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1.1 Basic Geometric Definitions

Here you’ll learn the basic geometric definitions and rules you will need to succeed in geometry.

What if you were given a picture of a figure or object, like a map with cities and roads marked on it? How could
you explain that picture geometrically? After completing this Concept, you’ll be able to describe such a map using
geometric terms.

Watch This

MEDIA
Click image to the left for more content.

CK-12 Basic Geometric Definitions

MEDIA
Click image to the left for more content.

James Sousa:Definitionsof and Postulates InvolvingPoints,Lines, and Planes

Guidance

A point is an exact location in space. It describes a location, but has no size. Examples are shown below:

TABLE 1.1:

Label It Say It
A point A

A line is infinitely many points that extend forever in both directions. Lines have direction and location and are
always straight.
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TABLE 1.2:

Label It Say It
line g line g
←→
PQ line PQ

A plane is infinitely many intersecting lines that extend forever in all directions. Think of a plane as a huge sheet of
paper that goes on forever.

TABLE 1.3:

Label It Say It
Plane M Plane M
Plane ABC Plane ABC

We can use point, line, and plane to define new terms.

Space is the set of all points extending in three dimensions. Think back to the plane. It extended in two dimensions,
what we think of as up/down and left/right. If we add a third dimension, one that is perpendicular to the other two,
we arrive at three-dimensional space.

Points that lie on the same line are collinear. P,Q,R,S, and T are collinear because they are all on line w. If a point
U were located above or below line w, it would be non-collinear.

Points and/or lines within the same plane are coplanar. Lines h and i and points A,B,C,D,G, and K are coplanar
in Plane J . Line

←→
KF and point E are non-coplanar with Plane J .

3
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An endpoint is a point at the end of a line segment. A line segment is a portion of a line with two endpoints. Or, it
is a finite part of a line that stops at both ends. Line segments are labeled by their endpoints. Order does not matter.

TABLE 1.4:

Label It Say It
AB Segment AB
BA Segment BA

A ray is a part of a line with one endpoint that extends forever in the direction opposite that endpoint. A ray is
labeled by its endpoint and one other point on the ray. For rays, order matters. When labeling, put the endpoint
under the side WITHOUT the arrow.

TABLE 1.5:

Label It Say It
−→
CD Ray CD
←−
DC Ray CD

An intersection is a point or set of points where lines, planes, segments, or rays cross.

Postulates

A postulate is a basic rule of geometry. Postulates are assumed to be true (rather than proven), much like definitions.
The following is a list of some basic postulates.

4
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Postulate #1: Given any two distinct points, there is exactly one (straight) line containing those two points.

Postulate #2: Given any three non-collinear points, there is exactly one plane containing those three points.

Postulate #3: If a line and a plane share two points, then the entire line lies within the plane.

Postulate #4: If two distinct lines intersect, the intersection will be one point.

Lines l and m intersect at point A.

Postulate #5: If two distinct planes intersect, the intersection will be a line.

When making geometric drawings, be sure to be clear and label all points and lines.

5
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Example A

What best describes San Diego, California on a globe?

A. point

B. line

C. plane

Answer: A city is usually labeled with a dot, or point, on a globe.

Example B

Use the picture below to answer these questions.

a) List another way to label Plane J .

b) List another way to label line h.

c) Are K and F collinear?

d) Are E,B and F coplanar?

Answer:

a) Plane BDG. Any combination of three coplanar points that are not collinear would be correct.

b)
←→
AB. Any combination of two of the letters A,B, or C would also work.

c) Yes

d) Yes

Example C

What best describes a straight road connecting two cities?

A. ray

B. line

C. segment

D. plane

Answer: The straight road connects two cities, which are like endpoints. The best term is segment, or C.

6
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MEDIA
Click image to the left for more content.

CK-12 Basic Geometric Definitions

Guided Practice

1. What best describes the surface of a movie screen?

A. point

B. line

C. plane

2. Answer the following questions about the picture.

a) Is line l coplanar with Plane V , Plane W , both, or neither?

b) Are R and Q collinear?

c) What point belongs to neither Plane V nor Plane W ?

d) List three points in Plane W .

3. Draw and label a figure matching the following description: Line
←→
AB and ray

−→
CD intersect at point C. Then,

redraw so that the figure looks different but is still true to the description.

4. Describe the picture below using the geometric terms you have learned.

Answers:

1. The surface of a movie screen is most like a plane.

2. a) Neither
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b) Yes

c) S

d) Any combination of P,O,T , and Q would work.

3. Neither the position of A or B on the line, nor the direction that
−→
CD points matter.

For the second part:

4.
←→
AB and D are coplanar in Plane P , while

←→
BC and

←→
AC intersect at point C.

Practice

For questions 1-5, draw and label a figure to fit the descriptions.

1.
−→
CD intersecting AB and Plane P containing AB but not

−→
CD.

2. Three collinear points A,B, and C and B is also collinear with points D and E.
3.
−→
XY ,
−→
XZ, and

−−→
XW such that

−→
XY and

−→
XZ are coplanar, but

−−→
XW is not.

4. Two intersecting planes, P and Q , with GH where G is in plane P and H is in plane Q .
5. Four non-collinear points, I,J,K, and L, with line segments connecting all points to each other.
6. Name this line in five ways.

7. Name the geometric figure in three different ways.

8. Name the geometric figure below in two different ways.

8
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9. What is the best possible geometric model for a soccer field? Explain your answer.
10. List two examples of where you see rays in real life.
11. What type of geometric object is the intersection of a line and a plane? Draw your answer.
12. What is the difference between a postulate and a theorem?

For 13-16, use geometric notation to explain each picture in as much detail as possible.

13.

14.

15.

16.

For 17-25, determine if the following statements are true or false.

17. Any two points are collinear.
18. Any three points determine a plane.
19. A line is to two rays with a common endpoint.
20. A line segment is infinitely many points between two endpoints.
21. A point takes up space.
22. A line is one-dimensional.
23. Any four points are coplanar.
24.
−→
AB could be read “ray AB” or “ray “BA.”

25.
←→
AB could be read “line AB” or “line BA.”

9
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1.2 Angle Classification

Here you’ll learn to classify angles as acute, obtuse, right or straight.

Have you ever been on a field trip to an art museum?

Mrs. Gilson is taking her math class to the art museum on a field trip. Before leaving for the museum, Mrs. Gilson
posed some questions to her class.

“Does anyone know why we are going to an art museum for math class?” She asked.

Matt, who tended to like to make jokes, was the first one to speak up.

“So we can count the paintings?” he joked.

Mrs. Gilson smiled as if she was expecting just such an answer. She looked around and waited for any other
responses. Kyle was the next one to speak.

“I think it has to do with geometry. Isn’t most art based on some kind of geometry?” he asked.

“Very nice, and yes you are correct. We can find geometry in many different paintings forms and figures. Some of
the first painters, sculptures, actually all kinds of artists used geometry to design their work. Here is a slide that we
can look at together,” Mrs. Gilson said putting an image up on the board from the computer.

“This is to help you practice before we go,” Mrs. Gilson explained. “This is a piece of a stained glass window. You
can see the flowers in the painting, but can you see the geometry? Take out your notebooks and make a note of any
place that you see angles. Let’s start with angles after all it is a building block of geometry.”

The students all took out their notebooks and began to work.

While the students make their notes, you make some notes too. What do you already know about angles?

This Concept is all about identifying angles as right, straight, acute and obtuse. After you learn about these
classifications, you will be able to identify each type of angle in the stained glass. Pay attention and at the end
of the Concept you will be able to find the geometry in the stained glass.

10

http://www.ck12.org


www.ck12.org Chapter 1. Geometric Transformations

Guidance

The word “angle” is one of those words that we hear all the time. You might hear someone say “What is the angle
of that corner?” or a photographer could use the term “wide angle lens.” Have you ever tried to angle a sofa through
a doorway? The way that you turn the sofa makes a big difference in whether the sofa fits through the doorway or
not. Notice that the same word “angle” is being used in each of these examples, but each example uses it differently.

In geometry, we use the word angle too. Understanding angles in geometry can help you when you use the
angles in real life.

What is an angle?

An angle is a when two lines, line segments or rays connect at a common point. The angle is created by the
space between the two lines. We can say that this space “forms the angle.”

We measure an angle in degrees. What we are actually measuring is the distance between the two lines. The space
between them near the point where they connect forms the angle. This may sound confusing, but it will make more
sense as we continue.

Why are degrees important?

Degrees are important because we classify angles by their size. Knowing the degrees of an angle can help us to be
sure that we are using the correct words to classify or identify them. The ◦symbol means “degrees.” The number
of degrees tells how open or closed the angle is. The smaller the number of degrees, the smaller or more closed
the angle is. Angle sizes can range from 0 to 360◦, a complete circle.

Here is a diagram that shows some angle measurements.

As you can see, an angle of 360◦ makes a complete circle. An angle of 270◦ is three-quarters of a circle, and an
angle of 180◦ is half a circle. A 180◦ angle is a straight line. Most angles that we deal with are between 0 and 180◦.

We classify angles by their size, or number of degrees.

We classify angles as acute, right, obtuse, or straight.

Let’s find out what these names mean.

An acute angle measures less than 90◦. If its measure is 1◦or 89◦or anywhere in between, we call it an acute
angle.

Obtuse angles measure more than 90◦. Angles greater than 90◦ and less than 180◦ are obtuse angles.

11
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Most angles are either acute or obtuse. However, there are two special angles with exact measurements. A right
angle measures exactly 90◦. Right angles are one of the most important concepts you need to know about geometry.
We find them in squares, rectangles, and triangles. They are everywhere in the real world too.

There are many places in the real world where you can see acute, obtuse and right angles. Here are a few
examples. Can you identify the angles?

Notice that we use a small box to show when an angle is a right angle.

12
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http://www.flickr.com/photos/ghost_of_kuji/394579484/ (attribution)

http://www.flickr.com/photos/basykes/6558444/ (attribution)

If you look at each of these pictures, you can see the right angles clearly. Also notice that the wires of the bridge
stretch to create acute angles on each side of the center beam.

The other special angle is called a straight angle. A straight angle measures exactly 180◦. We have already seen
that a straight angle forms a line.

Now that we know each kind of angle, let’s try classifying some.

Classify each angle below.

For each angle, it may help to ask yourself: “Is it bigger or smaller than a right angle?”

Remember, right angles always measure 90◦, and we use 90◦ to tell whether an angle is acute or obtuse.

Is Figure 1 larger or smaller than a right angle? A right angle looks like a perfect corner, often with one arm
pointing straight up. This angle is wider than that, so it is an obtuse angle.

The angle in Figure 2 looks like a straight line... you know what that means! It must be a straight angle.

Is Figure 3 larger or smaller than a right angle? It is smaller than 90◦, so it is an acute angle.

13
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The angle in Figure 4 does resemble a perfect corner, so it could be a right angle. Now take a closer look. The
small box tells you that it definitely is a right angle.

We can also identify an angle by using a symbol. Here is the symbol for angle.
6 A

This means “Angle A”. You will see this symbol used when we work with angles.

Identify each type of angle described.

Example A

An angle greater than 90◦

Solution: Obtuse

Example B

An angle that measures 15◦

Solution: Acute

Example C

An angle that measures exactly 90◦

Solution: Right

Now you have learned all about angles. Here is the original problem once again. Reread it and then pay attention to
Mrs. Gilson’s instructions.

Mrs. Gilson is taking her math class to the art museum on a field trip. Before leaving for the museum, Mrs. Gilson
posed some questions to her class.

“Does anyone know why we are going to an art museum for math class?” She asked.

Matt, who tended to like to make jokes, was the first one to speak up.

“So we can count the paintings?” he joked.

Mrs. Gilson smiled as if she was expecting just such an answer. She looked around and waited for any other
responses. Kyle was the next one to speak.

“I think it has to do with geometry. Isn’t most art based on some kind of geometry?” he asked.

“Very nice, and yes you are correct. We can find geometry in many different paintings forms and figures. Some of
the first painters, sculptures, actually all kinds of artists used geometry to design their work. Here is a slide that we
can look at together,” Mrs. Gilson said putting an image up on the board from the computer.
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“This is to help you practice before we go,” Mrs. Gilson explained. “This is a piece of a stained glass window. You
can see the flowers in the painting, but can you see the geometry? Take out your notebooks and make a note of any
place that you see angles. Let’s start with angles after all it is a building block of geometry.”

The students all took out their notebooks and began to work.

Can you find an example of each of the different types of angles in this stained glass? Make a few notes in
your notebook. It may be helpful to draw them too.

While the students worked, Mrs. Gilson walked around the room. When most seemed finished, Mrs. Gilson gave
the students this instruction.

“Now find a partner and share the angles that you found in the painting.”

You do this too. Find a partner and share the angles that you found. This is the best way to check your work
for accuracy. If you and your partner both selected the same angle, then choose a new one together.

Vocabulary

Here are the vocabulary words in this Concept.

Acute Angle
an angle whose measure is less than 90◦

Obtuse Angle
an angle whose measure is greater than 90◦

Right Angle
an angle whose measure is equal to 90◦

Straight Angle
an angle whose measure is equal to 180◦

Degrees
how an angle is measured

15
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Guided Practice

Here is one for you to try on your own.

True or false. An acute angle can also be a right angle.

Answer

False. An acute angle measures 90 degrees while a right angle measures exactly 90 degrees.

Video Review

Here is a video for review.

MEDIA
Click image to the left for more content.

- This is a James Sousa video onthetypes of angles.

Practice

Directions: Label each angle as acute, obtuse, right, or straight.

9. 55◦

10. 102◦

11. 90◦

12. 180◦

13. 10◦

14. 87◦

15. 134◦
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1.3 Parallel and Perpendicular Lines

Learning Objectives

• Identify parallel lines, skew lines, and parallel planes.

Know What? To the right is a partial map of Washington DC. The streets are designed on a grid system, where
lettered streets, A through Z run east to west and numbered streets 1st to 30th run north to south. Just to mix things up
a little, every state has its own street that runs diagonally through the city. There are, of course other street names, but
we will focus on these three groups for this chapter. Can you explain which streets are parallel and perpendicular?
Are any skew? How do you know these streets are parallel or perpendicular?

If you are having trouble viewing this map, check out the interactive map here: http://www.travelguide.tv/washin
gton/map.html

Defining Parallel and Skew

Parallel: When two or more lines lie in the same plane and never intersect.

The symbol for parallel is ||. To mark lines parallel, draw arrows (>) on each parallel line. If there are more than
one pair of parallel lines, use two arrows (>>) for the second pair. The two lines to the right would be labeled
←→
AB || ←→MN or l || m.
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Planes can also be parallel or perpendicular. The image to the left shows two parallel planes, with a third blue plane
that is perpendicular to both of them.

An example of parallel planes could be the top of a table and the floor. The legs would be in perpendicular planes to
the table top and the floor.

Skew lines: Lines that are in different planes and never intersect.

Example 1: In the cube above, list:

a) 3 pairs of parallel planes

b) 2 pairs of perpendicular planes

c) 3 pairs of skew line segments

Solution:

a) Planes ABC and EFG, Planes AEG and FBH, Planes AEB and CDH

b) Planes ABC and CDH, Planes AEB and FBH (there are others, too)

c) BD and CG, BF and EG, GH and AE (there are others, too)
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Angles

Know What? Revisited For Washington DC, all of the lettered streets are parallel, as are all of the numbered streets.
The lettered streets are perpendicular to the numbered streets. There are no skew streets because all of the streets are
in the same plane. We also do not know if any of the state-named streets are parallel or perpendicular.

Review Questions

Use the figure below to answer questions 1-5. The two pentagons are parallel and all of the rectangular sides are
perpendicular to both of them.

1. Find two pairs of skew lines.
2. List a pair of parallel lines.
3. List a pair of perpendicular lines.
4. For AB, how many perpendicular lines pass through point V ? What line is this?
5. For XY , how many parallel lines passes through point D? What line is this?

Geometry is often apparent in nature. Think of examples of each of the following in nature.

6.Parallel Lines or Planes

7. Perpendicular Lines or Planes

8. Skew Lines
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1.4 Identify and Use the Distance Formula

Here you’ll identify and use the distance formula.

Have you ever designed a vegetable garden? Take a look at this dilemma.

The eighth grade is doing a community service project, and all the homerooms have selected their projects. Mr.
Henry’s class has decided to make a vegetable garden. They hope that if they are successful that the seventh graders
will help them and that they can give a percentage of the food grown to charity.

The students have drawn a map of the garden plan. The biggest obstacle is where to put the garden. They know that
it needs to be a level area free of obstructions, but it also needs to be accessible to a water source.

“This is my plan. We can figure out the distance from the water source to the center of the garden. Then if we can
buy a hose the correct length and a sprinkler, we should be able to water the garden,” Belinda said to the class.

“It’s a good idea. Why did you put it on a grid?” Carmen asked.

“Because that way we can figure out the exact distance between the two points and each square on the grid represents
one foot. I measured it out yesterday. But the exact distance from the water to the center was a little too tough to
figure out using a tape measure. That is why I drew it on the grid. Now we can use the distance formula,” Belinda
explained.

The class looked puzzled.

Are you puzzled? The distance formula is a great way to figure out exact distances using coordinates and a
coordinate grid. Use this Concept to learn all about it and then you can figure out the distance from the water
source to the center of the garden at the end.
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Guidance

When working with points and lines on coordinate grids, there are many different ways to solve problems. You can
use your knowledge of algebra, rational numbers, and the Pythagorean Theorem to help you. You can apply the
distance formula and understand the relationship between points on a coordinate grid.

You can use the Pythagorean Theorem to understand different types of right triangles, find missing lengths, and
identify Pythagorean triples. Now, you will apply the Pythagorean Theorem to a coordinate grid and learn how to
use it to find distances between points.

Let’s look at how we can do this.

Look at the points on the grid below. Then find the distance of the line represented.

The question asks you to identify the length of the line. How can we do this accurately? We can think of this line as
the hypotenuse of a right triangle. Draw a vertical line at x = 1 and a horizontal line at y = 2 and find the point of
intersection. This point represents the third vertex in the right triangle.

21

http://www.ck12.org


1.4. Identify and Use the Distance Formula www.ck12.org

You can easily count the lengths of the legs of this triangle on the grid. The vertical leg extends from (1,2) to (1,5), so
it is 3 units long. The horizontal leg extends from (1,2) to (5,2), so it is 4 units long. Use the Pythagorean Theorem
with these values to identify the length of the hypotenuse.

a2 +b2 = c2

32 +42 = c2

(3×3)+(4×4) = c2

9+16 = c2

25 = c2

√
25 =

√
c2

5 = c

The hypotenuse is 5 units long.

Mathematicians have simplified this process and created a formula which uses these steps to find the distance. This
formula is called the distance formula. If you use the distance formula, you don’t have to draw the extra lines.

Here is the distance formula.

D =
√

(x2− x1)2 +(y2− y1)2

Now let’s apply the distance formula.

Use the distance formula D =
√

(x2− x1)2 +(y2− y1)2 to find the distance between the points (1,5) and (5,2)
on a coordinate grid.

You already know from the first example that the distance will be 5 units, but you can practice using the Distance
formula to make sure it works. In this formula, substitute 1 for x1, 5 for y1, 5 for x2, and 2 for y2 because (1,5) and
(5,2) are the two points in question.
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D =
√

(x2− x1)2 +(y2− y1)2

D =
√

(5−1)2 +(2−5)2

D =
√

(4)2 +(−3)2

D =
√

16+9

D =
√

25

D = 5

So you see, no matter which way you solve this problem, you find that the distance between (1,5) and (5,2) on
a coordinate grid is 5 units.

Notice that the distance formula helps you eliminate the need to graph the line and count all the units. We
can use the formula to solve the problem mathematically.

Now let’s practice using the distance formula to solve problems. It is important to become comfortable applying the
distance formula to many types of problems and situations. Remember that either points can be considered (x1,y1)
or (x2,y2), but it crucial to keep your assignments consistent through the problem. The most common error students
make when using the distance formula is in incorrect substitution. Keep your variables straight and your algebra
careful and you’ll be fine.

Use the distance formula to find the distance between the points (-3,2) and (4,-5) on a coordinate grid.

Because we know the distance formula, we don’t even have to draw this out on a coordinate grid. All you have
to do is substitute the values in the problem into the distance formula and solve. In this formula, substitute -3
for x1, 2 for y1, 4 for x2, and -5 for y2 because (-3,.2) and (4,-5) are the two points in question.

D =
√

(x2− x1)2 +(y2− y1)2

D =
√

(4− (−3))2 +((−5)−2)2

D =
√

(7)2 +(−7)2

D =
√

49+49

D =
√

98

You can leave the answer as the radical as shown, or use your calculator to find the approximate value of
9.899 units.

Notice that this answer is not a Pythagorean Triple, so finding a perfect square root is not possible. When this
happens, you can either leave the answer in the radical form or find an approximate answer by using a calculator
and rounding.

Example A

Use the distance formula to find the distance between the points (2,3) and (7,15) on a coordinate grid.

Solution: The distance between the two points in the problem is 13 units.

Example B

What is the distance between (6, -1) and (6, 3)?

23

http://www.ck12.org


1.4. Identify and Use the Distance Formula www.ck12.org

Solution: The distance between the two points is 4 units.

Example C

What is the distance between (1, 5) and (6, 4)?

Solution: The distance between the two points is 5.1 units.

Now let’s go back to the dilemma from the beginning of the Concept.

To solve this problem, first you will need the coordinates of each point on the grid. This is the distance that
you are measuring. In this problem, you will be measuring from point A to point B.

Water Source = A(8,5)

Center of Garden = B(1,0)

Now substitute these values into the distance formula and solve.

D =
√

(x2− x1)2 +(y2− y1)2

D =
√

(1−8)2 +(5−0)2

D =
√

72 +52

D =
√

74

D = 8.6 f eet

The students will need a hose that is at least 9 feet long.

Vocabulary

The Pythagorean Theorem
a2 +b2 = c2 - a way of solving for any leg of a right triangle given the lengths of the other two.

The Distance Formula
a formula designed to measure the distance between points on a coordinate grid without drawing all of the

lines and counting units, D =
√

(x2− x1)2 +(y2− y1)2

Guided Practice

Here is one for you to try on your own.

The map below shows the location of various points in Helene’s town.
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What is the distance, between the library and the school in Helene’s town?

Solution

All you have to do for this problem is identify the coordinates of the school (-1,9) and the library (5,1) on the map
and substitute them into the distance formula. Then solve as usual.

D =
√

(x2− x1)2 +(y2− y1)2

D =
√

(5− (−1))2 +(1−9)2

D =
√

(6)2 +(−8)2

D =
√

36+64

D =
√

100

D = 10

So, the distance between the two places is 10 units. You can see on the scale that one unit is equal to one mile,
so the real distance is 10 miles.

Video Review

MEDIA
Click image to the left for more content.

The DistanceFormula
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Practice

Directions: Use the distance formula to find the distance between the following pairs of points. You may round to
the nearest tenth when necessary.

1. What is the distance between (3, 6) and (-1, 3)?
2. What is the distance between (-2,-2) and (10, 3)?
3. What is the distance between (1,9) and (9,1)?
4. What is the distance between (-5,-5) and (-2,-1)?
5. What is the distance between (2, 12) and (3,7)?
6. What is the distance between (2, 2) and (8, 2)?
7. What is the distance between (-3, 4) and (2, 0)?
8. What is the distance between (3, 4) and (3, -4)?
9. What is the distance between (-4, -3) and (1, -1)?

10. What is the distance between (-6, 2) and (-3, 1)?

Directions: Answer each of the following questions.

11. The map below shows Bryan’s town. What is the distance between the pet store and town hall?

}}

12. The map below shows Bryan’s town. What is the distance between the pet store and the courthouse?
13. The map below shows Bryan’s town. What is the distance between the courthouse and the library?
14. The map below shows Bryan’s town. What is the distance between the library and the town hall?
15. The map below shows Bryan’s town. What is the distance between the pet store and the library?
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1.5 Geometric Translations

Here you’ll learn what a translation is and how to find translation rules.

What if you were given the coordinates of a quadrilateral and you were asked to move that quadrilateral 3 units to
the left and 2 units down? What would its new coordinates be? After completing this Concept, you’ll be able to
translate a figure like this one in the coordinate plane.

Watch This

MEDIA
Click image to the left for more content.

Transformation: Translation CK-12

Guidance

A transformation is an operation that moves, flips, or otherwise changes a figure to create a new figure. A rigid
transformation (also known as an isometry or congruence transformation) is a transformation that does not
change the size or shape of a figure.

The rigid transformations are translations (discussed here), rotations, and reflections. The new figure created by a
transformation is called the image. The original figure is called the preimage. If the preimage is A, then the image
would be A′, said “a prime.” If there is an image of A′, that would be labeled A′′, said “a double prime.”

Non-rigid transformations do not preserve distance and/or angle measure of the pre-image. Horizontal and
vertical stretches are non-rigid transformations because they do not preserve distance or angle measure . For
more information on horizontal and vertical stretches, click here. A dilation is another non-rigid transformation
where angle measure is preserved but not distance. Dilations are also called similarity transformations because the
pre-image is similar to the image. A dilation with a scale factor of one, however, creates two congruent figures.

A translation is a transformation that moves every point in a figure the same distance in the same direction. For
example, this transformation moves the parallelogram to the right 5 units and up 3 units. It is written (x,y)→
(x+5,y+3).

Parallel lines can also be used to describe translations. Click here and scroll down to the first figure. Take a close
look at the red lines that direct you from the preimage to the image. What do you notice about those red lines?
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Example A

Graph square S(1,2),Q(4,1),R(5,4) and E(2,5). Find the image after the translation (x,y)→ (x−2,y+3). Then,
graph and label the image.

We are going to move the square to the left 2 and up 3.

(x,y)→ (x−2,y+3)

S(1,2)→ S′(−1,5)

Q(4,1)→ Q′(2,4)

R(5,4)→ R′(3,7)

E(2,5)→ E ′(0,8)

Example B

Find the translation rule for4T RI to4T ′R′I′.

Look at the movement from T to T ′. The translation rule is (x,y)→ (x+6,y−4).
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Example C

Show4T RI ∼=4T ′R′I′ from Example B.

Use the distance formula to find all the lengths of the sides of the two triangles.

4T RI 4T ′R′I′

T R =
√
(−3−2)2 +(3−6)2 =

√
34 T ′R′ =

√
(3−8)2 +(−1−2)2 =

√
34

RI =
√

(2− (−2))2 +(6−8)2 =
√

20 R′I′ =
√
(8−4)2 +(2−4)2 =

√
20

T I =
√
(−3− (−2))2 +(3−8)2 =

√
26 T ′I′ =

√
(3−4)2 +(−1−4)2 =

√
26

Since all three pairs of corresponding sides are congruent, the two triangles are congruent by SSS.

MEDIA
Click image to the left for more content.

Transformation: Translation CK-12
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Guided Practice

1. Triangle4ABC has coordinates A(3,−1),B(7,−5) and C(−2,−2). Translate4ABC to the left 4 units and up 5
units. Determine the coordinates of4A′B′C′.

Use the translation (x,y)→ (x+2,y−5) for questions 2-4.

2. What is the image of A(−6,3)?

3. What is the image of B(4,8)?

4. What is the image of C(5,−3)?

Answers:

1. Graph4ABC. To translate4ABC, subtract 4 from each x value and add 5 to each y value of its coordinates.

A(3,−1)→ (3−4,−1+5) = A′(−1,4)

B(7,−5)→ (7−4,−5+5) = B′(3,0)

C(−2,−2)→ (−2−4,−2+5) =C′(−6,3)

The rule would be (x,y)→ (x−4,y+5).

2. A′(−4,−2)

3. B′(6,3)

4. C′(7,−8)

Practice

Use the translation (x,y)→ (x+5,y−9) for questions 1-7.

1. What is the image of A(−1,3)?
2. What is the image of B(2,5)?
3. What is the image of C(4,−2)?
4. What is the image of A′?
5. What is the preimage of D′(12,7)?
6. What is the image of A′′?
7. Plot A,A′,A′′, and A′′′ from the questions above. What do you notice?
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The vertices of4ABC are A(−6,−7),B(−3,−10) and C(−5,2). Find the vertices of4A′B′C′, given the translation
rules below.

8. (x,y)→ (x−2,y−7)
9. (x,y)→ (x+11,y+4)

10. (x,y)→ (x,y−3)
11. (x,y)→ (x−5,y+8)
12. (x,y)→ (x+1,y)
13. (x,y)→ (x+3,y+10)

In questions 14-17,4A′B′C′ is the image of4ABC. Write the translation rule.

14.

15.

16.
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17.

Use the triangles from #17 to answer questions 18-20.

18. Find the lengths of all the sides of4ABC.
19. Find the lengths of all the sides of4A′B′C′.
20. What can you say about4ABC and4A′B′C′? Can you say this for any translation?
21. If4A′B′C′ was the preimage and4ABC was the image, write the translation rule for #14.
22. If4A′B′C′ was the preimage and4ABC was the image, write the translation rule for #15.
23. Find the translation rule that would move A to A′(0,0), for #16.
24. The coordinates of 4DEF are D(4,−2),E(7,−4) and F(5,3). Translate 4DEF to the right 5 units and up

11 units. Write the translation rule.
25. The coordinates of quadrilateral QUAD are Q(−6,1),U(−3,7),A(4,−2) and D(1,−8). Translate QUAD to

the left 3 units and down 7 units. Write the translation rule.
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1.6 Rules for Rotations

Here you will learn the notation used for rotations.

