so that you can answer questions such as this.

Guidance

When multiplying polynomials together, we must remember the exponent rules we learned in previous Concepts,
such as the Product Rule. This rule says that if we multiply expressions that have the same base, we just add the
exponents and keep the base unchanged. If the expressions we are multiplying have coefficients and more than one
variable, we multiply the coefficients just as we would any numbers. We also apply the product rule on each variable
separately.

Example A

Multiply (2x2y3)× (3x2y).

Solution:

(2x2y3)× (3x2y) = (2 ·3)× (x2 · x2)× (y3 · y) = 6x4y4

Multiplying a Polynomial by a Monomial

This is the simplest of polynomial multiplications. Problems are like the one above.

Example B

Multiply the following monomials.

(a) (2x2)(5x3)

(b) (3xy5)(−6x4y2)

(c) (−12a2b3c4)(−3a2b2)

Solutions:

(a) (2x2)(5x3) = (2 ·5) · (x2 · x3) = 10x2+3 = 10x5

(b) (3xy5)(−6x4y2) =−18x1+4y5+2 =−18x5y7

(c) (−12a2b3c4)(−3a2b2) = 36a2+2b3+2c4 = 36a4b5c4

To multiply monomials, we use the Distributive Property.

Distributive Property: For any expressions a, b, and c, a(b+ c) = ab+ac.

This property can be used for numbers as well as variables. This property is best illustrated by an area problem. We
can find the area of the big rectangle in two ways.
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One way is to use the formula for the area of a rectangle.

Area o f the big rectangle = Length×Width

Length = a, Width = b+ c

Area = a× (b+ c)

The area of the big rectangle can also be found by adding the areas of the two smaller rectangles.

Area o f red rectangle = ab

Area o f blue rectangle = ac

Area o f big rectangle = ab+ac

This means that a(b+ c) = ab+ac.

In general, if we have a number or variable in front of a parenthesis, this means that each term in the parenthesis is
multiplied by the expression in front of the parenthesis.

a(b+ c+d + e+ f + . . .) = ab+ac+ad +ae+a f + . . . The “...” means “and so on.”

Example C

Multiply 2x3y(−3x4y2 +2x3y−10x2 +7x+9).

Solution:

How are polynomials similar to integers?

Integers are closed under the operations of addition, subtraction, and multiplication. This means that when you add,
subtract, or multipy integers, your result will be an integer. Polynomials are analogous to integers in that they are
also closed under addition, subtraction, and multiplication. When you add, subtract, or multiply polynomials, your
result will be a polynomial. Please see the following videos to illuminate this concept:

Video One

Video Two

Video Review
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Guided Practice

Multiply −2a2b4(3ab2 +7a3b−9a+3).

Solution:

Multiply the monomial by each term inside the parenthesis:

−2a2b4(3ab2 +7a3b−9a+3)

= (−2a2b4)(3ab2)+(−2a2b4)(7a3b)+(−2a2b4)(−9a)+(−2a2b4)(3)

=−6a3b6−14a5b5 +18a5b4−6a2b4

Practice

Multiply the following monomials.

1. (2x)(−7x)
2. 4(−6a)
3. (−5a2b)(−12a3b3)
4. (−5x)(5y)
5. y(xy4)
6. (3xy2z2)(15x2yz3)

Multiply and simplify.

7. x8(xy3 +3x)
8. 2x(4x−5)
9. 6ab(−10a2b3 + c5)

10. 9x3(3x2−2x+7)
11. −3a2b(9a2−4b2)
12. How are polynomials analogous to integers? Justify your reasoning with examples.
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3.4 Multiplication of Polynomials by Binomials

Here you’ll learn how to multiply a polynomial by a binomial.

Suppose a factory needs to increase the number of units it outputs. Currently it has w workers, and on average, each
worker outputs u units. If it increases the number of workers by 100 and makes changes to its processes so that each
worker outputs 20 more units on average, how many total units will it output? What would you have to do to find
the answer? After completing this Concept, you’ll be able to multiply a polynomial by a binomial so that you can
perform the operation required here.

Watch This

Multimedia Link: For further help, visit http://www.purplemath.com/modules/polydefs.htm –Purplemath’s website
–or watch this CK-12 Basic Algebra: Adding and Subtracting Polynomials

MEDIA
Click image to the left for more content.

YouTube video.

Guidance

A binomial is a polynomial with two terms. The Distributive Property also applies for multiplying binomials. Let’s
think of the first parentheses as one term. The Distributive Property says that the term in front of the parentheses
multiplies with each term inside the parentheses separately. Then, we add the results of the products.

(a+b)(c+d) = (a+b) · c+(a+b) ·d Let’s rewrite this answer as c · (a+b)+d · (a+b).

We see that we can apply the Distributive Property on each of the parentheses in turn.

c · (a+b)+d · (a+b) = c ·a+ c ·b+d ·a+d ·b (or ca+ cb+da+db)

What you should notice is that when multiplying any two polynomials, every term in one polynomial is multiplied
by every term in the other polynomial.

Example A

Multiply and simplify (2x+1)(x+3).

Solution: We must multiply each term in the first polynomial with each term in the second polynomial. First,
multiply the first term in the first parentheses by all the terms in the second parentheses.
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Now we multiply the second term in the first parentheses by all terms in the second parentheses and add them to the
previous terms.

Now we can simplify.

(2x)(x)+(2x)(3)+(1)(x)+(1)(3) = 2x2 +6x+ x+3

= 2x2 +7x+3

Example B

Multiply and simplify (4x−5)(x2 + x−20).

Solution:

Multiply the first term in the binomial by each term in the polynomial, and then multiply the second term in the
monomial by each term in the polynomial:

(4x)(x2)+(4x)(x)+(4x)(−20)+(−5)(x2)+(−5)(x)+(−5)(−20) = 4x3 +4x2−80x−5x2−5x+100

= 4x3− x2−85x+100

Multiplying polynomials using an area model

Are you a visual learner? You may find it useful to use an area model to multiply polynomials.

Click here for a tutorial on how to use the area model to multiply polynomials

Solving Real-World Problems Using Multiplication of Polynomials

We can use multiplication to find the area and volume of geometric shapes. Look at these examples.

Example C

Find the area of the following figure.
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Solution: We use the formula for the area of a rectangle: Area = length ·width. For the big rectangle:

Length = B+3, Width = B+2

Area = (B+3)(B+2)

= B2 +2B+3B+6

= B2 +5B+6

Guided Practice

Find the volume of the following figure.

Solution:

T he volume o f this shape = (area o f the base) · (height).

Area of the base = x(x+2)

= x2 +2x

Volume = (area o f base)×height

Volume = (x2 +2x)(2x+1)

Now, multiply the two binomials together.

Volume = (x2 +2x)(2x+1)

= x2 ·2x+ x2 ·1+2x ·2x+2x ·1
= 2x3 + x2 +2x2 +2x

= 2x3 +3x2 +2x

Practice

Sample explanations for some of the practice exercises below are available by viewing the following video. Note
that there is not always a match between the number of the practice exercise in the video and the number of the
practice exercise listed in the following exercise set. However, the practice exercise is the same in both. CK-12 Ba
sic Algebra: Multiplication of Polynomials (9:49)
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MEDIA
Click image to the left for more content.

Multiply and simplify.

1. (x−2)(x+3)
2. (a+2)(2a)(a−3)
3. (−4xy)(2x4yz3− y4z9)
4. (x−3)(x+2)
5. (a2 +2)(3a2−4)
6. (7x−2)(9x−5)
7. (2x−1)(2x2− x+3)
8. (3x+2)(9x2−6x+4)
9. (a2 +2a−3)(a2−3a+4)

10. (3m+1)(m−4)(m+5)

Find the areas of the following figures.

11.

12.

Find the volumes of the following figures.

13.
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14.

Mixed Review

15. Simplify 5x(3x+5)+11(−7− x).
16. Cal High School has grades nine through twelve. Of the school’s student population, 1

4 are freshmen, 2
5 are

sophomores, 1
6 are juniors, and 130 are seniors. To the nearest whole person, how many students are in the

sophomore class?
17. Kerrie is working at a toy store and must organize 12 bears on a shelf. In how many ways can this be done?
18. Find the slope between

(3
4 ,1

)
and

(3
4 ,−16

)
.