The figure below shows a pattern of two fish. Write the mapping rule for the rotation of Image A to Image B.

Watch This

First watch this video to learn about writing rules for rotations.

MEDIA
Click image to the left for more content.

CK-12 FoundationChapter10RulesforRotationsA

Then watch this video to see some examples.

MEDIA
Click image to the left for more content.

CK-12 FoundationChapter10RulesforRotationsB

33

http://www.ck12.org
http://www.ck12.org/flx/show/interactive/user%3Ack12editor/http%3A//player.vimeo.com/video/60192043%3Fbadge%3D0%26hash%3Dccd6e350fa343c30403d9d5344822fb4
https://vimeo.com/60192043
https://vimeo.com/60192043
https://vimeo.com/60192043
https://vimeo.com/60192043
https://vimeo.com/60192043
https://vimeo.com/60192043
https://vimeo.com/60192043
https://vimeo.com/60192043
https://vimeo.com/60192043
https://vimeo.com/60192043
https://vimeo.com/60192043
https://vimeo.com/60192043
http://www.ck12.org/flx/show/interactive/user%3Ack12editor/http%3A//player.vimeo.com/video/60192097%3Fbadge%3D0%26hash%3De802fe908751b1d0e83ce9a089bcc202
https://vimeo.com/60192097
https://vimeo.com/60192097
https://vimeo.com/60192097
https://vimeo.com/60192097
https://vimeo.com/60192097
https://vimeo.com/60192097
https://vimeo.com/60192097
https://vimeo.com/60192097
https://vimeo.com/60192097
https://vimeo.com/60192097
https://vimeo.com/60192097
https://vimeo.com/60192097


1.6. Rules for Rotations www.ck12.org

Guidance

In geometry, a transformation is an operation that moves, flips, or changes a shape to create a new shape. A rotation
is an example of a transformation where a figure is rotated about a specific point (called the center of rotation), a
certain number of degrees. Common rotations about the origin are shown below:

TABLE 1.6:

Center of Rotation Angle of Rotation Preimage (Point P) Rotated Image
(Point P′)

Notation (Point P′)

(0, 0) 90◦(or −270◦) (x,y) (−y,x) (x,y)→ (−y,x)
(0, 0) 180◦(or −180◦) (x,y) (−x,−y) (x,y)→ (−x,−y)
(0, 0) 270◦(or −90◦) (x,y) (y,−x) (x,y)→ (y,−x)

You can describe rotations in words, or with notation. Consider the image below:

Notice that the preimage is rotated about the origin 90◦CCW. If you were to describe the rotated image using
notation, you would write the following:

R90◦(x,y) = (−y,x)

You can also define rotations in terms of a circle. Please click here for a great visual and the opportunity to rotate a
figure virtually.

Example A

Find an image of the point (3, 2) that has undergone a clockwise rotation:

a) about the origin at 90◦,

b) about the origin at 180◦, and

c) about the origin at 270◦.
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Write the notation to describe the rotation.

Solution:

a) Rotation about the origin at 90◦ : R90◦(x,y) = (−y,x)

b) Rotation about the origin at 180◦ : R180◦(x,y) = (−x,−y)

c) Rotation about the origin at 270◦ : R270◦(x,y) = (y,−x)

Example B

Rotate Image A in the diagram below:

a) about the origin at 90◦, and label it B.

b) about the origin at 180◦, and label it O.

c) about the origin at 270◦, and label it Z.
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Write notation for each to indicate the type of rotation.

Solution:

a) Rotation about the origin at 90◦: R90◦A→ B = R90◦(x,y)→ (−y,x)

b) Rotation about the origin at 180◦: R180◦A→ O = R180◦(x,y)→ (−x,−y)
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c) Rotation about the origin at 270◦: R270◦A→ Z = R270◦(x,y)→ (y,−x)

Example C

Write the notation that represents the rotation of the preimage A to the rotated image J in the diagram below.

First, pick a point in the diagram to use to see how it is rotated.

E : (−1,2) E ′ : (1,−2)

Notice how both the x- and y-coordinates are multiplied by -1. This indicates that the preimage A is reflected about
the origin by 180◦CCW to form the rotated image J. Therefore the notation is R180◦A→ J = R180◦(x,y)→ (−x,−y).

Concept Problem Revisited

The figure below shows a pattern of two fish. Write the mapping rule for the rotation of Image A to Image B.
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Notice that the angle measure is 90◦ and the direction is clockwise. Therefore the Image A has been rotated −90◦

to form Image B. To write a rule for this rotation you would write: R270◦(x,y) = (−y,x).

Vocabulary

Notation Rule
A notation rule has the following form R180◦A→ O = R180◦(x,y)→ (−x,−y) and tells you that the image A
has been rotated about the origin and both the x- and y-coordinates are multiplied by -1.

Center of rotation
A center of rotation is the fixed point that a figure rotates about when undergoing a rotation.

Rotation
A rotation is a transformation that rotates (turns) an image a certain amount about a certain point.

Image
In a transformation, the final figure is called the image.

Preimage
In a transformation, the original figure is called the preimage.

Transformation
A transformation is an operation that is performed on a shape that moves or changes it in some way. There
are four types of transformations: translations, reflections, dilations and rotations.

Guided Practice

1. Thomas describes a rotation as point J moving from J(−2,6) to J′(6,2). Write the notation to describe this
rotation for Thomas.
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2. Write the notation that represents the rotation of the yellow diamond to the rotated green diamond in the diagram
below.

3. Karen was playing around with a drawing program on her computer. She created the following diagrams and then
wanted to determine the transformations. Write the notation rule that represents the transformation of the purple and
blue diagram to the orange and blue diagram.

Answers:

1. J : (−2,6) J′ : (6,2)

39

http://www.ck12.org


1.6. Rules for Rotations www.ck12.org

Since the x-coordinate is multiplied by -1, the y-coordinate remains the same, and finally the x- and y-coordinates
change places, this is a rotation about the origin by 270◦ or −90◦. The notation is: R270◦J → J′ = R270◦(x,y)→
(y,−x)

2. In order to write the notation to describe the rotation, choose one point on the preimage (the yellow diamond) and
then the rotated point on the green diamond to see how the point has moved. Notice that point E is shown in the
diagram:

E(−1,3)→ E ′(−3,−1)

Since both x- and y-coordinates are reversed places and the y-coordinate has been multiplied by -1, the rotation is
about the origin 90◦. The notation for this rotation would be: R90◦(x,y)→ (−y,x).

3. In order to write the notation to describe the transformation, choose one point on the preimage (purple and blue
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diagram) and then the transformed point on the orange and blue diagram to see how the point has moved. Notice
that point C is shown in the diagram:

C(7,0)→C′(0,−7)

Since the x-coordinates only are multiplied by -1, and then x- and y-coordinates change places, the transformation is
a rotation is about the origin by 270◦. The notation for this rotation would be: R270◦(x,y)→ (y,−x).

Practice

Complete the following table:

TABLE 1.7:

Starting Point 90◦ Rotation 180◦ Rotation 270◦ Rotation 360◦ Rotation
1. (1, 4)
2. (4, 2)
3. (2, 0)
4. (-1, 2)
5. (-2, -3)

Write the notation that represents the rotation of the preimage to the image for each diagram below.

6.
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7.

8.

9.
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10.

Write the notation that represents the rotation of the preimage to the image for each diagram below.

11.
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12.

13.
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14.

15.
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1.7 Reflections

Here you’ll learn about geometric reflections.

Scott looked at the image below and stated that the image was reflected about the y-axis. Is he correct? Explain.

Watch This

First watch this video to learn about reflections.

MEDIA
Click image to the left for more content.

CK-12 FoundationChapter10ReflectionsA

Then watch this video to see some examples.

MEDIA
Click image to the left for more content.

CK-12 FoundationChapter10ReflectionsB

Guidance

In geometry, a transformation is an operation that moves, flips, or changes a shape to create a new shape. A reflection
is an example of a transformation that takes a shape (called the preimage) and flips it across a line (called the line of
reflection) to create a new shape (called the image).
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You can reflect a shape across any line, but the most common reflections are the following:

• reflections across the x-axis: y values are multiplied by -1.
• reflections across the y-axis: x values are multiplied by -1.
• reflections across the line y = x: x and y values switch places.
• reflections across the line y =−x. x and y values switch places and are multiplied by -1.

Reflections can be defined in terms of perpendicular lines. Please click here and scroll down to the highlighted word
Definition. Read the definition very carefully and think about what it means.

Example A

Describe the reflection shown in the diagram below.

Solution: The shape is reflected across the y-axis. Let’s examine the points of the shapes.
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TABLE 1.8:

Points on WXY Z W (−7,5) X(−1,5) Y (−2,1) Z(−6,1)
Points on W ′X ′Y ′Z′ W ′(7,8) X ′(1,5) Y ′(2,1) Z′(6,1)

In the table above, all of the x-coordinates are multiplied by -1. Whenever a shape is reflected across the y-axis, it’s
x-coordinates will be multiplied by -1.

Example B

Describe the reflection of the purple pentagon in the diagram below.

Solution: The pentagon is reflected across the x-axis. Let’s examine the points of the pentagon.

TABLE 1.9:

Points on
DEFGH

D(3.5,2) E(5.4,3) F(5.5,6) G(2.3,6) H(1.4,3.2)

Points on
D′E ′F ′G′H ′

D′(3.5,−2) E ′(5.4,−3) F ′(5.5,−6) G′(2.3,−6) H ′(1.4,−3.2)

In the table above, all of the x-coordinates are the same but the y-coordinates are multiplied by -1. This is what will
happen anytime a shape is reflected across the x-axis.
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Example C

Describe the reflection in the diagram below.

Solution: The shape is reflected across the line y = x. Let’s examine the points of the preimage and the reflected
image.

TABLE 1.10:

Points on
GHIJKL

G(−1,1) H(−1,2) I(−4,2) J(−4,8) K(−5,8) L(−5,1)

Points on
G′H ′I′J′K′L′

G′(1,−1) H ′(2,−1) I′(2,−4) J′(8,−4) K′(8,−5) L′(1,−5)

Notice that all of the points on the preimage reverse order (or interchange) to form the corresponding points on the
reflected image. So for example the point G on the preimage is at (-1, 1) but the corresponding point G′ on the
reflected image is at (1, -1). The x values and the y values change places anytime a shape is reflected across the line
y = x.

Concept Problem Revisited

Scott looked at the image below and stated that the image was reflected across the y-axis. Is he correct? Explain.
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Scott is correct in that the preimage is reflected about the y-axis to form the translated image. You can tell this
because all points are equidistant from the line of reflection. Let’s examine the points of the trapezoid and see.

TABLE 1.11:

Point for ABCD Point for A′B′C′D′

A(−7,4) A′(7,4)
B(−3,4) B′(3,4)
C(−1,1) C′(1,1)
D(−9,1) D′(9,1)

All of the y-coordinates for the reflected image are the same as their corresponding points in the preimage. However,
the x-coordinates have been multiplied by -1.

Vocabulary

Image
In a transformation, the final figure is called the image.

Preimage
In a transformation, the original figure is called the preimage.

Transformation
A transformation is an operation that is performed on a shape that moves or changes it in some way. There
are four types of transformations: translations, reflections, dilations and rotations.

Reflection
A reflection is an example of a transformation that flips each point of a shape over the same line.

Guided Practice

1. Describe the reflection of the pink triangle in the diagram below.
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2. Describe the reflection of the purple polygon in the diagram below.

3. Describe the reflection of the blue hexagon in the diagram below.
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Answers:

1. Examine the points of the preimage and the reflected image.

TABLE 1.12:

Points on LMO L(−2,5) M(6,1) O(−5,1)
Points on L′M′O′ L′(−2,−5) M′(6,−1) O′(−5,−1)

Notice that all of the y-coordinates of the preimage (purple triangle) are multiplied by -1 to make the reflected image.
The line of reflection is the x-axis.

2. Examine the points of the preimage and the reflected image.

TABLE 1.13:

Points on AGHI A(3,7) G(3,4) H(3,2) I(8,2)
Points on A′G′H ′I′ A′(−3,7) G′(−3,4) H ′(−3,2) I′(−8,2)

Notice that all of the x-coordinates of the preimage (image 1) is multiplied by -1 to make the reflected image. The
line of reflection is the y-axis.

3. Examine the points of the preimage and the reflected image.

TABLE 1.14:

Points on
ABCDEF

A(2,4) B(5,4) C(6,2) D(5,0) E(2,0) F(1,2)

52

http://www.ck12.org


www.ck12.org Chapter 1. Geometric Transformations

TABLE 1.14: (continued)

Points on
A′B′C′D′E ′F ′

A′(−4,−2) B′(−4,−5) C′(−2,−6) D′(0,−5) E ′(0,−2) F ′(−2,−1)

Notice that both the x-coordinates and the y-coordinates of the preimage (image 1) change places to form the reflected
image. As well the points are multiplied by -1. The line of reflection is the line y =−x.

Practice

If the following points were reflected across the x-axis, what would be the coordinates of the reflected points? Show
these reflections on a graph.

1. (3, 1)
2. (4, -2)
3. (-5, 3)
4. (-6, 4)

If the following points were reflected across the y-axis, what would be the coordinates of the reflected points? Show
these reflections on a graph.

5. (-4, 3)
6. (5, -4)
7. (-5, -4)
8. (3, 3)

If the following points were reflected about the line y = x, what would be the coordinates of the reflected points?
Show these reflections on a graph.

9. (3, 1)
10. (4, -2)
11. (-5, 3)
12. (-6, 4)

Describe the following reflections:

13.
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14.

15.
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1.8 Composition of Transformations

Here you’ll learn how to perform a composition of transformations. You’ll also learn several theorems related to
composing transformations.

What if you were given the coordinates of a quadrilateral and you were asked to reflect the quadrilateral and then
translate it? What would its new coordinates be? After completing this Concept, you’ll be able to perform a series
of transformations on a figure like this one in the coordinate plane.

Watch This

MEDIA
Click image to the left for more content.

Composing Transformations CK-12

Guidance

Transformations Summary

A transformation is an operation that moves, flips, or otherwise changes a figure to create a new figure. A rigid
transformation (also known as an isometry or congruence transformation) is a transformation that does not
change the size or shape of a figure. The new figure created by a transformation is called the image. The original
figure is called the preimage.

There are three rigid transformations: translations, rotations and reflections. A translation is a transformation that
moves every point in a figure the same distance in the same direction. A rotation is a transformation where a figure
is turned around a fixed point to create an image. A reflection is a transformation that turns a figure into its mirror
image by flipping it over a line.

Rectangles, parallelograms, trapezoids, and other regular polygons can be rotated or reflected to carry the image
onto itself. Please click here for more information.

Composition of Transformations

A composition (of transformations) is when more than one transformation is performed on a figure. Compositions
can always be written as one rule. You can compose any transformations, but here are some of the most common
compositions:

1) A glide reflection is a composition of a reflection and a translation. The translation is in a direction parallel to the
line of reflection.
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2) The composition of two reflections over parallel lines that are h units apart is the same as a translation of 2h units
(Reflections over Parallel Lines Theorem).

3) If you compose two reflections over each axis, then the final image is a rotation of 180◦ around the origin of the
original (Reflection over the Axes Theorem).

4) A composition of two reflections over lines that intersect at x◦ is the same as a rotation of 2x◦. The center of
rotation is the point of intersection of the two lines of reflection (Reflection over Intersecting Lines Theorem).

Example A

Reflect4ABC over the y−axis and then translate the image 8 units down.
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The green image to the right is the final answer.

A(8,8)→ A′′(−8,0)

B(2,4)→ B′′(−2,−4)

C(10,2)→C′′(−10,−6)

Example B

Write a single rule for4ABC to4A′′B′′C′′ from Example A.

Looking at the coordinates of A to A′′, the x−value is the opposite sign and the y−value is y−8. Therefore the rule
would be (x,y)→ (−x,y−8).

Example C

Reflect4ABC over y = 3 and then reflect the image over y =−5.
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Order matters, so you would reflect over y = 3 first, (red triangle) then reflect it over y =−5 (green triangle).

Example D

A square is reflected over two lines that intersect at a 79◦ angle. What one transformation will this be the same as?

From the Reflection over Intersecting Lines Theorem, this is the same as a rotation of 2 ·79◦ = 178◦.

MEDIA
Click image to the left for more content.

Composing Transformations CK-12

Guided Practice

1. Write a single rule for4ABC to4A′′B′′C′′ from Example C.
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2. 4DEF has vertices D(3,−1),E(8,−3), and F(6,4). Reflect 4DEF over x = −5 and then x = 1. Determine
which one translation this double reflection would be the same as.

3. Reflect4DEF from Question 2 over the x−axis, followed by the y−axis. Find the coordinates of4D′′E ′′F ′′ and
the one transformation this double reflection is the same as.

4. Copy the figure below and reflect the triangle over l, followed by m.

Answers:

1. In the graph, the two lines are 8 units apart (3− (−5) = 8). The figures are 16 units apart. The double reflection
is the same as a translation that is double the distance between the parallel lines. (x,y)→ (x,y−16).

2. From the Reflections over Parallel Lines Theorem, we know that this double reflection is going to be the same as
a single translation of 2(1(−5)) or 12 units.
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3. 4D′′E ′′F ′′ is the green triangle in the graph to the left. If we compare the coordinates of it to4DEF , we have:

D(3,−1)→ D′′(−3,1)

E(8,−3)→ E ′′(−8,3)

F(6,4)→ F ′′(−6,−4)

4. The easiest way to reflect the triangle is to fold your paper on each line of reflection and draw the image. The
final result should look like this (the green triangle is the final answer):

Practice

1. Explain why the composition of two or more isometries must also be an isometry.
2. What one transformation is the same as a reflection over two parallel lines?
3. What one transformation is the same as a reflection over two intersecting lines?

Use the graph of the square to the left to answer questions 4-6.
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4. Perform a glide reflection over the x−axis and to the right 6 units. Write the new coordinates.
5. What is the rule for this glide reflection?
6. What glide reflection would move the image back to the preimage?

Use the graph of the square to the left to answer questions 7-9.

7. Perform a glide reflection to the right 6 units, then over the x−axis. Write the new coordinates.
8. What is the rule for this glide reflection?
9. Is the rule in #8 different than the rule in #5? Why or why not?

Use the graph of the triangle to the left to answer questions 10-12.
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10. Perform a glide reflection over the y−axis and down 5 units. Write the new coordinates.
11. What is the rule for this glide reflection?
12. What glide reflection would move the image back to the preimage?

Use the graph of the triangle to the left to answer questions 13-15.

13. Reflect the preimage over y =−1 followed by y =−7. Draw the new triangle.
14. What one transformation is this double reflection the same as?
15. Write the rule.

Use the graph of the triangle to the left to answer questions 16-18.
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16. Reflect the preimage over y =−7 followed by y =−1. Draw the new triangle.
17. What one transformation is this double reflection the same as?
18. Write the rule.
19. How do the final triangles in #13 and #16 differ?

Use the trapezoid in the graph to the left to answer questions 20-22.

20. Reflect the preimage over the x−axis then the y−axis. Draw the new trapezoid.
21. Now, start over. Reflect the trapezoid over the y−axis then the x−axis. Draw this trapezoid.
22. Are the final trapezoids from #20 and #21 different? Why do you think that is?

Answer the questions below. Be as specific as you can.

23. Two parallel lines are 7 units apart. If you reflect a figure over both how far apart with the preimage and final
image be?

24. After a double reflection over parallel lines, a preimage and its image are 28 units apart. How far apart are the
parallel lines?

25. Two lines intersect at a 165◦ angle. If a figure is reflected over both lines, how far apart will the preimage and
image be?

26. What is the center of rotation for #25?
27. Two lines intersect at an 83◦ angle. If a figure is reflected over both lines, how far apart will the preimage and

image be?
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28. A preimage and its image are 244◦ apart. If the preimage was reflected over two intersecting lines, at what
angle did they intersect?

29. A preimage and its image are 98◦ apart. If the preimage was reflected over two intersecting lines, at what
angle did they intersect?

30. After a double reflection over parallel lines, a preimage and its image are 62 units apart. How far apart are the
parallel lines?
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2.1 Inductive Reasoning

Learning Objectives

• Recognize visual and number patterns.
• Extend and generalize patterns.
• Write a counterexample.

Review Queue

a. Look at the patterns of numbers below. Determine the next three numbers in the list. Describe the pattern.

a. 1, 2, 3, 4, 5, 6, _____, _____, _____
b. 3, 6, 9, 12, 15, _____, _____, _____
c. 1, 4, 9, 16, 25, _____, _____, _____

b. Are the statements below true or false? If they are false, state why.

a. Perpendicular lines form four right angles.
b. Angles that are congruent are also equal.
c. Linear pairs are always congruent.

c. For the line, y = 3x+1, make an x− y table for x = 1,2,3,4, and 5. What do you notice? How does it relate
to 1b?

Know What? This is the “famous” locker problem:

A new high school has just been completed. There are 1000 lockers in the school and they have been numbered from
1 through 1000. During recess, the students decide to try an experiment. When recess is over each student walks
into the school one at a time. The first student will open all of the locker doors. The second student will close all
of the locker doors with even numbers. The third student will change all of the locker doors that are multiples of 3
(change means closing lockers that are open, and opening lockers that are closed). The fourth student will change
the position of all locker doors numbered with multiples of four and so on.

Imagine that this continues until the 1000 students have followed the pattern with the 1000 lockers. At the end,
which lockers will be open and which will be closed? Which lockers were touched the most often? Which lockers
were touched exactly 5 times?

Visual Patterns

Inductive Reasoning: Making conclusions based upon observations and patterns.

Let’s look at some visual patterns to get a feel for what inductive reasoning is.

Example 1: A dot pattern is shown below. How many dots would there be in the bottom row of the 4th figure? What
would the total number of dots be in the 6th figure?
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Solution: There will be 4 dots in the bottom row of the 4th figure. There is one more dot in the bottom row of each
figure than in the previous figure.

There would be a total of 21 dots in the 6th figure, 6+5+4+3+2+1.

Example 2: How many triangles would be in the 10th figure?

Solution: There are 10 squares, with a triangle above and below each square. There is also a triangle on each end of
the figure. That makes 10+10+2 = 22 triangles in all.

Example 2b: If one of these figures contains 34 triangles, how many squares would be in that figure?

Solution: First, the pattern has a triangle on each end. Subtracting 2, we have 32 triangles. Now, divide 32 by 2
because there is a row of triangles above and below each square. 32÷2 = 16 squares.

Example 2c: How can we find the number of triangles if we know the figure number?

Solution: Let n be the figure number. This is also the number of squares. 2n is the number of triangles above and
below the squares. Add 2 for the triangles on the ends.

If the figure number is n, then there are 2n+2 triangles in all.

Example 3: For two points, there is one line segment between them. For three non-collinear points, there are
three line segments with those points as endpoints. For four points, no three points being collinear, how many line
segments are between them? If you add a fifth point, how many line segments are between the five points?

Solution: Draw a picture of each and count the segments.

For 4 points there are 6 line segments and for 5 points there are 10 line segments.
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Number Patterns

Let’s look at a few examples.

Example 4: Look at the pattern 2, 4, 6, 8, 10,...

a) What is the 19th term in the pattern?

b) Describe the pattern and try and find an equation that works for every term in the pattern.

Solution: For part a, each term is 2 more than the previous term.

You could count out the pattern until the 19th term, but that could take a while. The easier way is to recognize the
pattern. Notice that the 1st term is 2 ·1, the 2nd term is 2 ·2, the 3rd term is 2 ·3, and so on. So, the 19th term would
be 2 ·19 or 38.

For part b, we can use this pattern to generate a formula. Typically with number patterns we use n to represent the
term number. So, this pattern is 2 times the term number, or 2n.

Example 5: Look at the pattern 1, 3, 5, 7, 9, 11,...

a) What is the 34th term in the pattern?

b) What is the nth term?

Solution: The pattern increases by 2 and is odd. From the previous example, we know that if a pattern increases by
2, you would multiply n by 2. However, this pattern is odd, so we need to add or subtract a number. Let’s put what
we know into a table:

TABLE 2.1:

n 2n -1 Pattern
1 2 -1 1
2 4 -1 3
3 6 -1 5
4 8 -1 7
5 10 -1 9
6 12 -1 11

From this we can reason that the 34th term would be 34 ·2 minus 1, which is 67. Therefore, the nth term would be
2n−1.

Example 6: Look at the pattern: 3, 6, 12, 24, 48,...

a) What is the next term in the pattern? The 10th term?

b) Make a rule for the nth term.

Solution: This pattern is different than the previous two examples. Here, each term is multiplied by 2 to get the next
term.
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Therefore, the next term will be 48 ·2 or 96. To find the 10th term, we need to work on the pattern, let’s break apart
each term into the factors to see if we can find the rule.

TABLE 2.2:

n Pattern Factors Simplify
1 3 3 3 ·20

2 6 3 ·2 3 ·21

3 12 3 ·2 ·2 3 ·22

4 48 3 ·2 ·2 ·2 3 ·23

5 48 3 ·2 ·2 ·2 ·2 3 ·24

Using this equation, the 10th term will be 3 ·29, or 1536. Notice that the exponent is one less than the term number.
So, for the nth term, the equation would be 3 ·2n−1.

Example 7: Find the 8th term in the list of numbers as well as the rule.

2,
3
4
,
4
9
,

5
16

,
6

25
. . .

Solution: First, change 2 into a fraction, or 2
1 . So, the pattern is now 2

1 ,
3
4 ,

4
9 ,

5
16 ,

6
25 . . . Separate the top and the bottom

of the fractions into two different patterns. The top is 2, 3, 4, 5, 6. It increases by 1 each time, so the 8th term’s
numerator is 9. The denominators are the square numbers, so the 8th term’s denominator is 102 or 100. Therefore,
the 8th term is 9

100 . The rule for this pattern is n+1
n2 .

To summarize:

• If the same number is added from one term to the next, then you multiply n by it.
• If the same number is multiplied from one term to the next, then you would multiply the first term by

increasing powers of this number. n or n−1 is in the exponent of the rule.
• If the pattern has fractions, separate the numerator and denominator into two different patterns. Find the rule

for each separately.

Conjectures and Counterexamples

Conjecture: An “educated guess” that is based on examples in a pattern.

Numerous examples may make you believe a conjecture. However, no number of examples can actually prove a
conjecture. It is always possible that the next example would show that the conjecture is false.

Example 8: Here’s an algebraic equation and a table of values for n and with the result for t.

t = (n−1)(n−2)(n−3)

TABLE 2.3:

n (n−1)(n−2)(n−3) t
1 (0)(−1)(−2) 0
2 (1)(0)(−1) 0
3 (2)(1)(0) 0
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After looking at the table, Pablo makes this conjecture:

The value of (n−1)(n−2)(n−3) is 0 for any whole number value of n.

Is this a valid, or true, conjecture?

Solution: No, this is not a valid conjecture. If Pablo were to continue the table to n = 4, he would have see that
(n−1)(n−2)(n−3) = (4−1)(4−2)(4−3) = (3)(2)(1) = 6.

In this example n = 4 is called a counterexample.

Counterexample: An example that disproves a conjecture.

Example 9: Arthur is making figures for a graphic art project. He drew polygons and some of their diagonals.

Based on these examples, Arthur made this conjecture:

If a convex polygon has n sides, then there are n−3 triangles drawn from any given vertex of the polygon.

Is Arthur’s conjecture correct? Can you find a counterexample to the conjecture?

Solution: The conjecture appears to be correct. If Arthur draws other polygons, in every case he will be able to draw
n−3 triangles if the polygon has n sides.

Notice that we have not proved Arthur’s conjecture, but only found several examples that hold true. This type of
conjecture would need to be proven by induction.

Know What? Revisited Start by looking at the pattern. Red numbers are OPEN lockers.

Student 1 changes every locker:

1, 2, 3, 4, 5, 6, 7, 8,... 1000

Student 2 changes every 2nd locker:

1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12,... 1000

Student 3 changes every 3rd locker:

1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12,... 1000

Student 4 changes every 4th locker:

1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12,... 1000

If you continue on in this way, the only lockers that will be left open are the numbers with an odd number of factors,
or the square numbers: 1, 4, 9, 16, 25, 36, 49, 64, 81, 100, 121, 144, 169, 196, 225, 256, 289, 324, 361, 400, 441,
484, 529, 576, 625, 676, 729, 784, 841, 900, and 961. The lockers that were touched the most are the numbers with
the most factors. The one locker that was touched the most was 840, which has 32 factors and thus, touched 32
times. There are three lockers that were touched exactly five times: 16, 81, and 625.

Review Questions

For questions 1 and 2, determine how many dots there would be in the 4th and the 10th pattern of each figure below.

1.
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2.
3. Use the pattern below to answer the questions.

a. Draw the next figure in the pattern.
b. How does the number of points in each star relate to the figure number?
c. Use part b to determine a formula for the nth figure.

4. Use the pattern below to answer the questions. All the triangles are equilateral triangles.

a. Draw the next figure in the pattern. How many triangles does it have?
b. Determine how many triangles are in the 24th figure.
c. How many triangles are in the nth figure?

For questions 5-12, determine: 1) the next two terms in the pattern, 2) the 35th figure and 3) the formula for the nth

figure.