19. If 1 lb = 454 grams, how many kilograms does a 260-pound person weigh?
20. Solve for v: |16− v|= 3.
21. Is y = x4 +3x2 +2 a function? Use the definition of a function to explain.
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3.5 Special Products of Polynomials

Here you’ll learn how to find special products of two binomials.

Suppose that the entrance to a dog house is a square, with a height of x inches and a width of x inches. Because
your puppy has grown, you need to increase both the height and the width by 4 inches. What would be the area
of the resulting entrance to the dog house? If the height had been increased by 4 inches while the width had been
decreased by 4 inches, what would the area have been then? In this Concept, you’ll learn about special products of
polynomials so that you’ll know what to do in situations like these.

Guidance

When we multiply two linear (degree of 1) binomials, we create a quadratic (degree of 2) polynomial with four
terms. The middle terms are like terms so we can combine them and simplify to get a quadratic or 2nd degree
trinomial (polynomial with three terms). In this Concept, we will talk about some special products of binomials.

Finding the Square of a Binomial

A special binomial product is the square of a binomial. Consider the following multiplication: (x+4)(x+4). We
are multiplying the same expression by itself, which means that we are squaring the expression. This means that:

(x+4)(x+4) = (x+4)2

(x+4)(x+4) = x2 +4x+4x+16 = x2 +8x+16

This follows the general pattern of the following rule.

Square of a Binomial: (a+b)2 = a2 +2ab+b2, and (a−b)2 = a2−2ab+b2

Stay aware of the common mistake (a+b)2 = a2 +b2. To see why (a+b)2 6= a2 +b2, try substituting numbers for
a and b into the equation (for example, a = 4 and b = 3), and you will see that it is not a true statement. The middle
term, 2ab, is needed to make the equation work.

Example A

Simplify by multiplying: (x+10)2.

Solution: Use the square of a binomial formula, substituting a = x and b = 10

(a+b)2 = a2 +2ab+b2

(x+10)2 = (x)2 +2(x)(10)+(10)2 = x2 +20x+100

Finding the Product of Binomials Using Sum and Difference Patterns

Another special binomial product is the product of a sum and a difference of terms. For example, let’s multiply the
following binomials.

(x+4)(x−4) = x2−4x+4x−16

= x2−16
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Notice that the middle terms are opposites of each other, so they cancel out when we collect like terms. This always
happens when we multiply a sum and difference of the same terms.

(a+b)(a−b) = a2−ab+ab−b2

= a2−b2

When multiplying a sum and difference of the same two terms, the middle terms cancel out. We get the square of
the first term minus the square of the second term. You should remember this formula.

Sum and Difference Formula: (a+b)(a−b) = a2−b2

How does the Sum and Difference Formula help us evaluate more tedious numerical expressions?

Example B

How can you rewrite the following expression to make it easier to evaluate?

532−472

Solution:

532−472 = (53+47)(53−47) = (100)(6) = 600

Example C

Multiply the following binomias and simplify.

(5x+9)(5x−9)

Solution: Use the above formula, with a = 5x and b = 9. Multiply.

(5x+9)(5x−9) = (5x)2− (9)2 = 25x2−81

Solving Real-World Problems Using Special Products of Polynomials

Let’s now see how special products of polynomials apply to geometry problems and to mental arithmetic. Look at
the following example.

Example D

Find the area of the square.
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Solution: T he area o f the square = side× side.

Area = (a+b)(a+b)

= a2 +2ab+b2

Notice that this gives a visual explanation of the square of binomials product.

Area o f big square : (a+b)2 = Area o f blue square = a2 +2 (area o f yellow) = 2ab+area o f red square = b2

The next example shows how to use the special products in doing fast mental calculations.

Example E

Find the products of the following numbers without using a calculator.

(a) 43×57

(b) 452

Solution: The key to these mental “tricks” is to rewrite each number as a sum or difference of numbers you know
how to square easily.

(a) Rewrite 43 = (50−7) and 57 = (50+7).

Then 43×57 = (50−7)(50+7) = (50)2− (7)2 = 2500−49 = 2,451.

(b) 452 = (40+5)2 = (40)2 +2(40)(5)+(5)2 = 1600+400+25 = 2,025

Video Review

MEDIA
Click image to the left for more content.

MEDIA
Click image to the left for more content.

Guided Practice

Multiply (2x+3y)(2x−3y).

Solution:

In order to get the hang of the patterns involved in special products, apply the distributive property to see what will
happen:
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(2x+3y)(2x−3y) =

2x(2x−3y)+3y(2x−3y) =

2x(2x)+2x(−3y)+3y(2x)+3y(−3y) =

4x2−6xy+6xy−9y2 =

4x2−9y2

Notice how the two middle terms canceled each other out. This always happens, which is where we get the sum
and difference product. Compare the answer above to that from using the sum and difference product:

(a+b)(a−b) = a2−b2⇒ (2x+3y)(2x−3y) = (2x)2− (3y)2 = 22x2−32y2 = 4x2−9y2

The two answers are the same. You can use the sum and difference product as a shortcut, so you don’t always have
to go through the whole process of multiplying out using the distributive property.

Practice

Sample explanations for some of the practice exercises below are available by viewing the following video. Note
that there is not always a match between the number of the practice exercise in the video and the number of the
practice exercise listed in the following exercise set. However, the practice exercise is the same in both. CK-12 Ba
sic Algebra: Special Products of Binomials (10:36)

MEDIA
Click image to the left for more content.

Use the special product for squaring binomials to multiply these expressions.

1. (x+9)2

2. (x−1)2

3. (2y+6)2

4. (3x−7)2

5. (7c+8)2

6. (9a2 +6)2

7. (b2−1)2

8. (m3 +4)2

9.
(1

4 t +2
)2

10. (6k−3)2

11. (a3−7)2

12. (4x2 + y2)2

13. (8x−3)2

Use the special product of a sum and difference to multiply these expressions.

14. (2x−1)(2x+1)
15. (2x−3)(2x+3)
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16. (4+6x)(4−6x)
17. (6+2r)(6−2r)
18. (−2t +7)(2t +7)
19. (8z−8)(8z+8)
20. (3x2 +2)(3x2−2)
21. (x−12)(x+12)
22. (5a−2b)(5a+2b)
23. (ab−1)(ab+1)

Find the area of the orange square in the following figure. It is the lower right shaded box.

24.

Multiply the following numbers using the special products.

25. 45×55
26. 97×83
27. 192

28. 562

29. 876×824
30. 1002×998
31. 36×44
32. Your calculator is on the fritz. You have to calculate the following numerical expressions but want to find the

easiest way to do so. How can you rewrite the following expressions? Evaluate the expressions using your
new form.

(a) 272−232

(b) 322−262

(c) 622−592
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3.6 Factoring Quadratics When the Lead Coef-
ficient Equals 1

Here you’ll learn how to factor a quadratic equation in standard form, when a = 1.

The area of a rectangle is x2−3x−28. What are the length and width of the rectangle?

Watch This

Watch the first few examples in this video, until about 12:40.

MEDIA
Click image to the left for more content.

Khan Academy: Factoring Quadratic Expressions

Guidance

A quadratic equation has the form ax2 + bx+ c, where a 6= 0 (If a = 0, then the equation would be linear). For
all quadratic equations, the 2 is the largest and only exponent. A quadratic equation can also be called a trinomial
when all three terms are present.

There are four ways to solve a quadratic equation. In this concept, we are going to focus on factoring when the
lead coefficient is one (i.e., a = 1). In this case, there is no number in front of x2. First, let’s start with a review of
multiplying two factors together.

Example A

Multiply (x+4)(x−5).

Solution: Even though this is not a quadratic, the product of the two factors will be. Remember from previous math
classes that a factor is a number that goes evenly into a larger number. For example, 4 and 5 are factors of 20. So, to
determine the larger number that (x+4) and (x−5) go into, we need to multiply them together.

One method for multiplying two polynomial factors together is called FOIL. To do this, you need to multiply the
FIRST terms, OUTSIDE terms, INSIDE terms, and the LAST terms together and then combine like terms. FOIL is
the same as distributing each term in the first set of parentheses.
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In the example above, notice that FOIL is the same as distributing the x and then distributing the 4.