5. 5, 8, 11, 14, 17,...
6. 6, 1, -4, -9, -14,...
7. 2, 4, 8, 16, 32,...
8. 67, 56, 45, 34, 23,...
9. 9, -4, 6, -8, 3,...

10. 1
2 ,

2
3 ,

3
4 ,

4
5 ,

5
6 , . . .

11. 2
3 ,

4
7 ,

6
11 ,

8
15 ,

10
19 , . . .

12. 3, -5, 7, -9, 11,...
13. -1, 5, -9, 13, -17,...
14. −1

2 , 1
4 ,
−1
6 , 1

8 ,
−1
10 , . . .

15. 5, 12, 7, 10, 9,...
16. 1, 4, 9, 16, 25,...

For questions 13-16, determine the next two terms and describe the pattern.

17. 3, 6, 11, 18, 27,...
18. 3, 8, 15, 24, 35,...
19. 1, 8, 27, 64, 125,...
20. 1, 1, 2, 3, 5,...

We all use inductive reasoning in our daily lives. The process consists of making observations, recognizing a pattern
and making a generalization or conjecture. Read the following examples of reasoning in the real world and determine
if they are examples of Inductive reasoning. Do you think the conjectures are true or can you give a counterexample?
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21. For the last three days Tommy has gone for a walk in the woods near his house at the same ime of day. Each
time he has seen at least one deer. Tommy reasons that if he goes for a walk tomorrow at the same time, he
will see deer again.

22. Maddie likes to bake. She especially likes to take recipes and make substitutions to try to make them healthier.
She might substitute applesauce for sugar or oat flour for white flour. She has noticed that she needs to add
more baking powder or baking soda than the recipe indicates in these situations in order for the baked goods
to rise appropriately.

23. One evening Juan saw a chipmunk in his backyard. He decided to leave a slice of bread with peanut butter on
it for the creature to eat. The next morning the bread was gone. Juan concluded that chipmunks like to eat
bread with peanut butter.

24. Describe an instance in your life when either you or someone you know used inductive reasoning to correctly
make a conclusion.

25. Describe an instance when you observed someone using invalid reasoning skills.

Challenge For the following patterns find a) the next two terms, b) the 40th term and c) the nth term rule. You will
need to think about each of these in a different way. Hint: Double all the values and look for a pattern in their
factors. Once you come up with the rule remember to divide it by two to undo the doubling.

26. 2, 5, 9, 14,...
27. 3, 6, 10, 15,...
28. 3, 12, 30, 60,...

Connections to Algebra

29. Plot the values of the terms in the sequence 3, 8, 13,... against the term numbers in the coordinate plane. In
other words, plot the points (1, 3), (2, 8), and (3, 13). What do you notice? Could you use algebra to figure
out the “rule” or equation which maps each term number (x) to the correct term value (y)? Try it.

30. Which sequences in problems 5-16 follow a similar pattern to the one you discovered in #29? Can you use
inductive reasoning to make a conclusion about which sequences follow the same type of rule?

Review Queue Answers

a. 7, 8, 9
b. 18, 21, 24
c. 36, 49, 64

a. true
b. true
c. false,
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2.2 Segments and Distance

Learning Objectives

• Understand the ruler postulate.
• Understand the segment addition postulate.
• Place line segments on a coordinate grid.

Review Queue

Answer the following questions.

a. How would you label the following geometric figure? List 3 different ways

b. Draw three collinear points and a fourth that is coplanar with these points.
c. Plot the following points on the x− yplane.

a. (3, -3)
b. (-4, 2)
c. (0, -7)
d. (6, 0)

d. Find the equation of the line containing the points (-4, 3) and (6, -2).

Know What? The average adult human body can be measured in “heads.” For example, the average human is 7-8
heads tall. When doing this, keep in mind that each person uses their own head to measure their own body. Other
interesting measurements are in the picture to the right.

After analyzing the picture, we can determine a few other measurements that aren’t listed.

• The length from the wrist to the elbow
• The length from the top of the neck to the hip
• The width of each shoulder

What are these measurements?

73

http://www.ck12.org


2.2. Segments and Distance www.ck12.org

Measuring Distances

Distance: The length between two points.

Measure: To determine how far apart two geometric objects are.

The most common way to measure distance is with a ruler. In this class we will use both inches and centimeters.

Example 1: Determine how long the line segment is, in inches. Round to the nearest quarter-inch.

Solution: To measure this line segment with a ruler, it is very important to line up the “0” with the one of the
endpoints. DO NOT USE THE EDGE OF THE RULER. This segment is about 3.5 inches (in) long.

As a reminder, inch-rulers are usually divided up by 1
8 -in. (or 0.125 in) segments. Centimeter rulers are divided up

by 1
10 -centimenter (or 0.1 cm) segments.

The two rulers above are NOT DRAWN TO SCALE. Anytime you see this statement, it means that the
measured length is not actually the distance apart that it is labeled. Different problems and examples will
be labeled this way because it can be difficult to draw problems in this text to full scale. You should never assume
that objects are drawn to scale. Always rely on the measurements or markings given in a diagram.

Example 2: Determine the measurement between the two points to the nearest tenth of a centimeter.
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Solution: Even though there is no line segment between the two points, we can still measure the distance using a
ruler. It looks like the two points are 4.5 centimeters (cm) apart.

NOTE: We label a line segment, AB. The distance between A and B is labeled as AB or mAB, where m means
measure. AB and mAB can be used interchangeably. In this text we will primarily use the first.

Ruler Postulate

Ruler Postulate: The distance between two points will be the absolute value of the difference between the numbers
shown on the ruler.

The ruler postulate implies that you do not need to start measuring at “0”, as long as you subtract the first number
from the second. “Absolute value” is used because distance is always positive.

Example 3: What is the distance marked on the ruler below? The ruler is in centimeters.

Solution: Find the absolute value of difference between the numbers shown. The line segment spans from 3 cm to
8 cm.

|8−3|= |5|= 5

The line segment is 5 cm long. Notice that you also could have done |3−8|= |−5|= 5.

Example 4: Draw CD, such that CD = 3.825 in.

Solution: To draw a line segment, start at “0” and draw a segment to 3.825 in. Put points at each end and label.

Click here to learn how to Copy a Line Segment. Try the construction yourself.

Segment Addition Postulate

Before we introduce this postulate, we need to address what the word “between” means in geometry.
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B is between A and C in this picture. As long as B is anywhere on the segment, it can be considered to be between
the endpoints.

Segment Addition Postulate: If A, B, and C are collinear and B is between A and C, then AB+BC = AC.

The picture above illustrates the Segment Addition Postulate. If AB = 5 cm and BC = 12 cm, then AC must equal
5+12 or 17 cm. You may also think of this as the “sum of the partial lengths, will be equal to the whole length.”

Example 5: Make a sketch of OP, where Q is between O and P.

Solution: Draw OP first, then place Q somewhere along the segment.

Example 6: In the picture from Example 5, if OP = 17 and QP = 6, what is OQ?

Solution: Use the Segment Additional Postulate. OQ+QP=OP, so OQ+6= 17, or OQ= 17−6= 9. So, OQ= 9.

Example 7: Make a sketch that matches the description: S is between T and V . R is between S and T . T R =
6 cm, RV = 23 cm, and T R = SV . Then, find SV,T S,RS and TV .

Solution: Interpret the first sentence first: S is between T and V .

Then add in what we know about R: It is between S and T .

To find SV , we know it is equal to T R, so SV = 6 cm.

For RS : RV = RS+SV For T S : T S = T R+RS For TV : TV = T R+RS+SV

23 = RS+6 T S = 6+17 TV = 6+17+6

RS = 17 cm T S = 23 cm TV = 29 cm

Example 8: Algebra Connection For HK, suppose that J is between H and K. If HJ = 2x+ 4, JK = 3x+ 3, and
KH = 22, find the lengths of HJ and JK.

Solution: Use the Segment Addition Postulate and then substitute what we know.

HJ + JK = KH

(2x+4)+(3x+3) = 22

5x+7 = 22 So, if x = 3, then HJ = 10 and JK = 12.

5x = 15

x = 3
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Distances on a Grid

In Algebra, you worked with graphing lines and plotting points in the x− y plane. At this point, you can find the
distances between points plotted in the x− y plane if the lines are horizontal or vertical. If the line is vertical, find
the change in the y−coordinates. If the line is horizontal, find the change in the x−coordinates.

Example 8: What is the distance between the two points shown below?

Solution: Because this line is vertical, look at the change in the y−coordinates.

|9−3|= |6|= 6

The distance between the two points is 6 units.

Example 9: What is the distance between the two points shown below?

Solution: Because this line is horizontal, look at the change in the x−coordinates.

|(−4)−3|= |−7|= 7
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The distance between the two points is 7 units.

Know What? Revisited The length from the wrist to the elbow is one head, the length from the top of the neck
to the hip is two heads, and the width of each shoulder one head width. There are several other interesting body
proportion measurements. For example, your foot is the same length as your forearm (wrist to elbow, on the interior
of the arm).There are also facial proportions. All of these proportions are what artists use to draw the human body
and what da Vinci used to draw his Vitruvian Man, http://en.wikipedia.org/wiki/Vitruvian_Man.

Review Questions

Find the length of each line segment in inches. Round to the nearest 1
8 of an inch.

1.

2.

For ind the distance between each pair of points in centimeters. Round to the nearest tenth.

3.

4.

For 5-8, use the ruler in each picture to determine the length of the line segment.

5.

6.

7.

8.
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9. Make a sketch of BT , with A between B and T .
10. If O is in the middle of LT , where exactly is it located? If LT = 16 cm, what is LO and OT ?
11. For three collinear points, A between T and Q.

a. Draw a sketch.
b. Write the Segment Addition Postulate.
c. If AT = 10 in and AQ = 5 in, what is T Q?

12. For three collinear points, M between H and A.

a. Draw a sketch.
b. Write the Segment Addition Postulate.
c. If HM = 18 cm and HA = 29 cm, what is AM?

13. Make a sketch that matches the description: B is between A and D. C is between B and D. AB = 7 cm, AC =
15 cm, and AD = 32 cm. Find BC,BD, and CD.

14. Make a sketch that matches the description: E is between F and G. H is between F and E. FH = 4 in, EG =
9 in, and FH = HE. Find FE,HG, and FG.

15. Make a sketch that matches the description: S is between T and V . R is between S and T . T is between R and
Q. QV = 18, QT = 6, and T R = RS = SV .

a. Find RS.
b. Find QS.
c. Find T S.
d. Find TV .

For 16-20, Suppose J is between H and K. Use the Segment Addition Postulate to solve for x. Then find the length
of each segment.

16. HJ = 4x+9, JK = 3x+3, KH = 33
17. HJ = 5x−3, JK = 8x−9, KH = 131
18. HJ = 2x+ 1

3 , JK = 5x+ 2
3 , KH = 12x−4

19. HJ = x+10, JK = 9x, KH = 14x−58
20. HJ = 3

4 x−5, JK = x−1, KH = 22
21. Draw four points, A, B, C, and D such that AB = BC = AC = AD = BD (HINT: A, B, C and D should NOT

be collinear)

For 22-25, determine the vertical or horizontal distance between the two points.

22.
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23.

24.

25.

Each of the following problems presents an opportunity for students to extend their knowledge of measurement to
the real world. Each of these concepts could be further developed into a mini-project.

26. Measure the length of your head and create a “ruler” of this length out of cardstock or cardboard. Use your
ruler to measure your height. Share your height in terms of your head length with your class and compare
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results.
27. Describe the advantages of using the metric system to measure length over the English system. Use the

examples of the two rulers (one in inches and one in centimeters) to aid in your description.
28. A speedometer in a car measures distance traveled by tracking the number of rotations on the wheels on the car.

A pedometer is a device that a person can wear that tracks the number of steps a person takes and calculates
the distance traveled based on the person’s stride length. Which would produce a more accurate measure of
distance? Why? What could you do to make the less accurate measure more precise?

29. Research the origins of ancient measurement units such as the cubit. Research the origins of the units of
measure we use today such as: foot, inch, mile, meter. Why are standard units important?

30. Research the facial proportions that da Vinci used to create his Vitruvian man. Write a summary of your
findings.

Review Queue Answers

a. line l,MN,NM

b.

c.
d. m = 3−(−2)

−4−6 = 5
−10 =−1

2
y =−1

2 x+b
−2 =−1

2(6)+b
−2 =−3+b
1 = b

So, the equation is y =−1
2 x+1
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2.3 Angles and Measurement

Learning Objectives

• Define and classify angles.
• Apply the Protractor Postulate and the Angle Addition Postulate.

Review Queue

Answer the following questions.

a. Label the following geometric figure. What is it called?

b. Find a, XY and Y Z.

c. Find x,CD and DE.

d. B is between A and C on AC. If AB = 4 and BC = 9, what is AC? What postulate do you use to solve this
problem?

Protractor Postulate

We measure a line segment’s length with a ruler. Angles are measured with something called a protractor. A
protractor is a measuring device that measures how “open” an angle is. Angles are measured in degrees, and labeled
with a ◦ symbol.
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Notice that there are two sets of measurements, one opening clockwise and one opening counter-clockwise, from 0◦

to 180◦. When measuring angles, always line up one side with 0◦, and see where the other side hits the protractor.
The vertex lines up in the middle of the bottom line, where all the degree lines meet.

Example 2: Measure the three angles from Example 1, using a protractor.

Solution: Just like in Example 1, it might be easier to measure these three angles if you separate them. With
measurement, we put an m in front of the 6 sign to indicate measure. So, m6 XUY = 84◦, m6 YUZ = 42◦ and
m6 XUZ = 126◦.

In the last lesson, we introduced the Ruler Postulate. Here we introduce the Protractor Postulate.

Protractor Postulate: For every angle there is a number between 0◦ and 180◦ that is the measure of the angle in
degrees. The angle’s measure is then the absolute value of the difference of the numbers shown on the protractor
where the sides of the angle intersect the protractor.

In other words, you do not have to start measuring an angle at 0◦, as long as you subtract one measurement from the
other.

Example 3: What is the measure of the angle shown below?
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Solution: This angle is not lined up with 0◦, so use subtraction to find its measure. It does not matter which scale
you use.

Using the inner scale, |140−25|= 125◦

Using the outer scale, |165−40|= 125◦

Example 4: Use a protractor to measure 6 RST below.

Solution: The easiest way to measure any angle is to line one side up with 0◦. This angle measures 100◦.

Classifying Angles

By looking at the protractor we measure angles from 0◦ to 180◦. Angles can be classified, or grouped, into four
different categories.

Straight Angle: When an angle measures 180◦. The angle measure of a straight line. The rays that form this angle
are called opposite rays.

Right Angle: When an angle measures 90◦.

Notice the half-square, marking the angle. This marking is always used to mark right, or 90◦, angles.

Acute Angles: Angles that measure between 0◦ and 90◦.
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Obtuse Angles: Angles that measure between 90◦ and 180◦.

It is important to note that 90◦ is NOT an acute angle and 180◦ is NOT an obtuse angle.

Additionally, any two lines or line segments can intersect to form four angles. If the two lines intersect to form right
angles, we say the lines are perpendicular.

Perpendicular: When two lines intersect to form four right angles.

Even though all four angles are 90◦, only one needs to be marked. It can be assumed thatall four are 90◦.

The symbol for perpendicular is ⊥, so these two lines would be labeled l⊥m or
←→
AC⊥←→DE.

There are several other ways to label these two intersecting lines. This picture shows two perpendicular lines, four
right angles, four 90◦angles, and even two straight angles, 6 ABC and 6 DBE.

Example 5: Name the angle and determine what type of angle it is.

Solution: The vertex is U . So, the angle can be 6 TUV or 6 VUT . To determine what type of angle it is, compare it
to a right angle. Because it opens wider than a right angle, and less than a straight angle it is obtuse.

Example 6: What type of angle is 84◦? What about 165◦?

Solution: 84◦ is less than 90◦, so it is acute. 165◦ is greater than 90◦, but less than 180◦, so it is obtuse.

Drawing an Angle

Investigation 1-1: Drawing a 50◦ Angle with a Protractor
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a. Start by drawing a horizontal line across the page, about 2 in long.
b. Place an endpoint at the left side of your line.

c. Place the protractor on this point. Make sure to put the center point on the bottom line of the protractor on the
vertex. Mark 50◦ on the appropriate scale.

d. Remove the protractor and connect the vertex and the 50◦ mark.

This process can be used to draw any angle between 0◦ and 180◦. See http://www.mathsisfun.com/geometry/protr
actor-using.html for an animation of this investigation.

Example 7: Draw a 135◦ angle.

Solution: Following the steps from above, your angle should look like this:

Now that we know how to draw an angle, we can also copy that angle with a compass and a straightedge, usually a
ruler. Anytime we use a compass and ruler to draw different geometric figures, it called a construction.
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Compass: A tool used to draw circles and arcs.

Investigation 1-2: Copying an Angle with a Compass and Straightedge

a. We are going to copy the angle created in the previous investigation, a 50◦ angle. First, draw a straight line,
about 2 inches long, and place an endpoint at one end.

b. With the point (non-pencil side) of the compass on the vertex, draw an arc that passes through both sides of
the angle. Repeat this arc with the line we drew in #1.

c. Move the point of the compass to the horizontal side of the angle we are copying. Place the point where the
arc intersects this side. Open (or close) the “mouth” of the compass so you can draw an arc that intersects the
other side of the arc drawn in #2. Repeat this on the line we drew in #1.

d. Draw a line from the new vertex to the arc intersections.
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To watch an animation of this construction, see http://www.mathsisfun.com/geometry/construct-anglesame.html

Marking Angles and Segments in a Diagram

With all these segments and angles, we need to have different ways to label equal angles and segments.

Angle Markings

Segment Markings

Example 8: Interpret the picture below. Write all equal angle and segment statements.

Solution:

AD⊥←→FC

m 6 ADB = m 6 BDC = m6 FDE = 45◦

AD = DE

FD = DB = DC

m 6 ADF = m6 ADC = 90◦
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Angle Addition Postulate

Much like the Segment Addition Postulate, there is an Angle Addition Postulate.

Angle Addition Postulate: If B is on the interior of 6 ADC, then m 6 ADC = m 6 ADB+m6 BDC. See the picture
below.

Example 9: What is m6 QRT in the diagram below?

Solution: Using the Angle Addition Postulate, m 6 QRT = 15◦+30◦ = 45◦.

Example 10: What is m 6 LMN if m6 LMO = 85◦ and m6 NMO = 53◦?

Solution: From the Angle Addition Postulate, m 6 LMO = m6 NMO+m6 LMN. Substituting in what we know,
85◦ = 53◦+m6 LMN, so 85◦−53◦ = m6 LMN or m6 LMN = 32◦.

Example 11: Algebra Connection If m 6 ABD = 100◦, find x and m6 ABC and m6 CBD?
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Solution: From the Angle Addition Postulate, m6 ABD = m6 ABC+m 6 CBD. Substitute in what you know and solve
the equation.

100◦ = (4x+2)◦+(3x−7)◦

100◦ = 7x−5◦

105◦ = 7x

15◦ = x

So, m 6 ABC = 4(15◦)+2◦ = 62◦ and m6 CBD = 3(15◦)−7◦ = 38◦.

Know What? Revisited Using a protractor, the measurement marked in the red triangle is 90◦, the measurement in
the blue triangle is 45◦ and the measurement in the orange square is 90◦.

All of the equal angles are marked in the picture to the right. All of the acute angles in the triangles are equal and all
the other angles are right, or 90◦.

Review Questions

For questions 1-10, determine if the statement is true or false. If you answered FALSE for any question, state why.

1. Two angles always add up to be greater than 90◦.
2. 180◦ is an obtuse angle.
3. 180◦ is a straight angle.
4. Two perpendicular lines intersect to form four right angles.
5. A construction uses a protractor and a ruler.
6. For an angle 6 ABC,C is the vertex.
7. For an angle 6 ABC,AB and BC are the sides.
8. The m in front of m 6 ABC means measure.
9. Angles are always measured in degrees.

10. The Angle Addition Postulate says that an angle is equal to the sum of the smaller angles around it.

For 11-16, draw the angle with the given degree, using a protractor and a ruler. Also, state what type of angle it is.

11. 55◦

12. 92◦

13. 178◦

14. 5◦

15. 120◦
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16. 73◦

17. Construction Copy the angle you made from #12, using a compass and a straightedge.
18. Construction Copy the angle you made from #16, using a compass and a straightedge.

For 19-22, use a protractor to determine the measure of each angle.

19.

20.

21.

22.
23. Interpret the picture to the right. Write down all equal angles, segments and if any lines are perpendicular.

24. Draw a picture with the following requirements.

amp;AB = BC = BD m 6 ABD = 90◦

amp;m6 ABC = m6 CBD A,B,C and D are coplanar

In 25 and 26, plot and sketch 6 ABC. Classify the angle. Write the coordinates of a point that lies in the interior of
the angle.
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25. A(5,−3)
B(−3,−1)
C(2,2)

26. A(−3,0)
B(1,3)
C(5,0)

In Exercises 27-31, use the following information: Q is in the interior of 6 ROS. S is in the interior of 6 QOP. P is in
the interior of 6 SOT . S is in the interior of 6 ROT and m6 ROT = 160◦, m 6 SOT = 100◦, and m6 ROQ = m6 QOS =
m6 POT .

27. Make a sketch.
28. Find m6 QOP
29. Find m6 QOT
30. Find m6 ROQ
31. Find m6 SOP

Algebra Connection Solve for x.

32. m6 ADC = 56◦
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33. m6 ADC = 130◦

34. m6 ADC = (16x−55)◦

35. m6 ADC = (9x−80)◦

36. Writing Write a paragraph about why the degree measure of a straight line is 180, the degree measure of a
right angle is 90, etc. In other words, answer the question, “Why is the straight line divided into exactly 180
degrees and not some other number of degrees?”

Review Queue Answers

1.
−→
AB, a ray

2. XY = 3, Y Z = 38
a−6+3a+11 = 41

4a+5 = 41
4a = 36
a = 9
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3. CD = 51, DE = 10
8x+3+3x−8 = 4x+37

11x−5 = 4x+37
7x = 42
x = 6

4. Use the Segment Addition Postulate, AC = 13.
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2.4 Lines and Angles

Learning Objectives

• Identify parallel lines, skew lines, and parallel planes.
• Know the statement of and use the Parallel Line Postulate.
• Know the statement of and use the Perpendicular Line Postulate.
• Identify angles made by transversals.

Introduction

In this chapter, you will explore the different types of relationships formed with parallel and perpendicular lines
and planes. There are many different ways to understand the angles formed, and a number of tricks to find missing
values and measurements. Though the concepts of parallel and perpendicular lines might seem complicated, they
are present in our everyday life. Roads are often parallel or perpendicular, as are crucial elements in construction,
such as the walls of a room. Remember that every theorem and postulate in this chapter can be useful in practical
applications.

Parallel and Perpendicular Lines and Planes, and Skew Lines

Parallel lines are two or more lines that lie in the same plane and never intersect.

We use the symbol ‖ for parallel, so to describe the figure above we would write
←→
MN‖←→CD. When we draw a pair

of parallel lines, we use an arrow mark (>) to show that the lines are parallel. Just like with congruent segments, if
there are two (or more) pairs of parallel lines, we use one arrow (>) for one pair and two (or more) arrows (>>) for
the other pair.

Perpendicular lines intersect at a right angle. They form a 90◦ angle. This intersection is usually shown by a small
square box in the 90◦ angle.
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The symbol⊥ is used to show that two lines, segments, or rays are perpendicular. In the preceding picture, we could
write

−→
BA⊥←→BC. (Note that

−→
BA is a ray while

←→
BC is a line.)

Note that although "parallel" and "perpendicular" are defined in terms of lines, the same definitions apply to rays and
segments with the minor adjustment that two segments or rays are parallel (perpendicular) if the lines that contain
the segments or rays are parallel (perpendicular).

Example 1

Which roads are parallel and which are perpendicular on the map below?

The first step is to remember the definitions or parallel and perpendicular lines. Parallel lines lie in the same plane
but will never intersect. Perpendicular lines intersect at a right angle. All of the roads on this map lie in the same
plane, and Rose Avenue and George Street never intersect. So, they are parallel roads. Henry Street intersects both
Rose Avenue and George Street at a right angle, so it is perpendicular to those roads.

Planes can be parallel and perpendicular just like lines. Remember that a plane is a two-dimensional surface that
extends infinitely in all directions. If planes are parallel, they will never intersect. If they are perpendicular, they will
intersect at a right angle.

If you think about a table, the top of the table and the floor below it are usually in parallel planes.

The other of relationship you need to understand is skew lines. Skew lines are lines that are in different planes, and
never intersect. Segments and rays can also be skew. In the cube shown below segment AB and segment CG are
skew. Can you name other pairs of skew segments in this diagram? (How many pairs of skew segments are there in
all?)
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FIGURE 2.1
Two parallel planes

FIGURE 2.2
The orange plane and green plane are both perpendicular to the blue
plane.

Example 2

What is the relationship between the front and side of the building in the picture below?

FIGURE 2.3

The planes that are represented by the front and side of the building above intersect at the corner. The corner appears
to be a right angle (90◦), so the planes are perpendicular.
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Parallel Line Postulate

As you already know, there are many different postulates and theorems relating to geometry. It is important for you
to maintain a list of these ideas as they are presented throughout these chapters. One of the postulates that involves
lines and planes is called the Parallel Line Postulate.

Parallel Postulate: Given a line and a point not on the line, there is exactly one line parallel to the given line that
goes through that point. Look at the following diagram to see this illustrated.

Line m in the diagram above is near point D. If you want to draw a line that is parallel to m that goes through point D
there is only one option. Think of lines that are parallel to m as different latitude, like on a map. They can be drawn
anywhere above and below line m, but only one will travel through point D.

Example 3

Draw a line through point R that is parallel to line s.

Remember that there are many different lines that could be parallel to line s.

There can only be one line parallel to s that travels through point R. This line is drawn below.
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Perpendicular Line Postulate

Another postulate that is relevant to these scenarios is the Perpendicular Line Postulate.

Perpendicular Line Postulate: Given a line and a point not on the line, there is exactly one line perpendicular to
the given line that passes through the given point.

This postulate is very similar to the Parallel Line Postulate, but deals with perpendicular lines. Remember that
perpendicular lines intersect at a right (90◦) angle. So, as in the diagram below, there is only one line that can pass
through point B while being perpendicular to line a.

Example 4

Draw a line through point D that is perpendicular to line e.

Remember that there can only be one line perpendicular to e that travels through point D. This line is drawn below.
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Angles and Transversals

Many math problems involve the intersection of three or more lines. Examine the diagram below.

In the diagram, lines g and h are crossed by line l. We have quite a bit of vocabulary to describe this situation:

• Line l is called a transversal because it intersects two other lines (g and h). The intersection of line l with g
and h forms eight angles as shown.

• The area between lines g and h is called the interior of the two lines. The area not between lines g and h is
called the exterior.

• Angles 6 1 and 6 2 are called adjacent angles because they share a side and do not overlap. There are many
pairs of adjacent angles in this diagram, including 6 2 and 6 3, 6 4 and 6 7, and 6 8 and 6 1.

• 6 1 and 6 3 are vertical angles. They are nonadjacent angles made by the intersection of two lines. Other pairs
of vertical angles in this diagram are 6 2 and 6 8, 6 4 and 6 6, and 6 5 and 6 7.

• Corresponding angles are in the same position relative to both lines crossed by the transversal. 6 1 is on the
upper left corner of the intersection of lines g and l. 6 7 is on the upper left corner of the intersection of lines
h and l. So we say that 6 1 and 6 7 are corresponding angles.

• 6 3 and 6 7 are called alternate interior angles. They are in the interior region of the lines g and h and are on
opposite sides of the transversal.

• Similarly, 6 2 and 6 6 are alternate exterior angles because they are on opposite sides of the transversal, and
in the exterior of the region between g and h.

• Finally, 6 3 and 6 4 are consecutive interior angles. They are on the interior of the region between lines g and
h and are next to each other. 6 8 and 6 7 are also consecutive interior angles.

Example 5

List all pairs of alternate angles in the diagram below.
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There are two types of alternate angles—alternate interior angles and alternate exterior angles. As you need to list
them both, begin with the alternate interior angles.

Alternate interior angles are on the interior region of the two lines crossed by the transversal, so that would include
angles 3,4,5, and 6. Alternate angles are on opposite sides of the transversal, z. So, the two pairs of alternate interior
angles are 6 3 & 6 5, and 6 4 and 6 6.

Alternate exterior angles are on the exterior region of the two lines crossed by the transversal, so that would include
angles 1,2,8, and 7. Alternate angles are on opposite sides of the transversal, z. So, the two pairs of alternate exterior
angles are 6 2 & 6 8, and 6 1 and 6 7.

Lesson Summary

In this lesson, we explored how to work with different types of lines, angles and planes. Specifically, we have
learned:

• How to identify parallel lines, skew lines, and parallel planes.
• How to identify and use the Parallel Line Postulate.
• How to identify and use the Perpendicular Line Postulate.
• How to identify angles and transversals of many types.

These will help you solve many different types of problems. Always be on the lookout for new and interesting ways
to examine the relationship between lines, planes, and angles.

Points to Consider

Parallel planes are two planes that do not intersect. Parallel lines must be in the same plane and they do not intersect.
If more than two lines intersect at the same point and they are perpendicular, then they cannot be in same plane (e.g.,
the x−, y−, and z− axes are all perpendicular). However, if just two lines are perpendicular, then there is a plane
that contains those two lines.