Therefore (x+4)(x−5) = x2− x−20. We can also say that (x+4) and (x−5) are factors of x2− x−20.

Factoring

Now, we will “undo” the multiplication of two factors by factoring. In this concept, we will only address quadratic
equations in the form x2 +bx+ c, or when a = 1.

Factor x2 +6x+8.

Solution:

x2 +6x+8 = (x+m)(x+n)

In the quadratic x2 +bx+c, b will be equal to the sum of m and n and c will be equal to their product. Applying this
to our problem, we ask "What two factors of 8 will add up to 6?"

Write out a list of factor pairs for 8, if you need to:

The green pair above is the only one that also adds up to 6. This means that 4 and 2 are the numbers we need.

x2 +6x+8

(x+4)(x+2)

Therefore, the factors of x2 +6x+8 are (x+4)(x+2). You can use the distributive property or FOIL this to check
your answer.

Example C

Factor x2 +12x−28.

Solution: We can approach this problem in exactly the same way we did Example B. What are the factors of -28
that add up to 12? Let’s list them out to see:

−4 ·7,4 ·−7,2 ·−14,−2 ·14,1 ·−28,−1 ·28

The red pair above is the one that works. Notice that we only listed the factors of negative 28.
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x2 +12x−28

(x−2)(x+14)

Example D

Factor x2−4x.

Solution: This is an example of a quadratic that is not a trinomial because it only has two terms, also called a
binomial. There is no c, or constant term. To factor this, we need to look for the GCF. In this case, the largest
number that can be taken out of both terms is an x.

x2−4x = x(x−4)

Therefore, the factors are x and x−4.

Intro Problem Revisit Recall that the area of a rectangle is A = lw, where l is the length and w is the width. To find
the length and width, we can therefore factor the area x2−3x−28.

What are the factors of –28 that add up to –3? Testing the various possibilities, we find that −7 · 4 = −28 and
−7+4 =−3.

Therefore, x2−3x−28 factors to (x−7)(x+4), and one of these factors is the rectangle’s length while the other is
its width.

Guided Practice

1. Multiply (x−3)(x+8).

Factor the following quadratic expressions. If it cannot be factored, write not factorable.

2. x2−9x+20

3. x2 +7x−30

4. x2 + x+6

5. x2 +10x

Solutions

1. FOIL-ing our factors together, we get:

(x−3)(x+8) = x2 +8x−3x−24 = x2 +5x−24

2. Ask yourself, "What two factors of 20 will add up to -9? −4+−5 =−9and−4 ·−5 = 20.

x2−9x+20 = (x−4)(x−5)

3. Let’s list out all the factors of -30 and their sums. The sums are in red.

81

http://www.ck12.org


3.6. Factoring Quadratics When the Lead Coefficient Equals 1 www.ck12.org

−10 ·3 (−7),−3 ·10 (7),−2 ·15 (13),−15 ·2 (−13),−1 ·30 (29),−30 ·1 (−29)

From this, the factors of -30 that add up to 7 are -3 and 10. x2 +7x−30 = (x−3)(x+10)

4. There are no factors of 6 that add up to 1. If we had -6, then the trinomial would be factorable. But, as is, this is
not a factorable trinomial.

5. The only thing we can do here is to take out the GCF. x2 +10x = x(x+10)

Vocabulary

Quadratic Equation
An equation where the largest exponent is a 2 and has the form ax2 +bx+ c, a 6= 0.

Trinomial
A quadratic equation with three terms.

Binomial
A quadratic equation with two terms.

Factoring
A way to break down an expression into smaller factors.

Factor
A number that goes evenly into a larger number.

FOIL
A method used to multiply together two factors. You multiply the FIRST terms, OUTSIDE terms, INSIDE
terms, and LAST terms and then combine any like terms.

Coefficient
The number in front of a variable.

Constant
A number that is added or subtracted within an equation.

Practice

Multiply the following factors together.

1. (x+2)(x−8)
2. (x−9)(x−1)
3. (x+7)(x+3)

Factor the following quadratic expressions. If it cannot be factored, write not factorable.