As you move on in your studies of parallel and perpendicular lines you will usually be working in one plane. This
is often assumed in geometry problems. However, you must be careful about instances where you are working with
multiple planes in space. Generally in three-dimensional space parallel and perpendicular lines are more challenging
to work with.
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Review Questions

Solve each problem.

1. Imagine a line going through each branch of the tree below (see the red lines in the image). What term best
describes the two branches with lines in the tree pictured below?

FIGURE 2.4

2. How many lines can be drawn through point E that will be parallel to line m?

3. Which of the following best describes skew lines?

a. They lie in the same plane but do not intersect.
b. They intersect, but not at a right angle.
c. They lie in different planes and never intersect.
d. They intersect at a right angle.

4. Are the sides of the Transamerica Pyramid building in San Francisco parallel?
5. How many lines can be drawn through point M that will be perpendicular to line l?

6. Which of the following best describes parallel lines?
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FIGURE 2.5

a. They lie in the same plane but do not intersect.
b. They intersect, but not at a right angle.
c. They lie in different planes and never intersect.
d. They intersect at a right angle.

7. Draw five parallel lines in the plane. How many regions is the plane divided into by these five lines?
8. If you draw n parallel lines in the plane, how many regions will the plane be divided into?

The diagram below shows two lines cut by a transversal. Use this diagram to answer questions 9 and 10.

9. What term best describes the relationship between angles 1 and 5?

a. Consecutive interior
b. Alternate exterior
c. Alternate interior
d. Corresponding

10. What term best describes angles 7 and 8?

a. Linear pair
b. Alternate exterior
c. Alternate interior
d. Corresponding
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Review Answers

1. Skew
2. One
3. C
4. No
5. One
6. A
7. Five parallel lines divide the plane into six regions

8. n parallel lines divide the plane into n+1 regions
9. D

10. A
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2.5 Conditional Statements

Learning Objectives

• Identify the hypothesis and conclusion of an if-then or conditional statement.
• Write the converse, inverse, and contrapositive of an if-then statement.
• Recognize a biconditional statement.

Review Queue

Find the next figure or term in the pattern.

a. 5, 8, 12, 17, 23,...
b. 2

5 ,
3
6 ,

4
7 ,

5
9 ,

6
10 , . . .

c.
d. Find a counterexample for the following conjectures.

a. If it is April, then it is Spring Break.
b. If it is June, then I am graduating.

Know What? Rube Goldman was a cartoonist in the 1940s who drew crazy inventions to do very simple things.
The invention to the right has a series of smaller tasks that leads to the machine wiping the man’s face with a napkin.

Write a series of if-then statements to that would caption this cartoon, from A to M.
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If-Then Statements

Conditional Statement (also called an If-Then Statement): A statement with a hypothesis followed by a conclu-
sion.

Another way to define a conditional statement is to say, “If this happens, then that will happen.”

Hypothesis: The first, or “if,” part of a conditional statement. An educated guess.

Conclusion: The second, or “then,” part of a conditional statement. The conclusion is the result of a hypothesis.

Keep in mind that conditional statements might not always be written in the “if-then” form. Here are a few examples.

Statement 1: If you work overtime, then you’ll be paid time-and-a-half.

Statement 2: I’ll wash the car if the weather is nice.

Statement 3: If 2 divides evenly into x, then x is an even number.

Statement 4: I’ll be a millionaire when I win monopoly.

Statement 5: All equiangular triangles are equilateral.

Statements 1 and 3 are written in the “if-then” form. The hypothesis of Statement 1 is “you work overtime.” The
conclusion is “you’ll be paid time-and-a-half.”

So, if Sarah works overtime, then what will happen? From Statement 1, we can conclude that she will be paid
time-and-a-half.

If 2 goes evenly into 16, what can you conclude? From Statement 3, we know that 16 must be an even number.

Statement 2 has the hypothesis after the conclusion. Even though the word “then” is not there, the statement can be
rewritten as: If the weather is nice, then I’ll wash the car. If the word “if” is in the middle of a conditional statement,
the hypothesis is always after it.

Statement 4 uses the word “when” instead of “if.” It should be treated like Statement 2, so it can be written as: If I
win monopoly, then I will be a millionaire.

Statement 5 “if” and “then” are not there, but can be rewritten as: If a triangle is equiangular, then it is equilateral.

Negation, Conjunction, and Disjunction

The truth value of a statement is either true (T) or false (F). Statements are often represented using letters such as
p or q.

Negation: a statement that has the opposite meaning and truth value of an original statement (∼ p read not p).

Conjunction: a compound statement formed by joining two or more statements using the word and (p∧ q, read p
and q).

Disjunction: a compound statement formed by joining two or more statements using the word or (p∨q, read p or
q).

Converse, Inverse, and Contrapositive of a Conditional Statement

Look at Statement 2 again: If the weather is nice, then I’ll wash the car.

This can be rewritten using letters to represent the hypothesis and conclusion.

If p, then q. p = the weather is nice
q = Ill wash the car

Or, p→ q
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In addition to these positives, we can also write the negations, or “not”s of p and q. The symbolic version of not p,
is ∼ p.

∼ p = the weather is not nice
∼ q = I wont wash the car

Using these negations and switching the order of p and q, we can create three more conditional statements.

Converse q→ p If I wash the car︸                ︷︷                ︸
q

, then the weather is nice︸                           ︷︷                           ︸
p

.

Inverse ∼ p→∼ q If the weather is not nice︸                            ︷︷                            ︸
∼p

, then I won’t wash the car︸                             ︷︷                             ︸
∼q

.

Contrapositive ∼ q→∼ p If I don’t wash the car︸                         ︷︷                         ︸
∼q

, then the weather is not nice︸                                ︷︷                                ︸
∼p

.

If we accept “If the weather is nice, then I’ll wash the car” as true, then the converse and inverse are not necessarily
true. However, if we take original statement to be true, then the contrapositive is also true. We say that the
contrapositive is logically equivalent to the original if-then statement.

Example 1: Use the statement: If n > 2, then n2 > 4.

a) Find the converse, inverse, and contrapositive.

b) Determine if the statements from part a are true or false. If they are false, find a counterexample.

Solution: The original statement is true.

Converse : If n2 > 4, then n > 2. False. n could be −3, making n2 = 9.

Inverse : If n < 2, then n2 < 4. False. Again, if n =−3, then n2 = 9.

Contrapositive : If n2 < 4, then n < 2. True, the only square number less than

4 is 1, which has square roots of 1 or -1, both

less than 2.

Example 2: Use the statement: If I am at Disneyland, then I am in California.

a) Find the converse, inverse, and contrapositive.

b) Determine if the statements from part a are true or false. If they are false, find a counterexample.

Solution: The original statement is true.

Converse : If I am in California, then I am at Disneyland.

False. I could be in San Francisco.

Inverse : If I am not at Disneyland, then I am not in California.

False. Again, I could be in San Francisco.

Contrapositive : If I am not in California, then I am not at Disneyland.

True. If I am not in the state, I couldnt be at Disneyland.

Notice for the inverse and converse we can use the same counterexample. This is because the inverse and converse
are also logically equivalent.
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Example 3: Use the statement: Any two points are collinear.

a) Find the converse, inverse, and contrapositive.

b) Determine if the statements from part a are true or false. If they are false, find a counterexample.

Solution: First, change the statement into an “if-then” statement: If two points are on the same line, then they are
collinear.

Converse : If two points are collinear, then they are on the same line. True.

Inverse : If two points are not on the same line, then they are not collinear. True.

Contrapositive : If two points are not collinear, then they do not lie on the same line. True.

Biconditional Statements

Example 3 is an example of a biconditional statement.

Biconditional Statement: When the original statement and converse are both true.

So, p→ q is true and q→ p is true. It is written p↔ q, with a double arrow to indicate that it does not matter if p
or q is first. It is said, “p if and only if q”

Example 4: Rewrite Example 3 as a biconditional statement.

Solution: If two points are on the same line, then they are collinear can be rewritten as: Two points are on the same
line if and only if they are collinear.

Replace the “if-then” with “if and only if” in the middle of the statement. “If and only if” can be abbreviated “iff.”

Example 5: The following is a true statement:

m6 ABC > 90◦ if and only if 6 ABC is an obtuse angle.

Determine the two true statements within this biconditional.

Solution:

Statement 1: If m 6 ABC > 90◦, then 6 ABC is an obtuse angle

Statement 2: If 6 ABC is an obtuse angle, then m 6 ABC > 90◦.

You should recognize this as the definition of an obtuse angle. All geometric definitions are biconditional statements.

Example 6: p : x < 10 q : 2x < 50

a) Is p→ q true? If not, find a counterexample.

b) Is q→ p true? If not, find a counterexample.

c) Is ∼ p→∼ q true? If not, find a counterexample.

d) Is ∼ q→∼ p true? If not, find a counterexample.

Solution:

amp; p→ q : If x < 10, then 2x < 50. True.

amp;q→ p : If 2x < 50, then x < 10. False, x = 15 would be a counterexample.

∼ p→∼ q : If x > 10, then 2x > 50. False, x = 15 would also work here.

∼ q→∼ p : If 2x > 50, then x > 10. True.
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Know What? Revisited The conditional statements are as follows:

A→ B: If the man raises his spoon, then it pulls a string.

B→C: If the string is pulled, then it tugs back a spoon.

C→ D: If the spoon is tugged back, then it throws a cracker into the air.

D→ E: If the cracker is tossed into the air, the bird will eat it.

E→ F : If the bird eats the cracker, then it turns the pedestal.

F → G: If the bird turns the pedestal, then the water tips over.

G→ H: If the water tips over, it goes into the bucket.

H→ I: If the water goes into the bucket, then it pulls down the string.

I→ J: If the bucket pulls down the string, then the string opens the box.

J→ K: If the box is opened, then a fire lights the rocket.

K→ L: If the rocket is lit, then the hook pulls a string.

L→M: If the hook pulls the string, then the man’s faces is wiped with the napkin.

This is a very complicated contraption used to wipe a man’s face. Purdue University liked these cartoons so much,
that they started the Rube Goldberg Contest in 1949. This past year, the task was to pump hand sanitizer into
someone’s hand in no less than 20 steps. http://www.purdue.edu/newsroom/rubegoldberg/index.html

Review Questions

For questions 1-6, determine the hypothesis and the conclusion.

1. If 5 divides evenly into x, then x ends in 0 or 5.
2. If a triangle has three congruent sides, it is an equilateral triangle.
3. Three points are coplanar if they all lie in the same plane.
4. If x = 3, then x2 = 9.
5. If you take yoga, then you are relaxed.
6. All baseball players wear hats.
7. Write the converse, inverse, and contrapositive of #1. Determine if they are true or false. If they are false, find

a counterexample.
8. Write the converse, inverse, and contrapositive of #5. Determine if they are true or false. If they are false, find

a counterexample.
9. Write the converse, inverse, and contrapositive of #6. Determine if they are true or false. If they are false, find

a counterexample.
10. Find the converse of #2. If it is true, write the biconditional of the statement.
11. Find the converse of #3. If it is true, write the biconditional of the statement.
12. Find the converse of #4. If it is true, write the biconditional of the statement.

For questions 13-16, use the statement: If AB = 5 and BC = 5, then B is the midpoint of AC.

13. If this is the converse, what is the original statement? Is it true?
14. If this is the original statement, what is the inverse? Is it true?
15. Find a counterexample of the statement.
16. Find the contrapositive of the original statement from #13.
17. What is the inverse of the inverse of p→ q? HINT: Two wrongs make a right in math!
18. What is the one-word name for the converse of the inverse of an if-then statement?
19. What is the one-word name for the inverse of the converse of an if-then statement?
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20. What is the contrapositive of the contrapositive of an if-then statement?

For questions 21-24, determine the two true conditional statements from the given biconditional statements.

21. A U.S. citizen can vote if and only if he or she is 18 or more years old.
22. A whole number is prime if and only if it has exactly two distinct factors.
23. Points are collinear if and only if there is a line that contains the points.
24. 2x = 18 if and only if x = 9.
25. p : x = 4 q : x2 = 16

a. Is p→ q true? If not, find a counterexample.
b. Is q→ p true? If not, find a counterexample.
c. Is ∼ p→∼ q true? If not, find a counterexample.
d. Is ∼ q→∼ p true? If not, find a counterexample.

26. p : x =−2 q :−x+3 = 5

a. Is p→ q true? If not, find a counterexample.
b. Is q→ p true? If not, find a counterexample.
c. Is ∼ p→∼ q true? If not, find a counterexample.
d. Is ∼ q→∼ p true? If not, find a counterexample.

27. p : the measure of 6 ABC = 90◦ q : 6 ABCis a right angle

a. Is p→ q true? If not, find a counterexample.
b. Is q→ p true? If not, find a counterexample.
c. Is ∼ p→∼ q true? If not, find a counterexample.
d. Is ∼ q→∼ p true? If not, find a counterexample.

28. p : the measure of 6 ABC = 45◦ q : 6 ABCis an acute angle

a. Is p→ q true? If not, find a counterexample.
b. Is q→ p true? If not, find a counterexample.
c. Is ∼ p→∼ q true? If not, find a counterexample.
d. Is ∼ q→∼ p true? If not, find a counterexample.

29. Write a conditional statement. Write the converse, inverse and contrapositive of your statement. Are they true
or false? If they are false, write a counterexample.

30. Write a true biconditional statement. Separate it into the two true conditional statements.

Review Queue Answers

a. 30
b. 7

11

c.

a. It could be another day that isn’t during Spring Break. Spring Break doesn’t last the entire month.
b. You could be a freshman, sophomore or junior. There are several counterexamples.
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2.6 Deductive Reasoning

Learning Objectives

• Apply some basic rules of logic.
• Compare inductive reasoning and deductive reasoning.
• Use truth tables to analyze patterns of logic.

Review Queue

1. Write the converse, inverse, and contrapositive of the following statement:

Football players wear shoulder pads.

2. Is the converse, inverse or contrapositive of #1 true? If not, find a counterexample.

3. If flowers are in bloom, then it is spring.

If it is spring, then the weather is nice.

So, if flowers are blooming, what can we conclude?

Know What? In a fictitious far-away land, a poor peasant is awaiting his fate from the king. He is standing in a
stadium, filled with spectators pointing and wondering what is going to happen. Finally, the king directs everyone’s
attention to two doors, at the floor level with the peasant. Both doors have signs on them, which are below:

TABLE 2.4:

Door A Door B
IN THIS ROOM THERE IS A LADY, AND IN THE
OTHER ROOM THERE IS A TIGER.

IN ONE OF THESE ROOMS THERE IS A LADY,
AND IN ONE OF THE OTHER ROOMS THERE IS
A TIGER.

The king states, “Only one of these statements is true. If you pick correctly, you will find the lady. If not, the tiger
will be waiting for you.” Which door should the peasant pick?

Deductive Reasoning

Logic: The study of reasoning.

In the first section, you learned about inductive reasoning, which is to make conclusions based upon patterns and
observations. Now, we will learn about deductive reasoning. Deductive reasoning draws conclusions from facts.

Deductive Reasoning: When a conclusion is drawn from facts. Typically, conclusions are drawn from general
statements about something more specific.
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Example 1: Suppose Bea makes the following statements, which are known to be true.

If Central High School wins today, they will go to the regional tournament.

Central High School won today.

What is the logical conclusion?

Solution: This is an example of deductive reasoning. There is one logical conclusion if these two statements are
true: Central High School will go to the regional tournament.

Example 2: Here are two true statements.

Every odd number is the sum of an even and an odd number.

5 is an odd number.

What can you conclude?

Solution: Based on only these two true statements, there is one conclusion: 5 is the sum of an even and an odd
number. (This is true, 5 = 3+2 or 4+1).

Law of Detachment

Let’s look at Example 2 and change it into symbolic form.

p : A number is odd q : It is the sum of an even and odd number

So, the first statement is p→ q.

• The second statement in Example 2, “5 is an odd number,” is a specific example of p. “A number” is 5.
• The conclusion is q. Again it is a specific example, such as 4+1 or 2+3.

The symbolic form of Example 2 is:

p→ q

p

∴ q ∴ symbol for “therefore"

All deductive arguments that follow this pattern have a special name, the Law of Detachment.

Law of Detachment: Suppose that p→ q is a true statement and given p. Then, you can conclude q.

Another way to say the Law of Detachment is: “If p→ q is true, and p is true, then q is true.”

Example 3: Here are two true statements.

If 6 A and 6 B are a linear pair, then m6 A+m6 B = 180◦.

6 ABC and 6 CBD are a linear pair.

What conclusion can you draw from this?

Solution: This is an example of the Law of Detachment, therefore:

m6 ABC+m6 CBD = 180◦
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Example 4: Here are two true statements. Be careful!

If 6 A and 6 B are a linear pair, then m6 A+m6 B = 180◦.

m6 1 = 90◦ and m6 2 = 90◦.

What conclusion can you draw from these two statements?

Solution: Here there is NO conclusion. These statements are in the form:

p→ q

q

We cannot conclude that 6 1 and 6 2 are a linear pair. We are told that m6 1 = 90◦ and m 6 2 = 90◦ and while
90◦+90◦ = 180◦, this does not mean they are a linear pair. Here are two counterexamples.

In both of these counterexamples, 6 1 and 6 2 are right angles. In the first, they are vertical angles and in the second,
they are two angles in a rectangle.

This is called the Converse Error because the second statement is the conclusion of the first, like the converse of a
statement.

Law of Contrapositive

Example 5: The following two statements are true.

If a student is in Geometry, then he or she has passed Algebra I.

Daniel has not passed Algebra I.

What can you conclude from these two statements?

Solution: These statements are in the form:

p→ q

∼ q

Not q is the beginning of the contrapositive (∼ q→∼ p), therefore the logical conclusion is not p: Daniel is not in
Geometry.

This example is called the Law of Contrapositive.

Law of Contrapositive: Suppose that p→ q is a true statement and given ∼ q. Then, you can conclude ∼ p.

Recall that the logical equivalent to a conditional statement is its contrapositive. Therefore, the Law of Contrapositive
is a logical argument.
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Example 6: Determine the conclusion from the true statements below.

Babies wear diapers.

My little brother does not wear diapers.

Solution: The second statement is the equivalent of ∼ q. Therefore, the conclusion is ∼ p, or: My little brother is
not a baby.

Example 7a: Determine the conclusion from the true statements below.

If you are not in Chicago, then you can’t be on the L.

Bill is in Chicago.

Solution: If we were to rewrite this symbolically, it would look like:

∼ p→∼ q

p

This is not in the form of the Law of Contrapositive or the Law of Detachment, so there is no logical conclusion. You
cannot conclude that Bill is on the L because he could be anywhere in Chicago. This is an example of the Inverse
Error because the second statement is the negation of the hypothesis, like the beginning of the inverse of a statement.

Example 7b: Determine the conclusion from the true statements below.

If you are not in Chicago, then you can’t be on the L.

Sally is on the L.

Solution: If we were to rewrite this symbolically, it would look like:

∼ p→∼ q

q

Even though it looks a little different, this is an example of the Law of Contrapositive. Therefore, the logical
conclusion is: Sally is in Chicago.

Law of Syllogism

Example 8: Determine the conclusion from the following true statements.

If Pete is late, Mark will be late.

If Mark is late, Karl will be late.

So, if Pete is late, what will happen?

Solution: If Pete is late, this starts a domino effect of lateness. Mark will be late and Karl will be late too. So, if
Pete is late, then Karl will be late, is the logical conclusion.

Each “then” becomes the next “if” in a chain of statements. The chain can consist of any number of connected
statements. This is called the Law of Syllogism

Law of Syllogism: If p→ q and q→ r are true, then p→ r is the logical conclusion.

Typically, when there are more than two linked statements, we continue to use the next letter(s) in the alphabet to
represent the next statement(s); r→ s,s→ t, and so on.
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Example 9: Look back at the Know What? Revisited from the previous section. There were 12 linked if-then
statements, making one LARGE Law of Syllogism. Write the conclusion from these statements.

Solution: Symbolically, the statements look like this:

A→ B B→C C→ D D→ E E→ F F → G

G→ H H→ I I→ J J→ K K→ L L→M

∴ A→M

So, If the man raises his spoon, then his face is wiped with the napkin.

Inductive vs. Deductive Reasoning

You have now worked with both inductive and deductive reasoning. They are different but not opposites. Inductive
reasoning means reasoning from examples or patterns. Enough examples might make you suspect that a relationship
is always true. But, until you go beyond the inductive stage, you can’t be absolutely sure that it is always true. That
is, you cannot prove something is true with inductive reasoning.

That’s where deductive reasoning takes over. Let’s say we have a conjecture that was arrived at inductively, but is
not proven. We can use the Law of Detachment, Law of Contrapositive, Law of Syllogism, and other logic rules to
prove this conjecture.

Example 10: Determine if the following statements are examples of inductive or deductive reasoning.

a) Solving an equation for x.

b) 1, 10, 100, 1000,...

c) Doing an experiment and writing a hypothesis.

Solution: Inductive Reasoning = Patterns, Deductive Reasoning = Logic from Facts

a) Deductive Reasoning: Each step follows from the next.

b) Inductive Reasoning: This is a pattern.

c) Inductive Reasoning: You make a hypothesis or conjecture comes from the patterns that you found in the
experiment (not facts). If you were to prove your hypothesis, then you would have to use deductive reasoning.

Truth Tables

So far we know these symbols for logic:

∼ not (negation)

→ if-then

∴ therefore

Two more symbols are:

∧ and

∨ or

We would write “p and q” as p∧q and “p or q” as p∨q.
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Truth tables use these symbols and are another way to analyze logic.

First, let’s relate p and ∼ p. To make it easier, set p as: An even number.

Therefore, ∼ p is An odd number. Make a truth table to find out if they are both true. Begin with all the “truths” of
p, true (T) or false (F).

TABLE 2.5:

p
T
F

Next we write the corresponding truth values for ∼ p. ∼ p has the opposite truth values of p. So, if p is true, then
∼ p is false and vise versa.

TABLE 2.6:

p ∼ p
T F
F T

Example 11: Draw a truth table for p,q and p∧q.

Solution: First, make columns for p and q. Fill the columns with all the possible true and false combinations for the
two.

TABLE 2.7:

p q
T T
T F
F T
F F

Notice all the combinations of p and q. Anytime we have truth tables with two variables, this is always how we
fill out the first two columns.

Next, we need to figure out when p∧q is true, based upon the first two columns. p∧qcan only be true if BOTH p
and q are true. So, the completed table looks like this:

This is how a truth table with two variables and their “and” column is always filled out.

Example 12: Draw a truth table for p,q and p∨q.

Solution: First, make columns for p and q, just like Example 11.
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TABLE 2.8:

p q
T T
T F
F T
F F

Next, we need to figure out when p∨q is true, based upon the first two columns. p∨q is true if p OR q are true,
or both are true. So, the completed table looks like this:

The difference between p∧q and p∨q is the second and third rows. For “and” both p and q have to be true, but for
“or” only one has to be true.

Example 13: Determine the truths for p∧ (∼ q∨ r).

Solution: First, there are three variables, so we are going to need all the combinations of their truths. For three
variables, there are always 8 possible combinations.

TABLE 2.9:

p q r
T T T
T T F
T F T
T F F
F T T
F T F
F F T
F F F

Next, address the ∼ q. It will just be the opposites of the q column.

TABLE 2.10:

p q r ∼ q
T T T F
T T F F
T F T T
T F F T
F T T F
F T F F
F F T T
F F F T
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Now, let’s do what’s in the parenthesis, ∼ q∨ r. Remember, for “or” only ∼ q OR r has to be true. Only use the ∼ q
and r columns to determine the values in this column.

TABLE 2.11:

p q r ∼ q ∼ q∨ r
T T T F T
T T F F F
T F T T T
T F F T T
F T T F T
F T F F F
F F T T T
F F F T T

Finally, we can address the entire problem, p∧ (∼ q∨ r). Use the p and ∼ q∨ r to determine the values. Remember,
for “and” both p and ∼ q∨ r must be true.

TABLE 2.12:

p q r ∼ q ∼ q∨ r p∧ (∼ q∨ r)
T T T F T T
T T F F F F
T F T T T T
T F F T T T
F T T F T F
F T F F F F
F F T T T F
F F F T T F

To Recap:

• Start truth tables with all the possible combinations of truths. For 2 variables there are 4 combinations for 3
variables there are 8. You always start a truth table this way.

• Do any negations on the any of the variables.
• Do any combinations in parenthesis.
• Finish with completing what the problem was asking for.

Know What? Revisited Analyze the two statements on the doors.

Door A: IN THIS ROOM THERE IS A LADY, AND IN THE OTHER ROOM THERE IS A TIGER.

Door B: IN ONE OF THESE ROOMS THERE IS A LADY, AND IN ONE OF THE OTHER ROOMS THERE IS
A TIGER.

We know that one door is true, so the other one must be false. Let’s assume that Door A is true. That means the
lady is behind Door A and the tiger is behind Door B. However, if we read Door B carefully, it says “in one of these
rooms,” which means the lady could be behind either door, which is actually the true statement. So, because Door B
is the true statement, Door A is false and the tiger is actually behind it. Therefore, the peasant should pick Door B.

118

http://www.ck12.org


www.ck12.org Chapter 2. Angles and Lines

Review Questions

Determine the logical conclusion and state which law you used (Law of Detachment, Law of Contrapositive, or Law
of Syllogism). If no conclusion can be drawn, write “no conclusion.”

1. People who vote for Jane Wannabe are smart people. I voted for Jane Wannabe.
2. If Rae is the driver today then Maria is the driver tomorrow. Ann is the driver today.
3. If a shape is a circle, then it never ends. If it never ends, then it never starts. If it never starts, then it doesn’t

exist. If it doesn’t exist, then we don’t need to study it.
4. If you text while driving, then you are unsafe. You are a safe driver.
5. If you wear sunglasses, then it is sunny outside. You are wearing sunglasses.
6. If you wear sunglasses, then it is sunny outside. It is cloudy.
7. I will clean my room if my mom asks me to. I am not cleaning my room.
8. If I go to the park, I bring my dog. If I bring my dog, we play fetch with a stick. If we play fetch, my dog gets

dirty. If my dog gets dirty, I give him a bath.
9. Write the symbolic representation of #3. Include your conclusion. Is this a sound argument? Does it make

sense?
10. Write the symbolic representation of #1. Include your conclusion.
11. Write the symbolic representation of #7. Include your conclusion.

For questions 12 and 13, rearrange the order of the statements (you may need to use the Law of Contrapositive too)
to discover the logical conclusion.

12. If I shop, then I will buy shoes. If I don’t shop, then I didn’t go to the mall. If I need a new watch battery, then
I go to the mall.

13. If Anna’s parents don’t buy her ice cream, then she didn’t get an A on her test. If Anna’s teacher gives notes,
Anna writes them down. If Anna didn’t get an A on her test, then she couldn’t do the homework. If Anna
writes down the notes, she can do the homework.

Determine if the problems below represent inductive or deductive reasoning. Briefly explain your answer.

14. John is watching the weather. As the day goes on it gets more and more cloudy and cold. He concludes that it
is going to rain.

15. Beth’s 2-year-old sister only eats hot dogs, blueberries and yogurt. Beth decides to give her sister some yogurt
because she is hungry.

16. Nolan Ryan has the most strikeouts of any pitcher in Major League Baseball. Jeff debates that he is the best
pitcher of all-time for this reason.

17. Ocean currents and waves are dictated by the weather and the phase of the moon. Surfers use this information
to determine when it is a good time to hit the water.

18. As Rich is driving along the 405, he notices that as he gets closer to LAX the traffic slows down. As he passes
it, it speeds back up. He concludes that anytime he drives past an airport, the traffic will slow down.

19. Amani notices that the milk was left out on the counter. Amani remembers that she put it away after breakfast
so it couldn’t be her who left it out. She also remembers hearing her mother tell her brother on several
occasions to put the milk back in the refrigerator. She concludes that he must have left it out.

20. At a crime scene, the DNA of four suspects is found to be present. However, three of them have an alibi for
the time of the crime. The detectives conclude that the fourth possible suspect must have committed the crime.

Write a truth table for the following variables.

21. p∧ ∼ p
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22. ∼ p∨ ∼ q
23. p∧ (q∨ ∼ q)
24. (p∧q)∨ ∼ r
25. p∨ (∼ q∨ r)
26. p∧ (q∨ ∼ r)
27. The only difference between 19 and 21 is the placement of the parenthesis. How does the truth table differ?
28. When is p∨q∨ r true?

Is the following a valid argument? If so, what law is being used? HINT: Statements could be out of order.

29. p→ q
r→ p
∴ r→ q

30. p→ q
r→ q
∴ p→ r

31. p→∼ r
r
∴∼ p

32. ∼ q→ r
q
∴∼ r

33. p→ (r→ s)
p
∴ r→ s

34. r→ q
r→ s
∴ q→ s

Review Queue Answers

1. Converse: If you wear shoulder pads, then you are a football player.

Inverse: If you are not a football player, then you do not wear shoulder pads.

Contrapositive: If you do not wear shoulder pads, then you are not a football player.

2. The converse and inverse are both false. A counterexample for both could be a woman from the 80’s. They
definitely wore shoulder pads!

3. You could conclude that the weather is nice.
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2.7 Midpoints and Bisectors

Learning Objectives

• Identify the midpoint of line segments.
• Identify the bisector of a line segment.
• Understand and the Angle Bisector Postulate.

Review Queue

Answer the following questions.

a. m6 ROT = 165◦, find m6 POT

b. Find x.

c. Use the Angle Addition Postulate to write an equation for the angles in #1.

Know What? The building to the right is the TransamericaBuilding in San Francisco. This building was completed
in 1972 and, at that time was one of the tallest buildings in the world. It is a pyramid with two “wings” on either
side, to accommodate elevators. Because San Francisco has problems with earthquakes, there are regulations on
how a building can be designed. In order to make this building as tall as it is and still abide by the building codes,
the designer used this pyramid shape.

It is very important in designing buildings that the angles and parts of the building are equal. What components of
this building look equal? Analyze angles, windows, and the sides of the building.
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Congruence

You could argue that another word for equal is congruent. However, the two differ slightly.

Congruent: When two geometric figures have the same shape and size.

We label congruence with a ∼= sign. Notice the ∼ above the = sign. AB∼= BA means that AB is congruent to BA. If
we know two segments or angles are congruent, then their measures are also equal. If two segments or angles have
the same measure, then, they are also congruent.

TABLE 2.13:

Equal Congruent
= ∼=
used with measurement used with figures
mAB = AB = 5 cm AB∼= BA
m6 ABC = 60◦ 6 ABC ∼= 6 CBA

Midpoints

Midpoint: A point on a line segment that divides it into two congruent segments.

Because AB = BC, B is the midpoint of AC.

Midpoint Postulate: Any line segment will have exactly one midpoint.

This might seem self-explanatory. However, be careful, this postulate is referring to the midpoint, not the lines that
pass through the midpoint, which is infinitely many.

Example 1: Is M a midpoint of AB?
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Solution: No, it is not because MB = 16 and AM = 34−16 = 18.

Midpoint Formula

When points are plotted in the coordinate plane, you can use slope to find the midpoint between then. We will
generate a formula here.

Here are two points, (-5, 6) and (3, 4). Draw a line between the two points and determine the vertical distance and
the horizontal distance.

So, it follows that the midpoint is down and over half of each distance. The midpoint would then be down 2 (or -2)
from (-5, 6) and over positively 4. If we do that we find that the midpoint is (-1, 4).

Let’s create a formula from this. If the two endpoints are (-5, 6) and (3, 4), then the midpoint is (-1, 4). -1 is halfway
between -5 and 3 and 4 is halfway between 6 and 2. Therefore, the formula for the midpoint is the average of the
x−values and the average of the y−values.
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Midpoint Formula: For two points, (x1, y1) and (x2, y2), the midpoint is
( x1+x2

2 , y1+y2
2

)
Example 2: Find the midpoint between (9, -2) and (-5, 14).

Solution: Plug the points into the formula.

(
9+(−5)

2
,
−2+14

2

)
=

(
4
2
,

12
2

)
= (2,6)

Example 3: If M(3,−1) is the midpoint of AB and B(7,−6), find A.

Solution: Plug what you know into the midpoint formula.

(
7+ xA

2
,
−6+ yA

2

)
= (3,−1)

7+ xA

2
= 3 and

−6+ yA

2
=−1 A is (−1,4).

7+ xA = 6 and −6+ yA =−2

xA =−1 and yA = 4

Another way to find the other endpoint is to find the difference between M and B and then duplicate it on the other
side of M.

x− values: 7−3 = 4, so 4 on the other side of 3 is 3−4 =−1

y− values: −6− (−1) =−5, so -5 on the other side of -1 is −1− (−5) = 4

A is still (-1, 4). You may use either method.

Segment Bisectors

Segment Bisector: A line, segment, or ray that passes through a midpoint of another segment.

A bisector cuts a line segment into two congruent parts.

Example 4: Use a ruler to draw a bisector of the segment below.

Solution: The first step in identifying a bisector is finding the midpoint. Measure the line segment and it is 4 cm
long. To find the midpoint, divide 4 by 2.

So, the midpoint will be 2 cm from either endpoint, or halfway between. Measure 2 cm from one endpoint and draw
the midpoint.

To finish, draw a line that passes through the midpoint. It doesn’t matter how the line intersects XY , as long as it
passes through Z.
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A specific type of segment bisector is called a perpendicular bisector.

Click here to find out how to bisect a segment into n segments. Try the construction yourself.

Perpendicular Bisector: A line, ray or segment that passes through the midpoint of another segment and intersects
the segment at a right angle.

←→
DE is the perpendicular bisector of AC, so AB∼= BC and AC⊥←→DE.

Perpendicular Bisector Postulate: For every line segment, there is one perpendicular bisector that passes through
the midpoint.

There are infinitely many bisectors, but only one perpendicular bisector for any segment.

Example 5: Which line is the perpendicular bisector of MN?

Solution: The perpendicular bisector must bisect MN and be perpendicular to it. Only
←→
OQ satisfies both require-

ments.
←→
SR is just a bisector.

Example 6: Algebra Connection Find x and y.

Solution: The line shown is the perpendicular bisector. So, 3x−6 = 21, 3x = 27, x = 9.

And, (4y−2)◦ = 90◦,4y◦ = 92◦,y = 23◦.

Investigation 1-3: Constructing a Perpendicular Bisector

a. Draw a line that is at least 6 cm long, about halfway down your page.
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b. Place the pointer of the compass at an endpoint. Open the compass to be greater than half of the segment.
Make arc marks above and below the segment. Repeat on the other endpoint. Make sure the arc marks
intersect.

c. Use your straight edge to draw a line connecting the arc intersections.

This constructed line bisects the line you drew in #1 and intersects it at 90◦. So, this construction also works to
create a right angle. To see an animation of this investigation, go to http://www.mathsisfun.com/geometry/construct
-linebisect.html.

Congruent Angles

Example 7: Algebra Connection What is the measure of each angle?

Solution: From the picture, we see that the angles are congruent, so the given measures are equal.

(5x+7)◦ = (3x+23)◦

2x◦ = 16◦

x = 8◦

To find the measure of 6 ABC, plug in x = 8◦ to (5x+7)◦.
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(5(8)+7)◦

(40+7)◦

47◦

Because m6 ABC = m 6 XY Z, m6 XY Z = 47◦ too.

Angle Bisectors

Angle Bisector: A ray that divides an angle into two congruent angles, each having a measure exactly half of the
original angle.

BD is the angle bisector of 6 ABC

6 ABD∼= 6 DBC

m 6 ABD =
1
2

m6 ABC

Angle Bisector Postulate: Every angle has exactly one angle bisector.

Example 8: Let’s take a look at Review Queue #1 again. Is OP the angle bisector of 6 SOT ? Recall, that m6 ROT =
165◦, what is m6 SOP and m6 POT ?

Solution: Yes, OP is the angle bisector of 6 SOT according to the markings in the picture. If m6 ROT = 165◦ and
m6 ROS = 57◦, then m 6 SOT = 165◦−57◦ = 108◦. The m6 SOP and m6 POT are each half of 108◦ or 54◦.

Investigation 1-4: Constructing an Angle Bisector

a. Draw an angle on your paper. Make sure one side is horizontal.
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b. Place the pointer on the vertex. Draw an arc that intersects both sides.

c. Move the pointer to the arc intersection with the horizontal side. Make a second arc mark on the interior of
the angle. Repeat on the other side. Make sure they intersect.

d. Connect the arc intersections from #3 with the vertex of the angle.

To see an animation of this construction, view http://www.mathsisfun.com/geometry/construct-anglebisect.html.

Know What? Revisited The image to the right is an outline of the Transamerica Building from earlier in the lesson.
From this outline, we can see the following parts are congruent:

T R∼= TC 6 TCR∼= 6 T RC

RS∼=CM 6 CIE ∼= 6 RAN

CI ∼= RA and 6 T MS∼= 6 T SM

AN ∼= IE 6 IEC ∼= 6 ANR

T S∼= T M 6 TCI ∼= 6 T RA

As well at these components, there are certain windows that are congruent and all four triangular sides of the building
are congruent to each other.
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Review Questions

1. Copy the figure below and label it with the following information:

6 A∼= 6 C
6 B∼= 6 D

AB∼=CD

AD∼= BC

For 2-9, find the lengths, given: H is the midpoint of AE and DG, B is the midpoint of AC, GD is the perpendicular
bisector of FA and EC, AC ∼= FE, and FA∼= EC.

2. AB
3. GA
4. ED
5. HE
6. m6 HDC
7. FA
8. GD
9. m6 FED
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10. How many copies of triangle AHB can fit inside rectangle FECA without overlapping?

For 11-18, use the following picture to answer the questions.

11. What is the angle bisector of 6 T PR?
12. P is the midpoint of what two segments?
13. What is m 6 QPR?
14. What is m 6 T PS?
15. How does V S relate to QT ?
16. How does QT relate to V S?
17. Is PU a bisector? If so, of what?
18. What is m 6 QPV ?

Algebra Connection For 19-24, use algebra to determine the value of variable(s) in each problem.

19.

20.
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21.

22.

23.

24.
25. Construction Using your protractor, draw an angle that is 110◦. Then, use your compass to construct the angle

bisector. What is the measure of each angle?
26. Construction Using your protractor, draw an angle that is 75◦. Then, use your compass to construct the angle

bisector. What is the measure of each angle?
27. Construction Using your ruler, draw a line segment that is 7 cm long. Then use your compass to construct the

perpendicular bisector, What is the measure of each segment?
28. Construction Using your ruler, draw a line segment that is 4 in long. Then use your compass to construct the

perpendicular bisector, What is the measure of each segment?
29. Construction Draw a straight angle (180◦). Then, use your compass to construct the angle bisector. What

kind of angle did you just construct?

For questions 30-33, find the midpoint between each pair of points.

30. (-2, -3) and (8, -7)
31. (9, -1) and (-6, -11)
32. (-4, 10) and (14, 0)
33. (0, -5) and (-9, 9)

Given the midpoint (M) and either endpoint of AB, find the other endpoint.

34. A(−1,2) and M(3,6)
35. B(−10,−7) and M(−2,1)
36. Error Analysis Erica is looking at a geometric figure and trying to determine which parts are congruent. She

wrote AB =CD. Is this correct? Why or why not?
37. Challenge Use the Midpoint Formula to solve for the x−value of the midpoint and the y−value of the

midpoint. Then, use this formula to solve #34. Do you get the same answer?
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38. Construction Challenge Use construction tools and the constructions you have learned in this section to
construct a 45◦ angle.

39. Construction Challenge Use construction tools and the constructions you have learned in this section to
construct two 2 in segments that bisect each other. Now connect all four endpoints with segments. What
figure have you constructed?

40. Describe an example of how the concept of midpoint (or the midpoint formula) could be used in the real world.

Review Queue Answers

a. See Example 6
b. 2x−5 = 33

2x = 38
x = 19

c. m6 ROT = m6 ROS+m6 SOP+m6 POT
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2.8 Algebraic and Congruence Properties

Learning Objectives

• Understand basic properties of equality and congruence.
• Solve equations and justify each step in the solution.
• Use a 2-column format to prove theorems.

Review Queue

Solve the following problems.

1. Explain how you would solve 2x−3 = 9.

2. If two angles are a linear pair, they are supplementary.

If two angles are supplementary, their sum is 180◦.

What can you conclude? By which law?

3. Draw a picture with the following:

6 LMN is bisected by MO LM ∼= MP
6 OMP is bisected by MN N is the midpoint of MQ

Know What? Three identical triplets are sitting next to each other. The oldest is Sara and she always tells the truth.
The next oldest is Sue and she always lies. Sally is the youngest of the three. She sometimes lies and sometimes
tells the truth.

Scott came over one day and didn’t know who was who, so he asked each of them one question. Scott asked the
sister that was sitting on the left, “Which sister is in the middle?” and the answer he received was, “That’s Sara.”
Scott then asked the sister in the middle, “What is your name?” The response given was, “I’m Sally.” Scott turned to
the sister on the right and asked, “Who is in the middle?” The sister then replied, “She is Sue.” Who was who?

Properties of Equality

Recall from Chapter 1 that the = sign and the word “equality” are used with numbers.

The basic properties of equality were introduced to you in Algebra I. Here they are again:

For all real numbers a,b, and c:

TABLE 2.14:

Examples
Reflexive Property of Equality a = a 25 = 25
Symmetric Property of Equality a = b and b = a m 6 P = 90◦ or 90◦ = m6 P
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TABLE 2.14: (continued)

Examples
Transitive Property of Equality a = b and b = c, then a = c a+4 = 10 and 10 = 6+4, then a+

4 = 6+4
Substitution Property of Equality If a = b, then b can be used in place

of a and vise versa.
If a= 9 and a−c= 5, then 9−c= 5

Addition Property of Equality If a = b, then a+ c = b+ c. If 2x = 6, then 2x+5 = 6+11
Subtraction Property of Equality If a = b, then a− c = b− c. If m6 x + 15◦ = 65◦, then m 6 x +

15◦−15◦ = 65◦−15◦

Multiplication Property of Equal-
ity

If a = b, then ac = bc. If y = 8, then 5 · y = 5 ·8

Division Property of Equality If a = b, then a
c = b

c . If 3b = 18, then 3b
3 = 18

3
Distributive Property a(b+ c) = ab+ac 5(2x−7)= 5(2x)−5(7)= 10x−35

Properties of Congruence

Recall that AB∼=CD if and only if AB =CD. AB and CD represent segments, while AB and CD are lengths of those
segments, which means that AB and CD are numbers. The properties of equality apply to AB and CD.

This also holds true for angles and their measures. 6 ABC ∼= 6 DEF if and only if m6 ABC = m6 DEF . Therefore, the
properties of equality apply to m6 ABC and m6 DEF .

Just like the properties of equality, there are properties of congruence. These properties hold for figures and shapes.

TABLE 2.15:

For Line Segments For Angles
Reflexive Property of Congruence AB∼= AB 6 ABC ∼= 6 CBA
Symmetric Property of Congru-
ence

If AB∼=CD, then CD∼= AB If 6 ABC ∼= 6 DEF , then 6 DEF ∼=
6 ABC

Transitive Property of Congru-
ence

If AB ∼= CD and CD ∼= EF , then
AB∼= EF

If 6 ABC ∼= 6 DEF and 6 DEF ∼=
6 GHI, then 6 ABC ∼= 6 GHI

Using Properties of Equality with Equations

When you solve equations in algebra you use properties of equality. You might not write out the logical justification
for each step in your solution, but you should know that there is an equality property that justifies that step. We will
abbreviate “Property of Equality” “PoE” and “Property of Congruence” “PoC.”

Example 1: Solve 2(3x−4)+11 = x−27 and justify each step.

Solution:
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2(3x−4)+11 = x−27

6x−8+11 = x−27 Distributive Property

6x+3 = x−27 Combine like terms

6x+3−3 = x−27−3 Subtraction PoE

6x = x−30 Simplify

6x− x = x− x−30 Subtraction PoE

5x =−30 Simplify
5x
5

=
−30

5
Division PoE

x =−6 Simplify

Example 2: Given points A,B, and C, with AB = 8,BC = 17, and AC = 20. Are A,B, and C collinear?

Solution: Set up an equation using the Segment Addition Postulate.

AB+BC = AC Segment Addition Postulate

8+17 = 20 Substitution PoE

25 6= 20 Combine like terms

Because the two sides are not equal, A,B and C are not collinear.

Example 3: If m6 A+m6 B = 100◦ and m 6 B = 40◦, prove that 6 A is an acute angle.

Solution: We will use a 2-column format, with statements in one column and their corresponding reasons in the
next. This is formally called a 2-column proof.

TABLE 2.16:

Statement Reason
1. m6 A+m 6 B = 100◦ and m6 B = 40◦ Given (always the reason for using facts that are told to

us in the problem)
2. m6 A+40◦ = 100◦ Substitution PoE
3. m6 A = 60◦ Subtraction PoE
4. 6 A is an acute angle Definition of an acute angle, m6 A < 90◦

Two-Column Proof

Example 4: Write a two-column proof for the following:
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If A,B,C, and D are points on a line, in the given order, and AB =CD, then AC = BD.

Solution: First of all, when the statement is given in this way, the “if” part is the given and the “then” part is what
we are trying to prove.

Always start with drawing a picture of what you are given.

Plot the points in the order A,B,C,D on a line.

Add the corresponding markings, AB =CD, to the line.

Draw the 2-column proof and start with the given information. From there, we can use deductive reasoning
to reach the next statement and what we want to prove. Reasons will be definitions, postulates, properties and
previously proven theorems.

TABLE 2.17:

Statement Reason
1. A,B,C, and D are collinear, in that order. Given
2. AB =CD Given
3. BC = BC Reflexive PoE
4. AB+BC = BC+CD Addition PoE
5. AB+BC = AC
BC + CD = BD Segment Addition Postulate
6. AC = BD Substitution or Transitive PoE

When you reach what it is that you wanted to prove, you are done.

Prove Move: (A subsection that will help you with proofs throughout the book.) When completing a proof, a few
things to keep in mind:

• Number each step.
• Start with the given information.
• Statements with the same reason can (or cannot) be combined into one step. It is up to you. For example,

steps 1 and 2 above could have been one step. And, in step 5, the two statements could have been written
separately.

• Draw a picture and mark it with the given information.
• You must have a reason for EVERY statement.
• The order of the statements in the proof is not fixed. For example, steps 3, 4, and 5 could have been

interchanged and it would still make sense.

Example 5: Write a two-column proof.
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Given:
−→
BF bisects 6 ABC; 6 ABD∼= 6 CBE

Prove: 6 DBF ∼= 6 EBF

Solution: First, put the appropriate markings on the picture. Recall, that bisect means “to cut in half.” Therefore,
if
−→
BF bisects 6 ABC, then m6 ABF = m 6 FBC. Also, because the word “bisect” was used in the given, the definition

will probably be used in the proof.

TABLE 2.18:

Statement Reason
1.
−→
BF bisects 6 ABC, 6 ABD∼= 6 CBE Given

2. m6 ABF = m6 FBC Definition of an Angle Bisector
3. m6 ABD = m 6 CBE If angles are ∼=, then their measures are equal.
4. m6 ABF = m6 ABD+m6 DBF
m 6 FBC = m6 EBF +m 6 CBE Angle Addition Postulate
5. m6 ABD+m6 DBF = m 6 EBF +m 6 CBE Substitution PoE
6. m6 ABD+m6 DBF = m 6 EBF +m 6 ABD Substitution PoE
7. m6 DBF = m6 EBF Subtraction PoE
8. 6 DBF ∼= 6 EBF If measures are equal, the angles are ∼=.

Prove Move: Use symbols and abbreviations for words within proofs. For example, ∼= was used in place of the
word congruent above. You could also use 6 for the word angle.

Know What? Revisited The sisters, in order are: Sally, Sue, Sara. The sister on the left couldn’t have been Sara
because that sister lied. The middle one could not be Sara for the same reason. So, the sister on the right must be
Sara, which means she told Scott the truth and Sue is in the middle, leaving Sally to be the sister on the left.
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Review Questions

For questions 1-8, solve each equation and justify each step.

1. 3x+11 =−16
2. 7x−3 = 3x−35
3. 2

3 g+1 = 19
4. 1

2 MN = 5
5. 5m 6 ABC = 540◦

6. 10b−2(b+3) = 5b
7. 1

4 y+ 5
6 = 1

3
8. 1

4 AB+ 1
3 AB = 12+ 1

2 AB

For questions 9-14, use the given property or properties of equality to fill in the blank. x,y, and z are real numbers.

9. Symmetric: If x = 3, then _________.
10. Distributive: If 4(3x−8), then _________.
11. Transitive: If y = 12 and x = y, then _________.
12. Symmetric: If x+ y = y+ z, then _________.
13. Transitive: If AB = 5 and AB =CD, then _________.
14. Substitution: If x = y−7 and x = z+4, then _________.
15. Given points E,F , and G and EF = 16, FG = 7 and EG = 23. Determine if E,F and G are collinear.
16. Given points H, I and J and HI = 9, IJ = 9 and HJ = 16. Are the three points collinear? Is I the midpoint?
17. If m 6 KLM = 56◦ and m 6 KLM+m6 NOP = 180◦, explain how 6 NOP must be an obtuse angle.

Fill in the blanks in the proofs below.

18. Given: 6 ABC ∼= DEF
6 GHI ∼= 6 JKL Prove: m6 ABC+m 6 GHI = m 6 DEF +m6 JKL

TABLE 2.19:

Statement Reason
1. Given
2. m6 ABC = m6 DEF
m 6 GHI = m6 JKL
3. Addition PoE
4. m6 ABC+m6 GHI = m6 DEF +m6 JKL

19. Given: M is the midpoint of AN. N is the midpoint MBProve: AM = NB

TABLE 2.20:

Statement Reason
1. Given
2. Definition of a midpoint
3. AM = NB

138

http://www.ck12.org


www.ck12.org Chapter 2. Angles and Lines

Use the diagram to answer questions 20-25.

20. Name a right angle.
21. Name two perpendicular lines.
22. Given that EF = GH, is EG = FH true? Explain your answer.
23. Is 6 CGH a right angle? Why or why not?
24. Using what is given in the picture AND 6 EBF ∼= 6 HCG, prove 6 ABF ∼= 6 DCG. Write a two-column proof.
25. Using what is given in the picture AND AB =CD, prove AC = BD. Write a two-column proof.

Use the diagram to answer questions 26-32.

Which of the following must be true from the diagram?

Take each question separately, they do not build upon each other.

26. AD∼= BC
27. AB∼=CD
28. CD∼= BC
29. AB⊥AD
30. ABCD is a square
31. AC bisects 6 DAB
32. Write a two-column proof. Given: Picture above and AC bisects 6 DABProve: m 6 BAC = 45◦

33. Draw a picture and write a two-column proof. Given: 6 1 and 6 2 form a linear pair and m6 1 = m 6 2. Prove:
6 1 is a right angle

Review Queue Answers

a. First, subtract 3 from both sides and then divide both sides by 2. x = 3
b. If 2 angles are a linear pair, then their sum is 180◦. Law of Syllogism.

c.
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2.9 Angle Pairs

Learning Objectives

• Recognize complementary angles, supplementary angles, linear pairs and vertical angles.
• Apply the Linear Pair Postulate and the Vertical Angles Theorem.

Review Queue

Use the picture below to answer questions 1-3.

a. Find x.
b. Find y.
c. Find z.

Know What? A compass (as seen to the right) is used to determine the direction a person is traveling in. The angles
between each direction are very important because they enable someone to be more specific and precise with their
direction. In boating, captains use headings to determine which direction they are headed. A heading is the angle at
which these compass lines intersect. So, a heading of 45◦NW , would be straight out along that northwest line.

What headings have the same angle measure? What is the angle measure between each compass line?
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Complementary Angles

Complementary: When two angles add up to 90◦.

Complementary angles do not have to be congruent to each other, nor do they have to be next to each other.

Example 1: The two angles below are complementary. m 6 GHI = x. What is x?

Solution: Because the two angles are complementary, they add up to 90◦. Make an equation.

x+34◦ = 90◦

x = 56◦

Example 2: The two angles below are complementary. Find the measure of each angle.
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Solution: Again, the two angles add up to 90◦. Make an equation.

8r+9◦+7r+5◦ = 90◦

15r+14◦ = 90◦

15r = 74◦

r = 4.93◦

However, this is not what the question asks for. You need to plug r back into each expression to find each angle.

m 6 GHI = 8(5◦)+9◦ = 49◦

m6 JKL = 7(5◦)+6◦ = 41◦

Supplementary Angles

Supplementary: When two angles add up to 180◦.

Just like complementary angles, supplementary angles do not have to be congruent or touching.

Example 3: The two angles below are supplementary. If m 6 MNO = 78◦ what is m6 PQR?

Solution: Just like Examples 1 and 2, set up an equation. However, instead of equaling 90◦, now it is 180◦.

78◦+m 6 PQR = 180◦

m 6 PQR = 102◦

Example 4: What is the measure of two congruent, supplementary angles?

Solution: Supplementary angles add up to 180◦. Congruent angles have the same measure. Divide 180◦ by 2, to
find the measure of each angle.

180◦÷2 = 90◦

So, two congruent, supplementary angles are right angles, or 90◦.

Linear Pairs

Adjacent Angles: Two angles that have the same vertex, share a side, and do not overlap.
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6 PSQ and 6 QSR are adjacent.

6 PQR and 6 PQS are NOT adjacent because they overlap.

Linear Pair: Two angles that are adjacent and whose non-common sides form a straight line.

6 PSQ and 6 QSR are a linear pair.

m6 PSR = 180◦

m6 PSQ+m6 QSR = m 6 PSR

m6 PSQ+m6 QSR = 180◦

Linear Pair Postulate: If two angles are a linear pair, then they are supplementary.

Example 5: Algebra Connection What is the value of each angle?

Solution: These two angles are a linear pair, so they are supplementary, or add up to 180◦. Write an equation.

(7q−46)◦+(3q+6)◦ = 180◦

10q−40◦ = 180◦

10q = 220◦

q = 22◦
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So, plug in q to get the measure of each angle.

m6 ABD = 7(22◦)−46◦ = 108◦ m 6 DBC = 180◦−108◦ = 72◦

Example 6: Are 6 CDA and 6 DAB a linear pair? Are they supplementary?

Solution: The two angles are not a linear pair because they do not have the same vertex. However, they are
supplementary, 120◦+60◦ = 180◦.

Vertical Angles

Vertical Angles: Two non-adjacent angles formed by intersecting lines.

6 1 and 6 3 are vertical angles

6 2 and 6 4 are vertical angles

Notice that these angles are labeled with numbers. You can tell that these are labels because they do not have a
degree symbol.

Investigation 1-5: Vertical Angle Relationships

a. Draw two intersecting lines on your paper. Label the four angles created 6 1, 6 2, 6 3, and 6 4. See the picture
above.

b. Take your protractor and find m6 1.
c. What is the angle relationship between 6 1 and 6 2? Find m 6 2.
d. What is the angle relationship between 6 1 and 6 4? Find m 6 4.
e. What is the angle relationship between 6 2 and 6 3? Find m 6 3.
f. Are any angles congruent? If so, write down the congruence statement.

From this investigation, hopefully you found out that 6 1∼= 6 3 and 6 2∼= 6 4. This is our first theorem. That means it
must be proven true in order to use it.
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Vertical Angles Theorem: If two angles are vertical angles, then they are congruent.

We can prove the Vertical Angles Theorem using the same process we used above. However, let’s not use any
specific values for the angles.

From the picture above:
6 1 and 6 2 are a linear pair m6 1+m6 2 = 180◦

6 2 and 6 3 are a linear pair m6 2+m6 3 = 180◦

6 3 and 6 4 are a linear pair m6 3+m6 4 = 180◦

All of the equations = 180◦, so set the m6 1+m6 2 = m6 2+m6 3

first and second equation equal to AND

each other and the second and third. m6 2+m6 3 = m6 3+m6 4

Cancel out the like terms m6 1 = m 6 3, m6 2 = m6 4

Recall that anytime the measures of two angles are equal, the angles are also congruent.

Example 7: Find m6 1 and m6 2.

Solution: 6 1 is vertical angles with 18◦, so m6 1 = 18◦. 6 2 is a linear pair with 6 1 or 18◦, so 18◦ + m6 2 =
180◦. m6 2 = 180◦−18◦ = 162◦.

Know What? Revisited The compass has several vertical angles and all of the smaller angles are 22.5◦,180◦÷8.
Directions that are opposite each other, have the same angle measure, but of course, a different direction. All of the
green directions have the same angle measure, 22.5◦, and the purple have the same angle measure, 45◦. N, S, E and
W all have different measures, even though they are all 90◦ apart.
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Review Questions

1. Find the measure of an angle that is complementary to 6 ABC if m6 ABC is

a. 45◦

b. 82◦

c. 19◦

d. z◦

2. Find the measure of an angle that is supplementary to 6 ABC if m6 ABC is

a. 45◦

b. 118◦

c. 32◦

d. x◦

Use the diagram below for exercises 3-7. Note that NK⊥←→IL .

3. Name one pair of vertical angles.
4. Name one linear pair of angles.
5. Name two complementary angles.
6. Name two supplementary angles.
7. Given that m6 IJN = 63◦, find:

a. m6 JNL
b. m6 KNL
c. m6 MNL
d. m6 MNI

For 8-15, determine if the statement is ALWAYS true, SOMETIMES true or NEVER true.

8. Vertical angles are congruent.
9. Linear pairs are congruent.

10. Complementary angles add up to 180◦.
11. Supplementary angles add up to 180◦

12. Adjacent angles share a vertex.
13. Adjacent angles overlap.
14. Complementary angles are 45◦.
15. The complement of x◦ is (90− x)◦.

For 16-25, find the value of x or y.
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16.

17.

18.

19.

20.

21.

22.
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23.
24. Find x.
25. Find y.

Find x and y in the following diagrams.

26.

27.

Algebra Connection. Use factoring or the quadratic formula to solve for the variables.

28.

29.
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30.

31.

Review Queue Answers

a. x+26 = 3x−8
34 = 2x
17 = x

b. (7y+6)◦ = 90◦

7y = 84◦

y = 12◦

c. z+15 = 5z+9
6 = 4z
1.5 = z
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2.10 Proofs about Angle Pairs and Segments

Learning Objectives

• Use theorems about special pairs of angles.
• Use theorems about right angles and midpoints.