4. x2− x−2
5. x2 +2x−24
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6. x2−6x
7. x2 +6x+9
8. x2 +8x−10
9. x2−11x+30

10. x2 +13x−30
11. x2 +11x+28
12. x2−8x+12
13. x2−7x−44
14. x2−8x−20
15. x2 +4x+3
16. x2−5x+36
17. x2−5x−36
18. x2 + x
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3.7 Factoring by Grouping

Here you’ll learn how to use grouping in order to factor quadratics when the leading coefficient is not one.

Suppose you belong to your school’s math club, and you’re having a discussion with your fellow members about
how to factor the polynomial 5x2 +17x+6. Someone has suggested factoring by grouping. Do you think that this
is a possibility? If so, how could it be done? In this Concept, you’ll learn how to factor polynomial expressions by
grouping when the leading coefficient isn’t 1. Your fellow math club members will be impressed when you explain
to them the procedure for using grouping to factor an expression like the one given.

Guidance

It may be possible to factor a polynomial containing four or more terms by factoring common monomials from
groups of terms. This method is called factoring by grouping. The following example illustrates how this process
works.

Example A

Factor 2x+2y+ax+ay.

Solution: There isn’t a common factor for all four terms in this example. However, there is a factor of 2 that is
common to the first two terms and there is a factor of a that is common to the last two terms. Factor 2 from the first
two terms and factor a from the last two terms.

2x+2y+ax+ay = 2(x+ y)+a(x+ y)

Now we notice that the binomial (x+ y) is common to both terms. We factor the common binomial and get:

(x+ y)(2+a)

Our polynomial is now factored completely.

We know how to factor quadratic trinomials (ax2 +bx+ c) where a = 1 using methods we have previously learned.
To factor a quadratic polynomial where a 6= 1, we follow the following steps.

1. We find the product ac.
2. We look for two numbers that multiply to give ac and add to give b.
3. We rewrite the middle term using the two numbers we just found.
4. We factor the expression by grouping.

Let’s apply this method to the following examples.

Example B

Factor 3x2 +8x+4 by grouping.
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Solution: Follow the steps outlined above.

ac = 3 ·4 = 12

The number 12 can be written as a product of two numbers in any of these ways:

12 = 1×12 and 1+12 = 13

12 = 2×6 and 2+6 = 8 This is the correct choice.

Rewrite the middle term as: 8x = 2x+6x, so the problem becomes the following.

3x2 +8x+4 = 3x2 +2x+6x+4

Factor an x from the first two terms and 2 from the last two terms.

x(3x+2)+2(3x+2)

Now factor the common binomial (3x+2).

(3x+2)(x+2)

Our answer is (3x+2)(x+2).

In this example, all the coefficients are positive. What happens if the b is negative?

Example C

Factor 6x2−11x+4 by grouping.

Solution: ac = 6 ·4 = 24

The number 24 can be written as a product of two numbers in any of these ways.

24 = 1×24 and 1+24 = 25

24 = (−1)× (−24) and (−1)+(−24) =−25

24 = 2×12 and 2+12 = 14

24 = (−2)× (−12) and (−2)+(−12) =−14

24 = 3×8 and 3+8 = 11

24 = (−3)× (−8) and (−3)+(−8) =−11 This is the correct choice.

Rewrite the middle term as −11x =−3x−8x, so the problem becomes:

6x2−11x+4 = 6x2−3x−8x+4
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Factor by grouping. Factor a 3x from the first two terms and factor –4 from the last two terms.

3x(2x−1)−4(2x−1)

Now factor the common binomial (2x−1).

Our answer is (2x−1)(3x−4).

Let’s try it out!

Factor x2 +8x+15

Step One: Multiply ac = (1)(15) = 15

Step Two: We are looking for the factors of b to add to 8

15 = 1×15 1+15 = 16 This is not the right set of factors.

15 = 3×5 3+5 = 8 Perfect.

Step Three: Rewrite the middle term: 8x = 5x+3x

Step Four: Factor by grouping

x2 +5x+3x+15
x(x+5)+3(x+5)
(x+3)(x+5)

It worked! Grouping will factor a quadratic with a = 1 OR a 6= 1!