Review Queue

Write a 2-column proof

1. Given: V X is the angle bisector of 6 WVY .

VY is the angle bisector of 6 XV Z.

Prove: 6 WV X ∼= 6 YV Z

Know What? The game of pool relies heavily on angles. The angle at which you hit the cue ball with your cue
determines if a) you hit the yellow ball and b) if you can hit it into a pocket.
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The top picture on the right illustrates if you were to hit the cue ball straight on and then hit the yellow ball. The
orange line shows the path that the cue ball and then the yellow ball would take. You notice that m 6 1 = 56◦. With
a little focus, you notice that it makes more sense to approach the ball from the other side of the table and bank it
off of the opposite side (see lower picture with the white path). You measure and need to hit the cue ball so that it
hits the side of the table at a 50◦ angle (this would be m 6 2). 6 3 and 6 4 are called the angles of reflection. Find the
measures of these angles and how they relate to 6 1 and 6 2.

If you would like to play with the angles of pool, click the link for an interactive game. http://www.coolmath-game
s.com/0-poolgeometry/index.html

Naming Angles

As we learned in Chapter 1, angles can be addressed by numbers and three letters, where the letter in the middle is
the vertex. We can shorten this label to one letter if there is only one angle with that vertex.

All of the angles in this parallelogram can be labeled by one letter, the vertex, instead of three.

6 MLP can be6 L 6 LMO can be 6 M
6 MOP can be 6 O 6 OPL can be6 P

This shortcut will now be used when applicable.

Right Angle Theorem: If two angles are right angles, then the angles are congruent.
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Proof of the Right Angle Theorem

Given: 6 A and 6 B are right angles

Prove: 6 A∼= 6 B

TABLE 2.21:

Statement Reason
1. 6 A and 6 B are right angles Given
2. m6 A = 90◦ and m6 B = 90◦ Definition of right angles
3. m6 A = m 6 B Transitive PoE
4. 6 A∼= 6 B ∼= angles have = measures

This theorem may seem redundant, but anytime right angles are mentioned, you need to use this theorem to say the
angles are congruent.

Same Angle Supplements Theorem: If two angles are supplementary to the same angle then the angles are
congruent.

So, if m6 A+m 6 B = 180◦ and m 6 C+m6 B = 180◦, then m6 A = m 6 C. Using numbers to illustrate, we could say
that if 6 A is supplementary to an angle measuring 56◦, then m6 A = 124◦. 6 C is also supplementary to 56◦, so it too
is 124◦. Therefore, m6 A = m 6 C. This example, however, does not constitute a proof.

Proof of the Same Angles Supplements Theorem

Given: 6 A and 6 B are supplementary angles. 6 B and 6 C are supplementary angles.

Prove: 6 A∼= 6 C

TABLE 2.22:

Statement Reason
1. 6 A and 6 B are supplementary 6 B and 6 C are
supplementary

Given

2. m6 A+m 6 B = 180◦

m 6 B+m6 C = 180◦ Definition of supplementary angles
3. m 6 A+m 6 B = m6 B+m6 C Substitution PoE
4. m6 A = m 6 C Subtraction PoE
5. 6 A∼= 6 C ∼= angles have = measures

Example 1: Given that 6 1∼= 6 4 and 6 C and 6 F are right angles, show which angles are congruent.
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Solution: By the Right Angle Theorem, 6 C ∼= 6 F . Also, 6 2 ∼= 6 3 by the Same Angles Supplements Theorem. 6 1
and 6 2 are a linear pair, so they add up to 180◦. 6 3 and 6 4 are also a linear pair and add up to 180◦. Because 6 1∼= 6 4,
we can substitute 6 1 in for 6 4 and then 6 2 and 6 3 are supplementary to the same angle, making them congruent.

This is an example of a paragraph proof. Instead of organizing the proof in two columns, you explain everything
in sentences.

Same Angle Complements Theorem: If two angles are complementary to the same angle then the angles are
congruent.

So, if m 6 A+m6 B = 90◦ and m 6 C +m 6 B = 90◦, then m6 A = m 6 C. Using numbers, we could say that if 6 A is
supplementary to an angle measuring 56◦, then m6 A = 34◦. 6 C is also supplementary to 56◦, so it too is 34◦.
Therefore, m6 A = m6 C.

The proof of the Same Angles Complements Theorem is in the Review Questions. Use the proof of the Same Angles
Supplements Theorem to help you.

Vertical Angles Theorem

Recall the Vertical Angles Theorem from Chapter 1. We will do a formal proof here.

Given: Lines k and m intersect.

Prove: 6 1∼= 6 3 and 6 2∼= 6 4

TABLE 2.23:

Statement Reason
1. Lines k and m intersect Given
2. 6 1 and 6 2 are a linear pair
6 2 and 6 3 are a linear pair
6 3 and 6 4 are a linear pair

Definition of a Linear Pair

3. 6 1 and 6 2 are supplementary
6 2 and 6 3 are supplementary
6 3 and 6 4 are supplementary

Linear Pair Postulate

4. m6 1+m 6 2 = 180◦

m 6 2+m6 3 = 180◦
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TABLE 2.23: (continued)

Statement Reason
m 6 3+m6 4 = 180◦ Definition of Supplementary Angles
5. m6 1+m 6 2 = m6 2+m6 3
m 6 2+m6 3 = m 6 3+m6 4 Substitution PoE
6. m6 1 = m6 3,m 6 2 = m6 4 Subtraction PoE
7. 6 1∼= 6 3, 6 2∼= 6 4 ∼= angles have = measures

In this proof we combined everything. You could have done two separate proofs, one for 6 1 ∼= 6 3 and one for
6 2∼= 6 4.

Example 2: In the picture 6 2∼= 6 3 and k⊥p.

Each pair below is congruent. State why.

a) 6 1 and 6 5

b) 6 1 and 6 4

c) 6 2 and 6 6

d) 6 3 and 6 7

e) 6 6 and 6 7

f) 6 3 and 6 6

g) 6 4 and 6 5

Solution:

a), c) and d) Vertical Angles Theorem

b) and g) Same Angles Complements Theorem

e) and f) Vertical Angles Theorem followed by the Transitive Property

Example 3: Write a two-column proof.

Given: 6 1∼= 6 2 and 6 3∼= 6 4

Prove: 6 1∼= 6 4
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Solution:

TABLE 2.24:

Statement Reason
1. 6 1∼= 6 2 and 6 3∼= 6 4 Given
2. 6 2∼= 6 3 Vertical Angles Theorem
3. 6 1∼= 6 4 Transitive PoC

Know What? Revisited If m6 2 = 50◦, then

m6 3 = 50◦. Draw a perpendicular line at the point of reflection and the laws of reflection state that the angle of
incidence is equal to the angle of reflection. So, this is a case of the Same Angles Complements Theorem. 6 2∼= 6 3
because the angle of incidence and the angle of reflection are equal. We can also use this to find m6 4, which is 56◦.

Review Questions

Write a two-column proof for questions 1-10.

1. Given: AC⊥BD and 6 1∼= 6 4Prove: 6 2∼= 6 3

2. Given: 6 MLN ∼= 6 OLPProve: 6 MLO∼= 6 NLP
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3. Given: AE⊥EC and BE⊥EDProve: 6 1∼= 6 3

4. Given: 6 L is supplementary to 6 M 6 P is supplementary to 6 O6 L∼= 6 OProve: 6 P∼= 6 M

5. Given: 6 1∼= 6 4Prove: 6 2∼= 6 3

6. Given: 6 C and 6 F are right angles Prove: m 6 C+m6 F = 180◦
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7. Given: l⊥mProve: 6 1∼= 6 2

8. Given: m6 1 =90◦Prove: m6 2 = 90◦

9. Given: l⊥mProve: 6 1 and 6 2 are complements

10. Given: l⊥m6 2∼= 6 6Prove: 6 6∼= 6 5

Use the picture for questions 11-20.

Given: H is the midpoint of AE,MP and GC

M is the midpoint of GA

P is the midpoint of CE

AE⊥GC
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11. List two pairs of vertical angles.
12. List all the pairs of congruent segments.
13. List two linear pairs that do not have H as the vertex.
14. List a right angle.
15. List two pairs of adjacent angles that are NOT linear pairs.
16. What is the perpendicular bisector of AE?
17. List two bisectors of MP.
18. List a pair of complementary angles.
19. If GC is an angle bisector of 6 AGE, what two angles are congruent?
20. Fill in the blanks for the proof below. Given: Picture above and 6 ACH ∼= 6 ECHProve: CH is the angle

bisector of 6 ACE

TABLE 2.25:

Statement Reason
1. 6 ACH ∼= 6 ECH
CH is on the interior of 6 ACE
2. m6 ACH = m6 ECH
3. Angle Addition Postulate
4. Substitution
5. m6 ACE = 2m 6 ACH
6. Division PoE
7.

For questions 21-25, find the measure of the lettered angles in the picture below.

21. a
22. b
23. c
24. d
25. e (hint: e is complementary to b)

For questions 26-35, find the measure of the lettered angles in the picture below. Hint: Recall the sum of the three
angles in a triangle is 180◦.
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26. a
27. b
28. c
29. d
30. e
31. f
32. g
33. h
34. j
35. k

Review Queue Answers

1.

TABLE 2.26:

Statement Reason
1. V X is an 6 bisector of 6 WVY
VY is an 6 bisector of 6 XV Z

Given

2. 6 WV X ∼= 6 XVY
6 XVY ∼= 6 YV Z

Definition of an angle bisector

3. 6 WV X ∼= 6 YV Z Transitive Property
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2.11 Properties of Parallel Lines

Learning Objectives

• Use the Corresponding Angles Postulate.
• Use the Alternate Interior Angles Theorem.
• Use the Alternate Exterior Angles Theorem.
• Use Same Side (Consecutive) Interior Angles Theorem.

Review Queue

Use the picture below to determine:

a. A pair of corresponding angles.
b. A pair of alternate interior angles.
c. A pair of same side interior angles.
d. If m 6 4 = 37◦, what other angles do you know?

Know What? The streets below are in Washington DC. The red street is R St. and the blue street is Q St. These two
streets are parallel. The transversals are: Rhode Island Ave. (green) and Florida Ave. (orange).

a. If m 6 FT S = 35◦, determine the other angles that are 35◦.
b. If m 6 SQV = 160◦, determine the other angles that are 160◦.
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c. Why do you think the “State Streets” exists? Why aren’t all the streets parallel or perpendicular?

In this section, we are going to discuss a specific case of two lines cut by a transversal. The two lines are now going
to be parallel. If the two lines are parallel, all of the angles, corresponding, alternate interior, alternate exterior and
same side interior have new properties. We will begin with corresponding angles.

Corresponding Angles Postulate

Corresponding Angles Postulate: If two parallel lines are cut by a transversal, then the corresponding angles are
congruent.

If l || m and both are cut by t, then 6 1∼= 6 5, 6 2∼= 6 6, 6 3∼= 6 7, and 6 4∼= 6 8.

lmust be parallel to m in order to use this postulate. Recall that a postulate is just like a theorem, but does not need
to be proven. We can take it as true and use it just like a theorem from this point.

Investigation 3-4: Corresponding Angles Exploration

You will need: paper, ruler, protractor

a. Place your ruler on the paper. On either side of the ruler, draw lines, 3 inches long. This is the easiest way to
ensure that the lines are parallel.

b. Remove the ruler and draw a transversal. Label the eight angles as shown.
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c. Using your protractor, measure all of the angles. What do you notice?

In this investigation, you should see that m6 1 = m6 4 = m6 5 = m6 8 and m6 2 = m6 3 = m6 6 = m6 7. 6 1∼= 6 4, 6 5∼=
6 8 by the Vertical Angles Theorem. By the Corresponding Angles Postulate, we can say 6 1 ∼= 6 5 and therefore
6 1∼= 6 8 by the Transitive Property. You can use this reasoning for the other set of congruent angles as well.

Example 1: If m6 2 = 76◦, what is m6 6?

Solution: 6 2 and 6 6 are corresponding angles and l || m, from the markings in the picture. By the Corresponding
Angles Postulate the two angles are equal, so m 6 6 = 76◦.

Example 2: Using the measures of 6 2 and 6 6 from Example 2, find all the other angle measures.

Solution: If m6 2 = 76◦, then m6 1 = 180◦− 76◦ = 104◦ because they are a linear pair. 6 3 is a vertical angle with
6 2, so m6 3 = 76◦. 6 1 and 6 4 are vertical angles, so m6 4 = 104◦. By the Corresponding Angles Postulate, we know
6 1∼= 6 5, 6 2∼= 6 6, 6 3∼= 6 7, and 6 4∼= 6 8, so m6 5 = 104◦, m6 6 = 76◦, m6 7 = 76◦, and m6 104◦.

Alternate Interior Angles Theorem

Example 3: Find m6 1.

Solution: m6 2 = 115◦ because they are corresponding angles and the lines are parallel. 6 1 and 6 2 are vertical
angles, so m6 1 = 115◦ also.

6 1 and the 115◦ angle are alternate interior angles.

Alternate Interior Angles Theorem: If two parallel lines are cut by a transversal, then the alternate interior angles
are congruent.
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Proof of Alternate Interior Angles Theorem

Given: l || m

Prove: 6 3∼= 6 6

TABLE 2.27:

Statement Reason
1. l || m Given
2. 6 3∼= 6 7 Corresponding Angles Postulate
3. 6 7∼= 6 6 Vertical Angles Theorem
4. 6 3∼= 6 6 Transitive PoC

There are several ways we could have done this proof. For example, Step 2 could have been 6 2 ∼= 6 6 for the same
reason, followed by 6 2∼= 6 3. We could have also proved that 6 4∼= 6 5.

Example 4: Algebra Connection Find the measure of the angle and x.

Solution: The two given angles are alternate interior angles so, they are equal. Set the two expressions equal to each
other and solve for x.

(4x−10)◦ = 58◦

4x = 68◦

x = 17◦

Alternate Exterior Angles Theorem

Example 5: Find m6 1 and m6 3.
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Solution: m 6 1 = 47◦ because they are vertical angles. Because the lines are parallel, m6 3 = 47◦ by the Correspond-
ing Angles Theorem. Therefore, m6 2 = 47◦.

6 1 and 6 3 are alternate exterior angles.

Alternate Exterior Angles Theorem: If two parallel lines are cut by a transversal, then the alternate exterior angles
are congruent.

The proof of this theorem is very similar to that of the Alternate Interior Angles Theorem and you will be asked to
do in the exercises at the end of this section.

Example 6: Algebra Connection Find the measure of each angle and the value of y.

Solution: The given angles are alternate exterior angles. Because the lines are parallel, we can set the expressions
equal to each other to solve the problem.

(3y+53)◦ = (7y−55)◦

108◦ = 4y

27◦ = y

If y = 27◦, then each angle is 3(27◦)+53◦, or 134◦.

Same Side (Consecutive) Interior Angles Theorem

Same side interior angles have a different relationship that the previously discussed angle pairs.

Example 7: Find m6 2.
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Solution: Here, m6 1 = 66◦ because they are alternate interior angles. 6 1 and 6 2 are a linear pair, so they are
supplementary.

m 6 1+m6 2 = 180◦

66◦+m6 2 = 180◦

m6 2 = 114◦

This example shows that if two parallel lines are cut by a transversal, the same side interior angles are supplementary.

Same Side Interior Angles Theorem: If two parallel lines are cut by a transversal, then the same side interior
angles are supplementary.

If l || m and both are cut by t, then

m6 3+m 6 5 = 180◦ and m6 4+m6 6 = 180◦.

You will be asked to do the proof of this theorem in the review questions.

Example 8: Algebra Connection Find the measure of x.
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Solution: The given angles are same side interior angles. The lines are parallel, therefore the angles add up to 180◦.
Write an equation.

(2x+43)◦+(2x−3)◦ = 180◦

(4x+40)◦ = 180◦

4x = 140◦

x = 35◦

While you might notice other angle relationships, there are no more theorems to worry about. However, we will
continue to explore these other angle relationships. For example, same side exterior angles are also supplementary.
You will prove this in the review questions.

Example 9: l || m and s || t. Prove 6 1∼= 6 16.

Solution:

TABLE 2.28:

Statement Reason
1. l || m and s || t Given
2. 6 1∼= 6 3 Corresponding Angles Postulate
3. 6 3∼= 6 16 Alternate Exterior Angles Theorem
4. 6 1∼= 6 16 Transitive PoC

Know What? Revisited Using what we have learned in this lesson, the other angles that are 35◦ are 6 T LQ, 6 ET L,
and the vertical angle with 6 T LQ. The other angles that are 160◦ are 6 FSR, 6 T SQ, and the vertical angle with
6 SQV . You could argue that the “State Streets” exist to help traffic move faster and more efficiently through the city.

Review Questions

For questions 1-7, determine if each angle pair below is congruent, supplementary or neither.
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1. 6 1 and 6 7
2. 6 4 and 6 2
3. 6 6 and 6 3
4. 6 5 and 6 8
5. 6 1 and 6 6
6. 6 4 and 6 6
7. 6 2 and 6 3

For questions 8-16, determine if the angle pairs below are: Corresponding Angles, Alternate Interior Angles,
Alternate Exterior Angles, Same Side Interior Angles, Vertical Angles, Linear Pair or None.

8. 6 2 and 6 13
9. 6 7 and 6 12

10. 6 1 and 6 11
11. 6 6 and 6 10
12. 6 14 and 6 9
13. 6 3 and 6 11
14. 6 4 and 6 15
15. 6 5 and 6 16
16. List all angles congruent to 6 8.

For 17-20, find the values of x and y.

17.
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18.

19.

20.

Algebra Connection For questions 21-25, use thepicture to the right. Find the value of x and/or y.

21. m6 1 = (4x+35)◦, m6 8 = (7x−40)◦

22. m6 2 = (3y+14)◦, m 6 6 = (8x−76)◦

23. m6 3 = (3x+12)◦, m6 5 = (5x+8)◦

24. m6 4 = (5x−33)◦, m6 5 = (2x+60)◦

25. m6 1 = (11y−15)◦, m6 7 = (5y+3)◦

26. Fill in the blanks in the proof below.

Given: l || mProve: 6 3 and 6 5 are supplementary (Same Side Interior Angles Theorem)
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TABLE 2.29:

Statement Reason
1. Given
2. 6 1∼= 6 5
3. ∼= angles have = measures
4. Linear Pair Postulate
5. Definition of Supplementary Angles
6. m6 3+m 6 5 = 180◦

7. 6 3 and 6 5 are supplementary

For 27 and 28, use the picture to the right to complete each proof.

27. Given: l || mProve: 6 1∼= 6 8 (Alternate Exterior Angles Theorem)
28. Given: l || mProve: 6 2 and 6 8 are supplementary

For 29-31, use the picture to the right to complete each proof.

29. Given: l || m, s || tProve: 6 4∼= 6 10
30. Given: l || m, s || tProve: 6 2∼= 6 15
31. Given: l || m, s || tProve: 6 4 and 6 9 are supplementary
32. Find the measures of all the numbered angles in the figure below.
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Algebra Connection For 32 and 33, find the values of x and y.

33.

34.
35. Error Analysis Nadia is working on Problem 31. Here is her proof:

TABLE 2.30:

Statement Reason
1. l || m, s || t Given
2. 6 4∼= 6 15 Alternate Exterior Angles Theorem
3. 6 15∼= 6 14 Same Side Interior Angles Theorem
4. 6 14∼= 6 9 Vertical Angles Theorem
5. 6 4∼= 6 9 Transitive PoC

What happened? Explain what is needed to be done to make the proof correct.

Review Queue Answers

a. 6 1 and 6 6, 6 2 and 6 8, 6 3 and 6 7, or 6 4 and 6 5
b. 6 2 and 6 5 or 6 3 and 6 6
c. 6 1 and 6 7 or 6 4 and 6 8
d. 6 3 and 6 5 or 6 2 and 6 6
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2.12 Proving Lines Parallel

Learning Objectives

• Use the converses of the Corresponding Angles Postulate, Alternate Interior Angles Theorem, Alternate
Exterior Angles Theorem, and the Same Side Interior Angles Theorem to show that lines are parallel.

• Construct parallel lines using the above converses.
• Use the Parallel Lines Property.

Review Queue

Answer the following questions.

a. Write the converse of the following statements:

a. If it is summer, then I am out of school.
b. I will go to the mall when I am done with my homework.
c. If two parallel lines are cut by a transversal, then the corresponding angles are congruent.

b. Are any of the three converses from #1 true? Why or why not? Give a counterexample.
c. Determine the value of x if l || m.

Know What? Here is a picture of the support beams for the Coronado Bridge in San Diego. This particular bridge,
called a girder bridge, is usually used in straight, horizontal situations. The Coronado Bridge is diagonal, so the
beams are subject to twisting forces (called torque). This can be fixed by building a curved bridge deck. To aid
the curved bridge deck, the support beams should not be parallel. If they are, the bridge would be too fragile and
susceptible to damage.
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This bridge was designed so that 6 1 = 92◦ and 6 2 = 88◦. Are the support beams parallel?

Corresponding Angles Converse

Recall that the converse of a statement switches the conclusion and the hypothesis. So, if a, then b becomes if b,
then a. We will find the converse of all the theorems from the last section and will determine if they are true.

The Corresponding Angles Postulate says: If two lines are parallel, then the corresponding angles are congruent.
The converse is:

Converse of Corresponding Angles Postulate: If corresponding angles are congruent when two lines are cut by a
transversal, then the lines are parallel.

Is this true? For example, if the corresponding angles both measured 60◦, would the lines be parallel? YES. All
eight angles created by l, m and the transversal are either 60◦ or 120◦, making the slopes of l and m the same which
makes them parallel. This can also be seen by using a construction.

Investigation 3-5: Creating Parallel Lines using Corresponding Angles

a. Draw two intersecting lines. Make sure they are not perpendicular. Label them l and m, and the point of
intersection, A, as shown.

b. Create a point, B, on line m, above A.
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c. Copy the acute angle at A (the angle to the right of m) at point B. See Investigation 2-2 in Chapter 2 for the
directions on how to copy an angle.

d. Draw the line from the arc intersections to point B.

From this construction, we can see that the lines are parallel.

Example 1: If m6 8 = 110◦ and m 6 4 = 110◦, then what do we know about lines l and m?

Solution: 6 8 and 6 4 are corresponding angles. Since m6 8 = m 6 4, we can conclude that l || m.

Alternate Interior Angles Converse

We also know, from the last lesson, that when parallel lines are cut by a transversal, the alternate interior angles are
congruent. The converse of this theorem is also true:

Converse of Alternate Interior Angles Theorem: If two lines are cut by a transversal and alternate interior angles
are congruent, then the lines are parallel.
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Example 3: Prove the Converse of the Alternate Interior Angles Theorem.

Given: l and m and transversal t

6 3∼= 6 6

Prove: l || m

Solution:

TABLE 2.31:

Statement Reason
1. l and m and transversal t 6 3∼= 6 6 Given
2. 6 3∼= 6 2 Vertical Angles Theorem
3. 6 2∼= 6 6 Transitive PoC
4. l || m Converse of the Corresponding Angles Postulate

Prove Move: Shorten the names of these theorems. Discuss with your teacher an appropriate abbreviations. For
example, the Converse of the Corresponding Angles Theorem could be “Converse CA Thm” or “ConvCA.”

Notice that the Corresponding Angles Postulate was not used in this proof. The Transitive Property is the reason for
Step 3 because we do not know if l is parallel to m until we are done with the proof. You could conclude that if we
are trying to prove two lines are parallel, the converse theorems will be used. And, if we are proving two angles are
congruent, we must be given that the two lines are parallel.

Example 4: Is l || m?

Solution: First, find m6 1. We know its linear pair is 109◦. By the Linear Pair Postulate, these two angles add up to
180◦, so m6 1 = 180◦−109◦ = 71◦. This means that l || m, by the Converse of the Corresponding Angles Postulate.

Example 5: Algebra Connection What does x have to be to make a || b?

Solution: Because these are alternate interior angles, they must be equal for a || b. Set the expressions equal to each
other and solve.
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3x+16◦ = 5x−54◦

70◦ = 2x

35◦ = x To make a || b, x = 35◦.

Converse of Alternate Exterior Angles & Consecutive Interior Angles

You have probably guessed that the converse of the Alternate Exterior Angles Theorem and the Consecutive Interior
Angles Theorem areal so true.

Converse of the Alternate Exterior Angles Theorem: If two lines are cut by a transversal and the alternate exterior
angles are congruent, then the lines are parallel.

Example 6: Real-World Situation The map below shows three roads in Julio’s town.

Julio used a surveying tool to measure two angles at the intersections in this picture he drew (NOT to scale). Julio
wants to know if Franklin Way is parallel to Chavez Avenue.

Solution: The labeled 130◦ angle and 6 a are alternate exterior angles. If m6 a = 130◦, then the lines are parallel. To
find m6 a, use the other labeled angle which is 40◦, and its linear pair. Therefore, 6 a+40◦ = 180◦ and 6 a = 140◦.
140◦ 6= 130◦, so Franklin Way and Chavez Avenue are not parallel streets.

The final converse theorem is of the Same Side Interior Angles Theorem. Remember that these angles are not
congruent when lines are parallel, they are supplementary.

Converse of the Same Side Interior Angles Theorem: If two lines are cut by a transversal and the consecutive
interior angles are supplementary, then the lines are parallel.

Example 7: Is l || m? How do you know?
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Solution: These are Same Side Interior Angles. So, if they add up to 180◦, then l || m. 113◦+67◦ = 180◦, therefore
l || m.

Parallel Lines Property

The Parallel Lines Property is a transitive property that can be applied to parallel lines. Remember the Transitive
Property of Equality is: If a = b and b = c, then a = c. The Parallel Lines Property changes = to ||.

Parallel Lines Property: If lines l || m and m || n, then l || n.

Example 8: Are lines q and r parallel?

Solution: First find if p || q, followed by p || r. If so, then q || r.

p || q by the Converse of the Corresponding Angles Postulate, the corresponding angles are 65◦. p || r by the
Converse of the Alternate Exterior Angles Theorem, the alternate exterior angles are 115◦. Therefore, by the Parallel
Lines Property, q || r.

Know What? Revisited: The CoronadoBridge has 6 1 and 6 2, which are corresponding angles. These angles must
be equal for the beams to be parallel. 6 1 = 92◦ and 6 2 = 88◦ and 92◦ 6= 88◦, so the beams are not parallel, therefore
a sturdy and safe girder bridge.

Review Questions

1. Construction Using Investigation 3-1 to help you, show that two lines are parallel by constructing congruent
alternate interior angles. HINT: Steps 1 and 2 will be exactly the same, but at step 3, you will copy the angle
in a different location.
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2. Construction Using Investigation 3-1 to help you, show that two lines are parallel by constructing supplemen-
tary consecutive interior angles. HINT: Steps 1 and 2 will be exactly the same, but at step 3, you will copy a
different angle.

For Questions 3-5, fill in the blanks in the proofs below.

3. Given: l || m, p || qProve: 6 1∼= 6 2

TABLE 2.32:

Statement Reason
1. l || m 1.
2. 2. Corresponding Angles Postulate
3. p || q 3.
4. 4.
5. 6 1∼= 6 2 5.

4. Given: p || q, 6 1∼= 6 2Prove: l || m

TABLE 2.33:

Statement Reason
1. p || q 1.
2. 2. Corresponding Angles Postulate
3. 6 1∼= 6 2 3.
4. 4. Transitive PoC
5. 5. Converse of Alternate Interior Angles Theorem
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5. Given: 6 1∼= 6 2, 6 3∼= 6 4Prove: l || m

TABLE 2.34:

Statement Reason
1. 6 1∼= 6 2 1.
2. l || n 2.
3. 6 3∼= 6 4 3.
4. 4. Converse of Alternate Interior Angles Theorem
5. l || m 5.

For Questions 6-9, create your own two column proof.

6. Given: m⊥ l, n⊥ lProve: m || n

7. Given: 6 1∼= 6 3Prove: 6 1 and 6 4 are supplementary

8. Given: 6 2∼= 6 4Prove: 6 1∼= 6 3
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9. Given: 6 2∼= 6 3Prove: 6 1∼= 6 4

In 10-15, use the given information to determine which lines are parallel. If there are none, write none. Consider
each question individually.

10. 6 LCD∼= 6 CJI
11. 6 BCE and 6 BAF are supplementary
12. 6 FGH ∼= 6 EIJ
13. 6 BFH ∼= 6 CEI
14. 6 LBA∼= 6 IHK
15. 6 ABG∼= 6 BGH

In 16-22, find the measure of the lettered angles below.
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16. m6 1
17. m6 2
18. m6 3
19. m6 4
20. m6 5
21. m6 6
22. m6 7

For 23-27, what does x have to measure to make the lines parallel?

23. m6 3 = (3x+25)◦ and m6 5 = (4x−55)◦

24. m6 2 = (8x)◦ and m 6 7 = (11x−36)◦

25. m6 1 = (6x−5)◦ and m 6 5 = (5x+7)◦

26. m6 4 = (3x−7)◦ and m 6 7 = (5x−21)◦

27. m6 1 = (9x)◦ and m 6 6 = (37x)◦

28. Construction Draw a straight line. Construct a line perpendicular to this line through a point on the line. Now,
construct a perpendicular line to this new line. What can you conclude about the original line and this final
line?

29. How could you prove your conjecture from problem 28?
30. What is wrong in the following diagram, given that j || k?

180

http://www.ck12.org


www.ck12.org Chapter 2. Angles and Lines

Review Queue Answers

a. a. If I am out of school, then it is summer.
b. If I go to the mall, then I am done with my homework.
c. If corresponding angles created by two lines cut by a transversal are congruent, then the two lines are

parallel.

a. Not true, I could be out of school on any school holiday or weekend during the school year.
b. Not true, I don’t have to be done with my homework to go to the mall.
c. Yes, because if two corresponding angles are congruent, then the slopes of these two lines have to be the

same, making the lines parallel.

b. The two angles are supplementary.

(17x+14)◦+(4x−2)◦ = 180◦

21x+12◦ = 180◦

21x = 168◦

x = 8◦

181

http://www.ck12.org


2.13. Properties of Perpendicular Lines www.ck12.org

2.13 Properties of Perpendicular Lines

Learning Objectives

• Understand the properties of perpendicular lines.
• Explore problems with parallel lines and a perpendicular transversal.
• Solve problems involving complementary adjacent angles.

Review Queue

Determine if the following statements are true or false. If they are true, write the converse. If they are false, find a
counter example.

1. Perpendicular lines form four right angles.

2. A right angle is greater than or equal to 90◦.

Find the slope between the two given points.

3. (-3, 4) and (-3, 1)

4. (6, 7) and (-5, 7)

Know What? There are several examples of slope in nature. To the right are pictures of Half Dome, in Yosemite-
National Park and the horizon over the Pacific Ocean. These are examples of horizontal and vertical lines in real
life. Can you determine the slope of these lines?

Congruent Linear Pairs

Recall that a linear pair is a pair of adjacent angles whose outer sides form a straight line. The Linear Pair Postulate
says that the angles in a linear pair are supplementary. What happens when the angles in a linear pair are congruent?
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m6 ABD+m 6 DBC = 180◦ Linear Pair Postulate

m6 ABD = m6 DBC The two angles are congruent

m6 ABD+m6 ABD = 180◦ Substitution PoE

2m6 ABD = 180◦ Combine like terms

m6 ABD = 90◦ Division PoE

So, anytime a linear pair is congruent, the angles are both 90◦.

Example 1: Find m6 CTA.

Solution: First, these two angles form a linear pair. Second, from the marking, we know that 6 STC is a right angle.
Therefore, m6 STC = 90◦. So, m6 CTA is also 90◦.

Perpendicular Transversals

Recall that when two lines intersect, four angles are created. If the two lines are perpendicular, then all four angles
are right angles, even though only one needs to be marked with the square. Therefore, all four angles are 90◦.

When a parallel line is added, then there are eight angles formed. If l || m and n⊥ l, is n⊥ m? Let’s prove it here.
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Given: l || m, l ⊥ n

Prove: n⊥ m

TABLE 2.35:

Statement Reason
1. l || m, l ⊥ n Given
2. 6 1, 6 2, 6 3, and 6 4 are right angles Definition of perpendicular lines
3. m6 1 = 90◦ Definition of a right angle
4. m6 1 = m6 5 Corresponding Angles Postulate
5. m6 5 = 90◦ Transitive PoE
6. m6 6 = m6 7 = 90◦ Congruent Linear Pairs
7. m6 8 = 90◦ Vertical Angles Theorem
8. 6 5, 6 6, 6 7, and 6 8 are right angles Definition of right angle
9. n⊥ m Definition of perpendicular lines

Theorem 3-1: If two lines are parallel and a third line is perpendicular to one of the parallel lines, it is also
perpendicular to the other parallel line.

Or, if l || m and l ⊥ n, then n⊥ m.

Theorem 3-2: If two lines are perpendicular to the same line, they are parallel to each other.

Or, if l ⊥ n and n⊥ m, then l || m. You will prove this theorem in the review questions.

From these two theorems, we can now assume that any angle formed by two parallel lines and a perpendicular
transversal will always be 90◦.

Example 2: Determine the measure of 6 1.

Solution: From Theorem 3-1, we know that the lower parallel line is also perpendicular to the transversal. Therefore,
m6 1 = 90◦.

Click here to find out how to construct a perpendicular at a point on a line. Click here to find out how to
construct a perpendicular to a line through an external point. Try the constructions yourself.

Adjacent Complementary Angles

Recall that complementary angles add up to 90◦. If complementary angles are adjacent, their nonadjacent sides are
perpendicular rays. What you have learned about perpendicular lines can be applied to this situation.

Example 3: Find m6 1.

Solution: The two adjacent angles add up to 90◦, so l ⊥ m. Therefore, m6 1 = 90◦.
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Example 4: Is l ⊥ m? Explain why or why not.

Solution: If the two adjacent angles add up to 90◦, then l and m are perpendicular.

23◦+67◦ = 90◦. Therefore, l ⊥ m.

Know What? Revisited

Half Dome is vertical and the slope of any vertical line is undefined. Thousands of people flock to Half Dome to
attempt to scale the rock. This front side is very difficult to climb because it is vertical. The only way to scale the
front side is to use the provided cables at the base of the rock. http://www.nps.gov/yose/index.htm
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Any horizon over an ocean is horizontal, which has a slope of zero, or no slope. There is no steepness, so no incline
or decline. The complete opposite of Half Dome. Actually, if Half Dome was placed on top of an ocean or flat
ground, the two would be perpendicular!

Review Questions

Find the measure of 6 1 for each problem below.

1.

2.

3.

4.

5.
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6.

7.

8.

9.

For questions 10-13, use the picture below.

10. Find m6 ACD.
11. Find m6 CDB.
12. Find m6 EDB.
13. Find m6 CDE.

In questions 14-17, determine if l ⊥ m.
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14.

15.

16.

17.

For questions 18-25, use the picture below.

18. Find m6 1.
19. Find m6 2.
20. Find m6 3.
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21. Find m6 4.
22. Find m6 5.
23. Find m6 6.
24. Find m6 7.
25. Find m6 8.

Complete the proof.

26. Given: l ⊥ m, l ⊥ nProve: m || n

Algebra Connection Find the value of x.

27.

28.

29.

30.
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31.

32.

Review Queue Answers

a. True; If four right angles are formed by two intersecting lines, then the lines are perpendicular.
b. False; 95◦ is not a right angle.
c. Undefined slope; this is a vertical line.
d. Zero slope; this would be a horizontal line.
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2.14 Parallel and Perpendicular Lines in the Co-
ordinate Plane

Learning Objectives

• Compute slope.
• Determine the equation of parallel and perpendicular lines to a given line.
• Graph parallel and perpendicular lines in slope-intercept and standard form.

Review Queue

Find the slope between the following points.

1. (-3, 5) and (2, -5)

2. (7, -1) and (-2, 2)

3. Is x = 3 horizontal or vertical? How do you know?

Graph the following lines on an x− y plane.

4. y =−2x+3

5. y = 1
4 x−2

Know What? The picture to the right is the California Incline, a short piece of road that connects Highway 1 with
the city of Santa Monica. The length of the road is 1532 feet and has an elevation of 177 feet. You may assume that
the base of this incline is sea level, or zero feet. Can you find the slope of the California Incline?

HINT: You will need to use the Pythagorean Theorem, which has not been introduced in this class, but you may
have seen it in a previous math class.

Slope in the Coordinate Plane

Recall from Algebra I, The slope of the line between two points (x1, y1) and (x2, y2) is m = (y2−y1)
(x2−x1)

.

Different Types of Slope:
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Example 1: What is the slope of the line through (2, 2) and (4, 6)?

Solution: Use the slope formula to determine the slope. Use (2, 2) as (x1, y1) and (4, 6) as (x2, y2).

m =
6−2
4−2

=
4
2
= 2

Therefore, the slope of this line is 2.

This slope is positive. Recall that slope can also be the “rise over run.” In this case we “rise”, or go up 2, and “run”
in the positive direction 1.

Example 2: Find the slope between (-8, 3) and (2, -2).

Solution: m = −2−3
2−(−8) =

−5
10 =−1

2

This is a negative slope. Instead of “rising,” the negative slope means that you would “fall,” when finding points on
the line.

Example 3: Find the slope between (-5, -1) and (3, -1).
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Solution:

m =
−1− (−1)
3− (−5)

=
0
8
= 0

Therefore, the slope of this line is 0, which means that it is a horizontal line. Horizontallines always pass through
the y−axis. Notice that the y−coordinate for both points is -1. In fact, the y−coordinate for any point on this line is
-1. This means that the horizontal line must cross y =−1.

Example 4: What is the slope of the line through (3, 2) and (3, 6)?

Solution:

m =
6−2
3−3

=
4
0
= unde f ined

Therefore, the slope of this line is undefined, which means that it is a vertical line. Verticallines always pass through
the x−axis. Notice that the x−coordinate for both points is 3. In fact, the x−coordinate for any point on this line is
3. This means that the vertical line must cross x = 3.
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Slopes of Parallel Lines

Recall from earlier in the chapter that the definition of parallel is two lines that never intersect. In the coordinate
plane, that would look like this:

If we take a closer look at these two lines, we see that the slopes of both are 2
3 .

This can be generalized to any pair of parallel lines in the coordinate plane.

Parallel lines have the same slope.

Click here for a proof that parallel lines have the same slope.

Example 5: Find the equation of the line that is parallel to y =−1
3 x+4 and passes through (9, -5).

Recall that the equation of a line in this form is called the slope-intercept form and is written as y = mx+b where m
is the slope and b is the y−intercept. Here, x and y represent any coordinate pair, (x, y) on the line.

Solution: We know that parallel lines have the same slope, so the line we are trying to find also has m =−1
3 . Now,

we need to find the y−intercept. 4 is the y−intercept of the given line, not our new line. We need to plug in 9 for x
and -5 for y (this is our given coordinate pair that needs to be on the line) to solve for the new y−intercept (b).

−5 =−1
3
(9)+b

−5 =−3+b Therefore, the equation of line is y =−1
3

x−2.

−2 = b

Reminder: the final equation contains the variables x and y to indicate that the line contains and infinite number of
points or coordinate pairs that satisfy the equation.

Parallel lines always have the same slope and different y−intercepts.

Slopes of Perpendicular Lines

Recall from Chapter 1 that the definition of perpendicular is two lines that intersect at a 90◦, or right, angle. In the
coordinate plane, that would look like this:
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If we take a closer look at these two lines, we see that the slope of one is -4 and the other is 1
4 .

This can be generalized to any pair of perpendicular lines in the coordinate plane.

The slopes of perpendicular lines are opposite signs and reciprocals of each other.

Click here for a proof of the slope criterion of perpendicular lines.

Example 6: Find the slope of the perpendicular lines to the lines below.

a) y = 2x+3

b) y =−2
3 x−5

c) y = x+2

Solution: We are only concerned with the slope for each of these.

a) m = 2, so m⊥ is the reciprocal and negative, m⊥ =−1
2 .

b) m =−2
3 , take the reciprocal and make the slope positive, m⊥ = 3

2 .

c) Because there is no number in front of x, the slope is 1. The reciprocal of 1 is 1, so the only thing to do is make it
negative, m⊥ =−1.

Example 7: Find the equation of the line that is perpendicular to y =−1
3 x+4 and passes through (9, -5).

Solution: First, the slope is the reciprocal and opposite sign of−1
3 . So, m= 3. Now, we need to find the y−intercept.

4 is the y−intercept of the given line, not our new line. We need to plug in 9 for x and -5 for y to solve for the new
y−intercept (b).

−5 = 3(9)+b

−5 = 27+b Therefore, the equation of line is y = 3x−32.

−32 = b

What if two lines have the same slope and the same y-intercept? If so, the lines are called coincident lines.

For example, 15x+5y = 10 and 3x+ y = 2 are coincident lines. To prove it, find the slope and y-intercept of each
line.
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Graphing Parallel and Perpendicular Lines

Example 8: Find the equations of the lines below and determine if they are parallel, perpendicular or neither.

Solution: To find the equation of each line, start with the y−intercept. The top line has a y−intercept of 1. From
there, determine the slope triangle, or the “rise over run.” From the y−intercept, if you go up 1 and over 2, you hit
the line again. Therefore, the slope of this line is 1

2 . The equation is y = 1
2 x+1. For the second line, the y−intercept

is -3. Again, start here to determine the slope and if you “rise” 1 and “run” 2, you run into the line again, making the
slope 1

2 . The equation of this line is y = 1
2 x−3. The lines are parallel because they have the same slope.

Example 9: Graph 3x−4y = 8 and 4x+3y = 15. Determine if they are parallel, perpendicular, or neither.

Solution: First, we have to change each equation into slope-intercept form. In other words, we need to solve each
equation for y.

3x−4y = 8 4x+3y = 15

−4y =−3x+8 3y =−4x+15

y =
3
4

x−2 y =−4
3

x+5

Now that the lines are in slope-intercept form (also called y−intercept form), we can tell they are perpendicular
because the slopes are opposites signs and reciprocals.

To graph the two lines, plot the y−intercept on the y−axis. From there, use the slope to rise and then run. For the
first line, you would plot -2 and then rise 3 and run 4, making the next point on the line (1, 4). For the second line,
plot 5 and then fall (because the slop is negative) 4 and run 3, making the next point on the line (1, 3).
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Know What? Revisited In order to find the slope, we need to first find the horizontal distance in the triangle to the
right. This triangle represents the incline and the elevation. To find the horizontal distance, or the run, we need to
use the Pythagorean Theorem, a2 +b2 = c2, where c is the hypotenuse.

1772 + run2 = 15322

31,329+ run2 = 2,347,024

run2 = 2,315,695

run≈ 1521.75

The slope is then 177
1521.75 , which is roughly 3

25 .

Review Questions

Find the slope between the two given points.

1. (4, -1) and (-2, -3)
2. (-9, 5) and (-6, 2)
3. (7, 2) and (-7, -2)
4. (-6, 0) and (-1, -10)
5. (1, -2) and (3, 6)
6. (-4, 5) and (-4, -3)

Determine if each pair of lines are parallel, perpendicular, or neither. Then, graph each pair on the same set of axes.

7. y =−2x+3 and y = 1
2 x+3
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8. y = 4x−2 and y = 4x+5
9. y =−x+5 and y = x+1

10. y =−3x+1 and y = 3x−1
11. 2x−3y = 6 and 3x+2y = 6
12. 5x+2y =−4 and 5x+2y = 8
13. x−3y =−3 and x+3y = 9
14. x+ y = 6 and 4x+4y =−16

Determine the equation of the line that is parallel to the given line, through the given point.

15. y =−5x+1; (−2, 3)
16. y = 2

3 x−2; (9,1)
17. x−4y = 12; (−16, −2)
18. 3x+2y = 10; (8, −11)
19. 2x− y = 15; (3, 7)
20. y = x−5; (9, −1)

Determine the equation of the line that is perpendicular to the given line, through the given point.

21. y = x−1; (−6, 2)
22. y = 3x+4; (9, −7)
23. 5x−2y = 6; (5, 5)
24. y = 4; (−1, 3)
25. x =−3; (1, 8)
26. x−3y = 11; (0, 13)

Find the equation of the two lines in each graph below. Then, determine if the two lines are parallel, perpendicular
or neither.

27.
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28.

29.

30.

For the line and point below, find:

a) A parallel line, through the given point.

b) A perpendicular line, through the given point.
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31.

32.

33.
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34.

Review Queue Answers

a. m = −5−5
2+3 = −10

2 =−5
b. m = 2+1

−2−7 = 3
−9 =−1

3
c. Vertical because it has to pass through x = 3 on the x−axis and doesn’t pass through y at all.

d.
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e.
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3.1 Triangles

Learning Objectives

• Use coordinate geometry to determine the type of triangle a set of points creates.
• Understand and apply the Triangle Sum Theorem.
• Understand the Base Angles Theorem.
• Identify interior and exterior angles in a triangle.
• Understand the Exterior Angle Theorem.

Review Queue

Classify the triangles below by their angles and sides.

a.

b.

c.
d. How many degrees are in a straight angle? Draw and label a straight angle, 6 ABC.

Know What? To the right is the Bermuda Triangle. You are probably familiar with the myth of this triangle; how
several ships and planes passed through and mysteriously disappeared.

The measurements of the sides of the triangle are in the image. What type of triangle is this? Classify it by its sides
and angles. Using a protractor, find the measure of each angle in the Bermuda Triangle. What do they add up to?
Do you think the three angles in this image are the same as the three angles in the actual Bermuda triangle? Why or
why not?
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A Little Triangle Review

Recall that a triangle can be classified by its sides.

Scalene: All three sides are different lengths.

Isosceles: At least two sides are congruent.

Equilateral: All three sides are congruent.

By the definition, an equilateral triangle is also an isosceles triangle.

Click here to see how to use coordinate geometry to prove a set of points forms an isosceles triangle. Can you create
points that form a scalene triangle?

And, triangles can also be classified by their angles.

Right: One right angle.

Acute: All three angles are less than 90◦.

Obtuse: One angle is greater than 90◦.

Equiangular: All three angles are congruent.

Click here to see how to construct a 30-60-90 triangle. How could you construct this triangle if you weren’t given a
line segment to start?
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Triangle Sum Theorem

Interior Angles (in polygons): The angles inside of a closed figure with straight sides.

Vertex: The point where the sides of a polygon meet.

Triangles have three interior angles, three vertices and three sides.

A triangle is labeled by its vertices with a4. This triangle can be labeled4ABC,4ACB,4BCA,4BAC,4CBA or
4CAB. Order does not matter.

The angles in any polygon are measured in degrees. Each polygon has a different sum of degrees, depending on the
number of angles in the polygon. How many degrees are in a triangle?

Investigation 4-1: Triangle Tear-Up

Tools Needed: paper, ruler, pencil, colored pencils

a. Draw a triangle on a piece of paper. Try to make all three angles different sizes. Color the three interior angles
three different colors and label each one, 6 1, 6 2, and 6 3.

b. Tear off the three colored angles, so you have three separate angles.

c. Attempt to line up the angles so their points all match up. What happens? What measure do the three angles
add up to?

This investigation shows us that the sum of the angles in a triangle is 180◦ because the three angles fit together to
form a straight line. Recall that a line is also a straight angle and all straight angles are 180◦.

Triangle Sum Theorem: The interior angles of a triangle add up to 180◦.

Example 1: What is the m6 T ?
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Solution: From the Triangle Sum Theorem, we know that the three angles add up to 180◦. Set up an equation to
solve for 6 T .

m6 M+m 6 A+m 6 T = 180◦

82◦+27◦+m6 T = 180◦

109◦+m6 T = 180◦

m6 T = 71◦

Investigation 4-1 is one way to show that the angles in a triangle add up to 180◦. However, it is not a two-column
proof. Here we will prove the Triangle Sum Theorem.

Given: 4ABC with
←→
AD || BC

Prove: m6 1+m 6 2+m6 3 = 180◦

TABLE 3.1:

Statement Reason
1. 4ABC above with

←→
AD || BC Given

2. 6 1∼= 6 4, 6 2∼= 6 5 Alternate Interior Angles Theorem
3. m6 1 = m6 4,m 6 2 = m6 5 ∼= angles have = measures
4. m6 4+m 6 CAD = 180◦ Linear Pair Postulate
5. m6 3+m 6 5 = m6 CAD Angle Addition Postulate
6. m6 4+m 6 3+m6 5 = 180◦ Substitution PoE
7. m6 1+m 6 3+m6 2 = 180◦ Substitution PoE

Example 2: What is the measure of each angle in an equiangular triangle?
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Solution: 4ABC to the left is an example of an equiangular triangle, where all three angles are equal. Write an
equation.

m6 A+m 6 B+m 6 C = 180◦

m 6 A+m6 A+m6 A = 180◦

3m6 A = 180◦

m6 A = 60◦

If m6 A = 60◦, then m 6 B = 60◦ and m6 C = 60◦.

Theorem 4-1: Each angle in an equiangular triangle measures 60◦.

Example 3: Find the measure of the missing angle.

Solution: m6 O = 41◦ and m 6 G = 90◦ because it is a right angle.

m 6 D+m 6 O+m6 G = 180◦

m6 D+41◦+90◦ = 180◦

m6 D+41◦ = 90◦

m6 D = 49◦

Notice that m6 D+m6 O = 90◦ because 6 G is a right angle.

Theorem 4-2: The acute angles in a right triangle are always complementary.

Theorem 4-3: There can be at most one right or one obtuse angle in a triangle.

Exterior Angles

Exterior Angle: The angle formed by one side of a polygon and the extension of the adjacent side.

In all polygons, there are two sets of exterior angles, one going around the polygon clockwise and the other goes
around the polygon counterclockwise.

By the definition, the interior angle and its adjacent exterior angle form a linear pair.
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Example 4: Find the measure of 6 RQS.

Solution: 112◦ is an exterior angle of4RQS. Therefore, it is supplementary to 6 RQS because they are a linear pair.

112◦+m6 RQS = 180◦

m6 RQS = 68◦

If we draw both sets of exterior angles on the same triangle, we have the following figure:

Notice, at each vertex, the exterior angles are also vertical angles, therefore they are congruent.

6 4∼= 6 7
6 5∼= 6 8
6 6∼= 6 9

Example 5: Find the measure of the numbered interior and exterior angles in the triangle.
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Solution:

m6 1+92◦ = 180◦ by the Linear Pair Postulate, so m6 1 = 88◦.

m6 2+123◦ = 180◦ by the Linear Pair Postulate, so m 6 2 = 57◦.

m6 1+m 6 2+m6 3 = 180◦ by the Triangle Sum Theorem, so 88◦+57◦+m 6 3 = 180◦ and m6 3 = 35◦.

m6 3+m 6 4 = 180◦ by the Linear Pair Postulate, so m 6 4 = 145◦.

Looking at Example 5, the exterior angles are 92◦,123◦, and 145◦. If we add these angles together, we get 92◦+
123◦+145◦ = 360◦. This is always true for any set of exterior angles for any polygon.

Exterior Angle Sum Theorem: Each set of exterior angles of a polygon add up to 360◦.

m6 1+m 6 2+m6 3 = 360◦

m6 4+m 6 5+m6 6 = 360◦

We will prove this theorem for triangles in the review questions and will prove it for all polygons later in this text.

Example 6: What is the value of p in the triangle below?

Solution: First, we need to find the missing exterior angle, we will call it x. Set up an equation using the Exterior
Angle Sum Theorem.

211

http://www.ck12.org


3.1. Triangles www.ck12.org

130◦+110◦+ x = 360◦

x = 360◦−130◦−110◦

x = 120◦

x and p are supplementary and add up to 180◦.

x+ p = 180◦

120◦+ p = 180◦

p = 60◦

Exterior Angles Theorem

Remote Interior Angles: The two angles in a triangle that are not adjacent to the indicated exterior angle.

6 A and 6 B are the remote interior angles for exterior angle 6 ACD.

Example 7: Find m6 A.

Solution: First, find m6 ACB. m 6 ACB+115◦ = 180◦ by the Linear Pair Postulate, so m6 ACB = 65◦.

m6 A+65◦+79◦ = 180◦ by the Triangle Sum Theorem, so m6 A = 36◦.

In Example 7, m6 A+m 6 B is 36◦+79◦ = 115◦. This is the same as the exterior angle at C, 115◦.

From this example, we can conclude the Exterior Angle Theorem.

Exterior Angle Theorem: The sum of the remote interior angles is equal to the non-adjacent exterior angle.

From the picture above, this means that m 6 A+m 6 B = m6 ACD.

Here is the proof of the Exterior Angle Theorem. From the proof, you can see that this theorem is a combination of
the Triangle Sum Theorem and the Linear Pair Postulate.

Given: 4ABC with exterior angle 6 ACD

Prove: m6 A+m6 B = m6 ACD
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TABLE 3.2:

Statement Reason
1. 4ABC with exterior angle 6 ACD Given
2. m6 A+m 6 B+m6 ACB = 180◦ Triangle Sum Theorem
3. m 6 ACB+m 6 ACD = 180◦ Linear Pair Postulate
4. m 6 A+m 6 B+m6 ACB = m6 ACB+m6 ACD Transitive PoE
5. m6 A+m 6 B = m6 ACD Subtraction PoE

Example 8: Find m6 C.

Solution: Using the Exterior Angle Theorem, m6 C+16◦ = 121◦. Subtracting 16◦ from both sides, m 6 C = 105◦.

It is important to note that if you forget the Exterior Angle Theorem, you can do this problem just like we solved
Example 7.

Example 9: Algebra Connection Find the value of x and the measure of each angle.

Solution: Set up an equation using the Exterior Angle Theorem.

(4x+2)◦+(2x−9)◦ = (5x+13)◦

↑ ↗ ↑
interior angles exterior angle

(6x−7)◦ = (5x+13)◦

x = 20◦

Substituting 20◦ back in for x, the two interior angles are (4(20)+2)◦ = 82◦ and (2(20)−9)◦ = 31◦. The exterior
angle is (5(20)+13)◦ = 113◦. Double-checking our work, notice that 82◦+31◦ = 113◦. If we had done the problem
incorrectly, this check would not have worked.
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Know What? Revisited The Bermuda Triangle is an acute scalene triangle. The angle measures are in the picture
to the right. Your measured angles should be within a degree or two of these measures. The angles should add up to
180◦. However, because your measures are estimates using a protractor, they might not exactly add up.

The angle measures in the picture are the actual measures, based off of the distances given, however, your measured
angles might be off because the drawing is not to scale.

Review Questions

Determine m6 1.

1.

2.

3.

4.
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5.

6.

7.

8.

9.

10.

11.

12.

13.
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14.

15.
16. Find the lettered angles, a− f , in the picture to the right. Note that the two lines are parallel.

17. Fill in the blanks in the proof below. Given: The triangle to the right with interior angles and exterior angles.
Prove: m6 4+m6 5+m 6 6 = 360◦

Only use the blue set of exterior angles for this proof.

TABLE 3.3:

Statement Reason
1. Triangle with interior and exterior angles. Given
2. m6 1+m 6 2+m6 3 = 180◦

3. 6 3 and 6 4 are a linear pair, 6 2 and 6 5 are a linear
pair, and 6 1 and 6 6 are a linear pair
4. Linear Pair Postulate (do all 3)
5. m6 1+m 6 6 = 180◦

m 6 2+m6 5 = 180◦

m 6 3+m6 4 = 180◦

6. m6 1+m 6 6+m6 2+m6 5+m 6 3+m6 4 = 540◦

7. m6 4+m 6 5+m6 6 = 360◦216
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18. Write a two-column proof . Given: 4ABC with right angle B. Prove: 6 A and 6 C are complementary.

Algebra Connection Solve for x.

19.

20.

21.

22.

23.
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24.

25.

26.

27.

28.

29.
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30.

Review Queue Answers

a. acute isosceles
b. obtuse scalene
c. right scalene
d. 180◦,
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3.2 Isosceles Triangles

Here you’ll learn the definition of an isosceles triangle as well as two theorems about isosceles triangles: 1) The
angle bisector of the vertex is the perpendicular bisector of the base; and 2) The base angles are congruent.

What if you were presented with an isoceles triangle and told that its base angles measure x◦ and y◦? What could you
conclude about x and y? After completing this Concept, you’ll be able to apply important properties about isoceles
triangles to help you solve problems like this one.

Watch This

MEDIA
Click image to the left for more content.

CK-12

Watch the first part of this video.

MEDIA
Click image to the left for more content.

James Sousa:HowTo Construct AnIsosceles Triangle

Finally, watch this video.

MEDIA
Click image to the left for more content.

James Sousa:Using the Properties ofIsosceles Trianglesto Determine Values

Guidance

An isosceles triangle is a triangle that has at least two congruent sides. The congruent sides of the isosceles triangle
are called the legs. The other side is called the base. The angles between the base and the legs are called base
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angles. The angle made by the two legs is called the vertex angle. One of the important properties of isosceles
triangles is that their base angles are always congruent. This is called the Base Angles Theorem.

For4DEF , if DE ∼= EF , then 6 D∼= 6 F .

Another important property of isosceles triangles is that the angle bisector of the vertex angle is also the perpendicu-
lar bisector of the base. This is called the Isosceles Triangle Theorem. (Note this is ONLY true of the vertex angle.)
The converses of the Base Angles Theorem and the Isosceles Triangle Theorem are both true as well.

Base Angles Theorem Converse: If two angles in a triangle are congruent, then the sides opposite those angles are
also congruent. So for4DEF , if 6 D∼= 6 F , then DE ∼= EF .

Isosceles Triangle Theorem Converse: The perpendicular bisector of the base of an isosceles triangle is also the
angle bisector of the vertex angle. So for isosceles4DEF , if EG⊥ DF and DG∼= GF , then 6 DEG∼= 6 FEG.

Example A

Which two angles are congruent?

This is an isosceles triangle. The congruent angles are opposite the congruent sides. From the arrows we see that
6 S∼= 6 U .
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Example B

If an isosceles triangle has base angles with measures of 47◦, what is the measure of the vertex angle?

Draw a picture and set up an equation to solve for the vertex angle, v. Remember that the three angles in a triangle
always add up to 180◦.

47◦+47◦+ v = 180◦

v = 180◦−47◦−47◦

v = 86◦

Example C

If an isosceles triangle has a vertex angle with a measure of 116◦, what is the measure of each base angle?

Draw a picture and set up and equation to solve for the base angles, b.