Video Review

MEDIA
Click image to the left for more content.

MEDIA
Click image to the left for more content.

Guided Practice

Factor 10x2−43x+28.

Solution:
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First, find a · c: 10 ·28 = 280. Since b =−43, the factors of 280 need to add up to -43, so consider pairs of negative
factors of 280. There will be a lot of pairs of factors, and you could list them all in order until you find the correct
pair, as in Examples B and C. Or, use some number sense to help make the search shorter. Start with -1 as a factor:

280 =−1 ·−280 and −1+−280 =−281

Since -281 is much more negative than -43, you need to have a pair of factors where one is not so negative. Try:

280 =−7 ·−40 and −7+−40 =−47

This is close! Since it is still too negative, you need a factor that is less negative than -40, and one that is slightly
more negative than -7. Try:

280 =−8 ·−35 and −8+−35 =−43

This works! So, -8 and -35 are the factors needed. Rewrite the middle term as −43x = −35x− 8x and factor by
grouping:

10x2−43x+28 = 10x2−35x+−8x+28 = 5x(2x−7)−4(2x−7) = (5x−4)(2x−7)

Practice

Sample explanations for some of the practice exercises below are available by viewing the following video. Note
that there is not always a match between the number of the practice exercise in the video and the number of the
practice exercise listed in the following exercise set. However, the practice exercise is the same in both. CK-12 Ba
sic Algebra: Factor by Grouping and Factoring Completely (13:57)

MEDIA
Click image to the left for more content.

Factor by grouping.

1. 6x2−9x+10x−15
2. 5x2−35x+ x−7
3. 9x2−9x− x+1
4. 4x2 +32x−5x−40
5. 12x3−14x2 +42x−49
6. 4x2 +25x−21
7. 24b3 +32b2−3b−4
8. 2m3 +3m2 +4m+6
9. 6x2 +7x+1

10. 4x2 +8x−5
11. 5a3−5a2 +7a−7
12. 3x2 +16x+21
13. 4xy+32x+20y+160
14. 10ab+40a+6b+24
15. 9mn+12m+3n+4
16. 4 jk−8 j2 +5k−10 j
17. 24ab+64a−21b−56
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3.8 Factoring Completely

Here you’ll learn how to apply all the skills you have acquired so far in order to completely factor an expression.

Suppose that the area of a poster hanging on your wall is 1000 square inches and that the height is 15 more inches
than the width. How would you go about finding the height and width of the poster? What equation would you set
up? How could you use factoring to solve the equation? In this Concept, you’ll learn how to factor an expression
completely in order to solve real-world problems such as this one.

Guidance

We say that a polynomial is factored completely when we factor as much as we can and we are unable to factor any
more. Here are some suggestions that you should follow to make sure that you factor completely.

X Factor all common monomials first.

X Identify special products such as the difference of squares or the square of a binomial. Factor according to their
formulas.

X If there are no special products, factor using the methods we learned in the previous Concepts.

X Look at each factor and see if any of these can be factored further.

Example A

Factor the following polynomials completely.

(a) 2x2−8

(b) x3 +6x2 +9x

Solution:

(a) Look for the common monomial factor: 2x2− 8 = 2(x2− 4). Recognize x2− 4 as a difference of squares. We
factor as follows: 2(x2− 4) = 2(x+ 2)(x− 2). If we look at each factor we see that we can’t factor anything else.
The answer is 2(x+2)(x−2).

(b) Recognize this as a perfect square and factor as x(x+3)2. If we look at each factor we see that we can’t factor
anything else. The answer is x(x+3)2.

Factoring Common Binomials

The first step in the factoring process is often factoring the common monomials from a polynomial. Sometimes
polynomials have common terms that are binomials. For example, consider the following expression:

x(3x+2)−5(3x+2)

You can see that the term (3x+2) appears in both terms of the polynomial. This common term can be factored by
writing it in front of a set of parentheses. Inside the parentheses, we write all the terms that are left over when we
divide them by the common factor.

(3x+2)(x−5)
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This expression is now completely factored. Let’s look at some more examples.

Example B

Factor 3x(x−1)+4(x−1).

Solution: 3x(x−1)+4(x−1) has a common binomial of (x−1).

When we factor the common binomial, we get (x−1)(3x+4).

Solving Real-World Problems Using Polynomial Equations

Now that we know most of the factoring strategies for quadratic polynomials, we can see how these methods apply
to solving real-world problems.

Example C

The product of two positive numbers is 60. Find the two numbers if one of the numbers is 4 more than the other.

Solution: x = one of the numbers and x+4 equals the other number. The product of these two numbers equals 60.
We can write the equation as follows:

x(x+4) = 60

Write the polynomial in standard form.

x2 +4x = 60

x2 +4x−60 = 0

Factor: −60 = 6× (−10) and 6+(−10) =−4

−60 =−6×10 and −6+10 = 4 This is the correct choice.

The expression factors as (x+10)(x−6) = 0.

Solve:

x+10 = 0 x−6 = 0

or

x =−10 x = 6

Since we are looking for positive numbers, the answer must be positive.

x = 6 for one number, and x+4 = 10 for the other number.

Check: 6 ·10 = 60 so the answer checks.

Video Review
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MEDIA
Click image to the left for more content.

MEDIA
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Guided Practice

Factor completely: 24x3−28x2 +8x.

Solution:

First, notice that each term has 4x as a factor. Start by factoring out 4x:

24x3−28x2 +8x = 4x(6x2−7x+2)

Next, factor the trinomial in the parenthesis. Since a 6= 1 find a · c: 6 ·2 = 12. Find the factors of 12 that add up to
-7. Since 12 is positive and -7 is negative, the two factors should be negative:

12 =−1 ·−12 and −1+−12 =−13

12 =−2 ·−6 and −2+−6 =−8

12 =−3 ·−4 and −3+−4 =−7

Rewrite the trinomial using −7x =−3x−4x, and then factor by grouping:

6x2−7x+2 = 6x2−3x−4x+2 = 3x(2x−1)−2(2x−1) = (3x−2)(2x−1)

The final factored answer is:

4x(3x−2)(2x−1)

Practice

Sample explanations for some of the practice exercises below are available by viewing the following video. Note
that there is not always a match between the number of the practice exercise in the video and the number of the
practice exercise listed in the following exercise set. However, the practice exercise is the same in both. CK-12 Ba
sic Algebra: Factor by Grouping and Factoring Completely (13:57)

MEDIA
Click image to the left for more content.
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Factor completely.

1. 2x2 +16x+30
2. 12c2−75
3. −x3 +17x2−70x
4. 6x2−600
5. −5t2−20t−20
6. 6x2 +18x−24
7. −n2 +10n−21
8. 2a2−14a−16
9. 2x2−512

10. 12x3 +12x2 +3x

Solve the following application problems.

11. One leg of a right triangle is seven feet longer than the other leg. The hypotenuse is 13 feet. Find the
dimensions of the right triangle.

12. A rectangle has sides of x+2 and x−1. What value of x gives an area of 108?
13. The product of two positive numbers is 120. Find the two numbers if one number is seven more than the other.
14. Framing Warehouse offers a picture-framing service. The cost for framing a picture is made up of two parts.

The cost of glass is $1 per square foot. The cost of the frame is $2 per linear foot. If the frame is a square,
what size picture can you get framed for $20.00?

Mixed Review

15. The area of a square varies directly with its side length.

a. Write the general variation equation to model this sentence.
b. If the area is 16 square feet when the side length is 4 feet, find the area when s = 1.5 f eet.

16. The surface area is the total amount of surface of a three-dimensional figure. The formula for the surface area
of a cylinder is SA = 2πr2 + 2πrh, where r = radius and h = height o f the cylinder. Determine the surface
area of a soup can with a radius of 2 inches and a height of 5.5 inches.

17. Factor 25g2−36. Solve this polynomial when it equals zero.
18. What is the greatest common factor of 343r3t,21t4, and 63rt5?
19. Discounts to the hockey game are given to groups with more than 12 people.

a. Graph this solution on a number line.
b. What is the domain of this situation?
c. Will a church group with 12 members receive a discount?
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