116◦+b+b = 180◦

2b = 64◦

b = 32◦

MEDIA
Click image to the left for more content.
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CK-12 Isosceles Triangles

Guided Practice

1. Find the value of xand the measure of each angle.

2. Find the measure of x.

3. True or false: Base angles of an isosceles triangle can be right angles.

Answers:

1. The two angles are equal, so set them equal to each other and solve for x.

(4x+12)◦ = (5x−3)◦

15 = x

Substitute x = 15; the base angles are [4(15)+12]◦, or 72◦. The vertex angle is 180◦−72◦−72◦ = 36◦.

2. The two sides are equal, so set them equal to each other and solve for x.

2x−9 = x+5

x = 14

3. This statement is false. Because the base angles of an isosceles triangle are congruent, if one base angle is a right
angle then both base angles must be right angles. It is impossible to have a triangle with two right (90◦) angles. The
Triangle Sum Theorem states that the sum of the three angles in a triangle is 180◦. If two of the angles in a triangle
are right angles, then the third angle must be 0◦ and the shape is no longer a triangle.

Practice

Find the measures of x and/or y.
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1.

2.

3.

4.

5.

Determine if the following statements are true or false.

6. Base angles of an isosceles triangle are congruent.
7. Base angles of an isosceles triangle are complementary.
8. Base angles of an isosceles triangle can be equal to the vertex angle.
9. Base angles of an isosceles triangle are acute.
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3.3 Equilateral Triangles

Here you’ll learn the definition of an equilateral triangle as well as an important theorem about equilateral triangles.

What if your parents want to redo the bathroom? Below is the tile they would like to place in the shower. The
blue and green triangles are all equilateral. What type of polygon is dark blue outlined figure? Can you determine
how many degrees are in each of these figures? Can you determine how many degrees are around a point? After
completing this Concept, you’ll be able to apply important properties about equilateral triangles to help you solve
problems like this one.

Watch This

MEDIA
Click image to the left for more content.

CK-12 Foundation: Chapter4EquilateralTrianglesA

MEDIA
Click image to the left for more content.

James Sousa:Constructing anEquilateralTriangle

MEDIA
Click image to the left for more content.

225

http://www.ck12.org
http://www.ck12.org/flx/show/interactive/user%3Ack12editor/http%3A//vimeo.com/moogaloop.swf%3Fclip_id%3D45151162%26amp%3Bserver%3Dvimeo.com%26amp%3Bshow_title%3D1%26amp%3Bshow_byline%3D1%26amp%3Bshow_portrait%3D1%26amp%3Bcolor%3Da8a8a8%26amp%3Bfullscreen%3D1%26amp%3Bautoplay%3D0%26amp%3Bloop%3D0%26hash%3Df846f0ebd013f4b0b44e5516dd0d446c
https://vimeo.com/45151162
https://vimeo.com/45151162
https://vimeo.com/45151162
https://vimeo.com/45151162
https://vimeo.com/45151162
https://vimeo.com/45151162
https://vimeo.com/45151162
https://vimeo.com/45151162
https://vimeo.com/45151162
https://vimeo.com/45151162
https://vimeo.com/45151162
https://vimeo.com/45151162
https://vimeo.com/45151162
http://www.ck12.org/flx/show/cover%20video/user%3Ack12editor/http%3A//www.youtube.com/embed/2fre3TfL-dQ
http://www.youtube.com/watch?v=2fre3TfL-dQ
http://www.youtube.com/watch?v=2fre3TfL-dQ
http://www.youtube.com/watch?v=2fre3TfL-dQ
http://www.youtube.com/watch?v=2fre3TfL-dQ
http://www.youtube.com/watch?v=2fre3TfL-dQ
http://www.youtube.com/watch?v=2fre3TfL-dQ
http://www.youtube.com/watch?v=2fre3TfL-dQ
http://www.youtube.com/watch?v=2fre3TfL-dQ
http://www.youtube.com/watch?v=2fre3TfL-dQ
http://www.youtube.com/watch?v=2fre3TfL-dQ
http://www.youtube.com/watch?v=2fre3TfL-dQ
http://www.youtube.com/watch?v=2fre3TfL-dQ
http://www.youtube.com/watch?v=2fre3TfL-dQ
http://www.youtube.com/watch?v=2fre3TfL-dQ
http://www.ck12.org/flx/show/video/user%3Ack12editor/http%3A//www.youtube.com/embed/B8ky7xyoHkc


3.3. Equilateral Triangles www.ck12.org

James Sousa:EquilateralTriangles Theorem

MEDIA
Click image to the left for more content.

James Sousa:Using the Properties ofEquilateralTriangles

Guidance

By definition, all sides in an equilateral triangle have exactly the same length.

Investigation: Constructing an Equilateral Triangle

Tools Needed: pencil, paper, compass, ruler, protractor

1. Because all the sides of an equilateral triangle are equal, pick a length to be all the sides of the triangle. Measure
this length and draw it horizontally on your paper.

2. Put the pointer of your compass on the left endpoint of the line you drew in Step 1. Open the compass to be the
same width as this line. Make an arc above the line.

3. Repeat Step 2 on the right endpoint.
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4. Connect each endpoint with the arc intersections to make the equilateral triangle.

Use the protractor to measure each angle of your constructed equilateral triangle. What do you notice?

From the Base Angles Theorem, the angles opposite congruent sides in an isosceles triangle are congruent. So, if all
three sides of the triangle are congruent, then all of the angles are congruent or 60◦ each.

Equilateral Triangles Theorem: All equilateral triangles are also equiangular. Also, all equiangular triangles are
also equilateral.

Example A

Find the value of x.

Because this is an equilateral triangle 3x−1 = 11. Now, we have an equation, solve for x.

3x−1 = 11

3x = 12

x = 4

Example B

Find the values of x and y.
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Let’s start with y. Both sides are equal, so set the two expressions equal to each other and solve for y.

5y−1 = 2y+11

3y = 12

y = 4

For x, we need to use two (2x+ 5)◦ expressions because this is an isosceles triangle and that is the base angle
measurement. Set all the angles equal to 180◦ and solve.

(2x+5)◦+(2x+5)◦+(3x−5)◦ = 180◦

(7x+5)◦ = 180◦

7x = 175◦

x = 25◦

Example C

Two sides of an equilateral triangle are 2x+5 units and x+13 units. How long is each side of this triangle?

The two given sides must be equal because this is an equilateral triangle. Write and solve the equation for x.

2x+5 = x+13

x = 8

To figure out how long each side is, plug in 8 for x in either of the original expressions. 2(8)+5 = 21. Each side is
21 units.

Watch this video for help with the Examples above.

MEDIA
Click image to the left for more content.

CK-12 Foundation: Chapter4EquilateralTrianglesB

Concept Problem Revisited

Let’s focus on one tile. First, these triangles are all equilateral, so this is an equilateral hexagon (6 sided polygon).
Second, we now know that every equilateral triangle is also equiangular, so every triangle within this tile has 360◦

angles. This makes our equilateral hexagon also equiangular, with each angle measuring 120◦. Because there are 6
angles, the sum of the angles in a hexagon are 6.120◦ or 720◦. Finally, the point in the center of this tile, has 660◦

angles around it. That means there are 360◦ around a point.
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Vocabulary

An isosceles triangle is a triangle that has at least two congruent sides. The congruent sides of the isosceles triangle
are called the legs. The other side is called the base. The angles between the base and the legs are called base angles
and are always congruent by the Base Angles Theorem. The angle made by the two legs is called the vertex angle.
An equilateral triangle is a triangle with three congruent sides. Equiangular means all angles are congruent. All
equilateral triangles are equiangular.

Guided Practice

1. Find the measure of y.

2. Fill in the proof:

Given: Equilateral4RST with

RT ∼= ST ∼= RS

Prove: 4RST is equiangular

TABLE 3.4:

Statement Reason
1. 1. Given
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TABLE 3.4: (continued)

Statement Reason
2. 2. Base Angles Theorem
3. 3. Base Angles Theorem
4. 4. Transitive PoC
5. 4RST is equiangular 5.

3. True or false: All equilateral triangles are isosceles triangles.

Answers:

1. The markings show that all angles are congruent. Since all three angles must add up to 180◦ this means that each
angle must equal 60◦. Write and solve an equation:

8y+4 = 60

8y = 56

y = 7

2.

TABLE 3.5:

Statement Reason
1. RT ∼= ST ∼= RS 1. Given
2. 6 R∼= 6 S 2. Base Angles Theorem
3. 6 T ∼= 6 R 3. Base Angles Theorem
4. 6 T ∼= 6 S 4. Transitive PoC
5. 4RST is equiangular 5. Definition of equiangular.

3. This statement is true. The definition of an isosceles triangle is a triangle with at least two congruent sides. Since
all equilateral triangles have three congruent sides, they fit the definition of an isosceles triangle.

Practice

The following triangles are equilateral triangles. Solve for the unknown variables.

1.
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2.

3.

4.

5.
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6.

7.

8.

9.
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10.

11.

12.

13.
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14.
15. Find the measures of x and y.
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3.4 Perpendicular Bisectors in Triangles

Learning Objectives

• Understand points of concurrency.
• Apply the Perpendicular Bisector Theorem and its converse to triangles.
• Understand concurrency for perpendicular bisectors.

Review Queue

a. Construct the perpendicular bisector of a 3 inch line. Use Investigation 1-3 from Chapter 1 to help you.
b. Find the value of x.

a.

b.

c. Find the value of x and y. Is m the perpendicular bisector of AB? How do you know?

Know What? An archeologist has found three bones in Cairo, Egypt. The bones are 4 meters apart, 7 meters apart
and 9 meters apart (to form a triangle). The likelihood that more bones are in this area is very high. The archeologist
wants to dig in an appropriate circle around these bones. If these bones are on the edge of the digging circle, where
is the center of the circle?

Can you determine how far apart each bone is from the center of the circle? What is this length?
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Perpendicular Bisectors

In Chapter 1, you learned that a perpendicular bisector intersects a line segment at its midpoint and is perpendicular.
In #1 in the Review Queue above, you constructed a perpendicular bisector of a 3 inch segment. Let’s analyze this
figure.

←→
CD is the perpendicular bisector of AB. If we were to draw in AC and CB, we would find that they are equal.
Therefore, any point on the perpendicular bisector of a segment is the same distance from each endpoint.

Perpendicular Bisector Theorem: If a point is on the perpendicular bisector of a segment, then it is equidistant
from the endpoints of the segment.

In addition to the Perpendicular Bisector Theorem, we also know that its converse is true.

Perpendicular Bisector Theorem Converse: If a point is equidistant from the endpoints of a segment, then the
point is on the perpendicular bisector of the segment.

The proofs for both the Perpendicular Bisector Theorem and its Converse will be shown in Unit 4.

Let’s use the Perpendicular Bisector Theorem and its converse in a few examples.

Example 1: Algebra Connection Find x and the length of each segment.

Solution: From the markings, we know that
←→
WX is the perpendicular bisector of XY . Therefore, we can use the

Perpendicular Bisector Theorem to conclude that WZ =WY . Write an equation.

2x+11 = 4x−5

16 = 2x

8 = x

To find the length of WZ and WY , substitute 8 into either expression, 2(8)+11 = 16+11 = 27.

Example 2:
←→
OQ is the perpendicular bisector of MP.
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a) Which segments are equal?

b) Find x.

c) Is L on
←→
OQ? How do you know?

Solution:

a) ML = LP because they are both 15.

MO = OP because O is the midpoint of MP

MQ = QP because Q is on the perpendicular bisector of MP.

b) 4x+3 = 11
4x = 8
x = 2

c) Yes, L is on
←→
OQ because ML = LP (Perpendicular Bisector Theorem Converse).

Perpendicular Bisectors and Triangles

Two lines intersect at a point. If more than two lines intersect at the same point, it is called a point of concurrency.

Point of Concurrency: When three or more lines intersect at the same point.

Investigation 5-1: Constructing the Perpendicular Bisectors of the Sides of a Triangle

Tools Needed: paper, pencil, compass, ruler

1. Draw a scalene triangle.

2. Construct the perpendicular bisector (Investigation 1-3) for all three sides.

The three perpendicular bisectors all intersect at the same point, called the circumcenter.

Circumcenter: The point of concurrency for the perpendicular bisectors of the sides of a triangle.
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3. Erase the arc marks to leave only the perpendicular bisectors. Put the pointer of your compass on the circumcenter.
Open the compass so that the pencil is on one of the vertices. Draw a circle. What happens?

The circumcenter is the center of a circle that passes through all the vertices of the triangle. We say that this circle
circumscribes the triangle. This means that the circumcenter is equidistant to the vertices.

Concurrency of Perpendicular Bisectors Theorem: The perpendicular bisectors of the sides of a triangle intersect
in a point that is equidistant from the vertices.

If PC,QC, and RC are perpendicular bisectors, then LC = MC = OC.

Example 3: For further exploration, try the following:

a. Cut out an acute triangle from a sheet of paper.
b. Fold the triangle over one side so that the side is folded in half. Crease.
c. Repeat for the other two sides. What do you notice?

Solution: The folds (blue dashed lines)are the perpendicular bisectors and cross at the circumcenter.
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Know What? Revisited The center of the circle will be the circumcenter of the triangle formed by the three bones.
Construct the perpendicular bisector of at least two sides to find the circumcenter. After locating the circumcenter,
the archeologist can measure the distance from each bone to it, which would be the radius of the circle. This length
is approximately 4.7 meters.

Review Questions

Construction Construct the circumcenter for the following triangles by tracing each triangle onto a piece of paper
and using Investigation 5-1.

1.

2.

3.
4. Can you use the method in Example 3 to locate the circumcenter for these three triangles?
5. Based on your constructions in 1-3, state a conjecture about the relationship between a triangle and the location

of its circumcenter.
6. Construct equilateral triangle4ABC (Investigation 4-6). Construct the perpendicular bisectors of the sides of

the triangle and label the circumcenter X . Connect the circumcenter to each vertex. Your original triangle is
now divided into six triangles. What can you conclude about the six triangles? Why?

Algebra Connection For questions 7-12, find the value of x. m is the perpendicular bisector of AB.
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7.

8.

9.

10.

11.

12.
13. m is the perpendicular bisector of AB.

a. List all the congruent segments.
b. Is C on AB ? Why or why not?
c. Is D on AB? Why or why not?
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For Questions 14 and 15, determine if
←→
ST is the perpendicular bisector of XY . Explain why or why not.

14.

15.

For Questions 16-20, consider line segment AB with endpoints A(2,1) and B(6,3).

16. Find the slope of AB.
17. Find the midpoint of AB.
18. Find the equation of the perpendicular bisector of AB.
19. Find AB. Simplify the radical, if needed.
20. Plot A,B, and the perpendicular bisector. Label it m. How could you find a point C on m, such that C would

be the third vertex of equilateral triangle 4ABC? You do not have to find the coordinates, just describe how
you would do it.

For Questions 21-25, consider4ABC with vertices A(7,6),B(7,−2) and C(0,5). Plot this triangle on graph paper.

21. Find the midpoint and slope of AB and use them to draw the perpendicular bisector of AB. You do not need to
write the equation.

22. Find the midpoint and slope of BC and use them to draw the perpendicular bisector of BC. You do not need to
write the equation.

23. Find the midpoint and slope of AC and use them to draw the perpendicular bisector of AC. You do not need to
write the equation.

24. Are the three lines concurrent? What are the coordinates of their point of intersection (what is the circumcenter
of the triangle)?

25. Use your compass to draw the circumscribed circle about the triangle with your point found in question 24 as
the center of your circle.
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26. Repeat questions 21-25 with4LMO where L(2,9),M(3,0) and O(−7,0).
27. Repeat questions 21-25 with4REX where R(4,2),E(6,0) and X(0,0).
28. Can you explain why the perpendicular bisectors of the sides of a triangle would all pass through the center

of the circle containing the vertices of the triangle? Think about the definition of a circle: The set of all point
equidistant from a given center.

29. Fill in the blanks: There is exactly _________ circle which contains any __________ points.

Review Queue Answers

a. Reference Investigation 1-3.

a. 2x+3 = 27
2x = 24

x = 12
b. 3x+1 = 19

3x = 18
x = 6

b. 6x−13 = 2x+11 3y+21 = 90◦

4x = 24 3y = 69◦

x = 6 y = 23◦

Yes, m is the perpendicular bisector of AB because it is perpendicular to AB and passes through the midpoint.
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3.5 Angle Bisectors in Triangles

Learning Objectives

• Apply the Angle Bisector Theorem and its converse.
• Understand concurrency for angle bisectors.

Review Queue

a. Construct the angle bisector of an 80◦ angle (Investigation 1-4).
b. Draw the following: M is on the interior of 6 LNO. O is on the interior of 6 MNP. If

←→
NM and

←→
NO are the angle

bisectors of 6 LNO and 6 MNP respectively, write all the congruent angles.
c. Find the value of x.

a.

b.

Know What? The cities of Verticville, Triopolis, and Angletown are joining their city budgets together to build
a centrally located airport. There are freeways between the three cities and they want to have the freeway on the
interior of these freeways. Where is the best location to put the airport so that they have to build the least amount of
road?

In the picture to the right, the blue roads are proposed.
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Angle Bisectors

In Chapter 1, you learned that an angle bisector cuts an angle exactly in half. In #1 in the Review Queue above, you
constructed an angle bisector of an 80◦ angle. Let’s analyze this figure.

−→
BD is the angle bisector of 6 ABC. Looking at point D, if we were to draw ED and DF , we would find that they are
equal. Recall from Chapter 3 that the shortest distance from a point to a line is the perpendicular length between
them. ED and DF are the shortest lengths between D, which is on the angle bisector, and each side of the angle.

Angle Bisector Theorem: If a point is on the bisector of an angle, then the point is equidistant from the sides of the
angle.

In other words, if
←→
BD bisects 6 ABC,

−→
BE⊥ED, and

−→
BF⊥DF , then ED = DF .

Angle Bisector Theorem Converse: If a point is in the interior of an angle and equidistant from the sides, then it
lies on the bisector of the angle.

Proof of the Angle Bisector Theorem and its Converse will be shown in Unit 4.

Because the Angle Bisector Theorem and its converse are both true we have a biconditional statement. We can put
the two conditional statements together using if and only if. A point is on the angle bisector of an angle if and only
if it is equidistant from the sides of the triangle.

Example 1: Is Y on the angle bisector of 6 XWZ?

Solution: In order for Y to be on the angle bisector XY needs to be equal to Y Z and they both need to be perpendicular
to the sides of the angle. From the markings we know XY⊥−−→WX and ZY⊥−→WZ. Second, XY =Y Z = 6. From this we
can conclude that Y is on the angle bisector.

Example 2:
−→
MO is the angle bisector of 6 LMN. Find the measure of x.
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Solution: LO = ON by the Angle Bisector Theorem Converse.

4x−5 = 23

4x = 28

x = 7

Angle Bisectors in a Triangle

Like perpendicular bisectors, the point of concurrency for angle bisectors has interesting properties.

Investigation 5-2: Constructing Angle Bisectors in Triangles

Tools Needed: compass, ruler, pencil, paper

1. Draw a scalene triangle. Construct the angle bisector of each angle. Use Investigation 1-4 and #1 from the Review
Queue to help you.

Incenter: The point of concurrency for the angle bisectors of a triangle.

2. Erase the arc marks and the angle bisectors after the incenter. Draw or construct the perpendicular lines to each
side, through the incenter.

3. Erase the arc marks from #2 and the perpendicular lines beyond the sides of the triangle. Place the pointer of the
compass on the incenter. Open the compass to intersect one of the three perpendicular lines drawn in #2. Draw a
circle.
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Notice that the circle touches all three sides of the triangle. We say that this circle is inscribed in the triangle because
it touches all three sides. The incenter is on all three angle bisectors, so the incenter is equidistant from all three
sides of the triangle.

Concurrency of Angle Bisectors Theorem: The angle bisectors of a triangle intersect in a point that is equidistant
from the three sides of the triangle.

If AG,BG, and GC are the angle bisectors of the angles in the triangle, then EG = GF = GD.

In other words, EG,FG, and DG are the radii of the inscribed circle.

Example 3: If J,E, and G are midpoints and KA = AD = AH what are points A and B called?

Solution: A is the incenter because KA = AD = AH, which means that it is equidistant to the sides. B is the
circumcenter because JB,BE, and BG are the perpendicular bisectors to the sides.

Know What? Revisited The airport needs to be equidistant to the three highways between the three cities. There-
fore, the roads are all perpendicular to each side and congruent. The airport should be located at the incenter of the
triangle.
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Review Questions

Construction Construct the incenter for the following triangles by tracing each triangle onto a piece of paper and
using Investigation 5-2. Draw the inscribed circle too.

1.

2.

3.
4. Is the incenter always going to be inside of the triangle? Why?
5. For an equilateral triangle, what can you conclude about the circumcenter and the incenter?

For questions 6-11,
−→
AB is the angle bisector of 6 CAD. Solve for the missing variable.

6.

7.

8.
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9.

10.

11.

Is there enough information to determine if
−→
AB is the angle bisectorof 6 CAD? Why or why not?

12.

13.

14.
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What are points A and B? How do you know?

15. The blue lines are congruent The green lines are angle bisectors

16. Both sets of lines are congruent The green lines are perpendicular to the sides

Determine if the following descriptions refer to the incenter or circumcenter of the triangle.

18. A lighthouse on a triangular island is equidistant to the three coastlines.
19. A hospital is equidistant to three cities.
20. A circular walking path passes through three historical landmarks.
21. A circular walking path connects three other straight paths.

Constructions

22. Construct an equilateral triangle.
23. Construct the angle bisectors of two of the angles to locate the incenter.
24. Construct the perpendicular bisectors of two sides to locate the circumcenter.
25. What do you notice? Use these points to construct an inscribed circle inside the triangle and a circumscribed

circle about the triangle.

Multi- Step Problem

26. Draw 6 ABC through A(1,3),B(3,−1) and C(7,1).
27. Use slopes to show that 6 ABC is a right angle.
28. Use the distance formula to find AB and BC.
29. Construct a line perpendicular to AB through A.
30. Construct a line perpendicular to BC through C.
31. These lines intersect in the interior of 6 ABC. Label this point D and draw

−→
BD.

32. Is
−→
BD the angle bisector of 6 ABC? Justify your answer.

Review Queue Answers

a.
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b. 6 LNM ∼= 6 MNO∼= 6 ONP
6 LNO∼= 6 MNP

a. 5x+11 = 26
5x = 15

x = 3
b. 9x−1 = 2(4x+5)

9x−1 = 8x+10
x = 11◦
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3.6 Medians

Here you’ll learn the definitions of median and centroid and how to apply them.

What if your art teacher assigned an art project involving triangles? You decide to make a series of hanging triangles
of all different sizes from one long piece of wire. Where should you hang the triangles from so that they balance
horizontally?

You decide to plot one triangle on the coordinate plane to find the location of this point. The coordinates of the
vertices are (0, 0), (6, 12) and (18, 0). What is the coordinate of this point? After completing this Concept, you’ll be
able to use medians to help you answer these questions.

Watch This

MEDIA
Click image to the left for more content.

CK-12 Foundation: Chapter5MediansA

MEDIA
Click image to the left for more content.

James Sousa:Mediansof a Triangle
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MEDIA
Click image to the left for more content.

James Sousa:Using the Properties ofMediansto Solve for Unknown Values

Guidance

A median is the line segment that joins a vertex and the midpoint of the opposite side (of a triangle). The three
medians of a triangle intersect at one point, just like the perpendicular bisectors and angle bisectors. This point
is called the centroid, and is the point of concurrency for the medians of a triangle. Unlike the circumcenter and
incenter, the centroid does not have anything to do with circles. It has a different property.

Investigation: Properties of the Centroid

Tools Needed: pencil, paper, ruler, compass

1. Construct a scalene triangle with sides of length 6 cm, 10 cm, and 12 cm (Investigation 4-2). Use the ruler to
measure each side and mark the midpoint.

2. Draw in the medians and mark the centroid.

Measure the length of each median. Then, measure the length from each vertex to the centroid and from the centroid
to the midpoint. Do you notice anything?

3. Cut out the triangle. Place the centroid on either the tip of the pencil or the pointer of the compass. What happens?
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From this investigation, we have discovered the properties of the centroid. They are summarized below.

Coordinate geometry can be used to prove the three medians of a triangle intersect aty the same point. Click here
and scroll down to A Deeper Look at Medians. Try the proof with a triangle you construct in the coordinate plane.

Concurrency of Medians Theorem: The medians of a triangle intersect in a point that is two-thirds of the distance
from the vertices to the midpoint of the opposite side. The centroid is also the “balancing point” of a triangle.

If G is the centroid, then we can conclude:

AG =
2
3

AD,CG =
2
3

CF,EG =
2
3

BE

DG =
1
3

AD,FG =
1
3

CF,BG =
1
3

BE

And, combining these equations, we can also conclude:

DG =
1
2

AG,FG =
1
2

CG,BG =
1
2

EG

In addition to these ratios, G is also the balance point of 4ACE. This means that the triangle will balance when
placed on a pencil at this point.

Example A

Draw the median LO for4LMN below.
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From the definition, we need to locate the midpoint of NM. We were told that the median is LO, which means that it
will connect the vertex L and the midpoint of NM, to be labeled O. Measure NM and make a point halfway between
N and M. Then, connect O to L.

Example B

Find the other two medians of4LMN.

Repeat the process from Example A for sides LN and LM. Be sure to always include the appropriate tick marks to
indicate midpoints.

Example C

I,K, and M are midpoints of the sides of4HJL.

a) If JM = 18, find JN and NM.

b) If HN = 14, find NK and HK.

a) JN is two-thirds of JM. So, JN = 2
3 ·18 = 12. NM is either half of 12, a third of 18 or 18−12. NM = 6.

b) HN is two-thirds of HK. So, 14 = 2
3 ·HK and HK = 14 · 3

2 = 21. NK is a third of 21, half of 14, or 21− 14.
NK = 7.

Watch this video for help with the Examples above.
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MEDIA
Click image to the left for more content.

CK-12 Foundation: Chapter5MediansB

Concept Problem Revisited

The point that you should put the wire through is the centroid. That way, each triangle will balance on the wire.

The triangle that we wanted to plot on the x− y plane is to the right. Drawing all the medians, it looks like the
centroid is (8, 4). To verify this, you could find the equation of two medians and set them equal to each other and
solve for x. Two equations are y = 1

2 x and y = −4x+ 36. Setting them equal to each other, we find that x = 8 and
then y = 4.

Vocabulary

A median is the line segment that joins a vertex and the midpoint of the opposite side in a triangle. A midpoint is
a point that divides a segment into two equal pieces. A centroid is the point of intersection for the medians of a
triangle.

Guided Practice

1. Find the equation of the median from B to the midpoint of AC for the triangle in the x− y plane below.
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2. H is the centroid of4ABC and DC = 5y−16. Find x and y.

3. True or false: The median bisects the side it intersects.

Answers:

1. To find the equation of the median, first we need to find the midpoint of AC, using the Midpoint Formula.

(
−6+6

2
,
−4+(−4)

2

)
=

(
0
2
,
−8
2

)
= (0,−4)

Now, we have two points that make a line, B and the midpoint. Find the slope and y−intercept.

m =
−4−4

0− (−2)
=
−8
2

=−4

y =−4x+b

−4 =−4(0)+b

−4 = b

The equation of the median is y =−4x−4

2. HF is half of BH. Use this information to solve for x. For y, HC is two-thirds of DC. Set up an equation for both.
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1
2

BH = HF or BH = 2HF HC =
2
3

DC or
3
2

HC = DC

3x+6 = 2(2x−1)
3
2
(2y+8) = 5y−16

3x+6 = 4x−2 3y+12 = 5y−16

8 = x 28 = 2y

3. This statement is true. By definition, a median intersects a side of a triangle at its midpoint. Midpoints divide
segments into two equal parts.

Practice

For questions 1-4, find the equation of each median, from vertex A to the opposite side, BC.

1. A(9,5),B(2,5),C(4,1)
2. A(−2,3),B(−3,−7),C(5,−5)
3. A(−1,5),B(0,−1),C(6,3)
4. A(6,−3),B(−5,−4),C(−1,−8)

For questions 5-9, B,D, and F are the midpoints of each side and G is the centroid. Find the following lengths.

5. If BG = 5, find GE and BE
6. If CG = 16, find GF and CF
7. If AD = 30, find AG and GD
8. If GF = x, find GC and CF
9. If AG = 9x and GD = 5x−1, find x and AD.

Use4ABC with A(−2,9),B(6,1) and C(−4,−7) for questions 10-15.

10. Find the midpoint of AB and label it M.
11. Write the equation of

←→
CM.

12. Find the midpoint of BC and label it N.
13. Write the equation of

←→
AN.

14. Find the intersection of
←→
CM and

←→
AN.

15. What is this point called?

Another way to find the centroid of a triangle in the coordinate plane is to find the midpoint of one side and then
find the point two thirds of the way from the third vertex to this point. To find the point two thirds of the way from
point A(x1,y1) to B(x2,y2) use the formula:

(
x1+2x2

3 , y1+2y2
3

)
. Use this method to find the centroid in the following

problems.
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16. (-1, 3), (5, -2) and (-1, -4)
17. (1, -2), (-5, 4) and (7, 7)
18. (2, -7), (-5, 1) and (6, -9)
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3.7 Altitudes

Here you’ll learn the definition of altitude and how to determine where a triangle’s altitude will be found.

What if you were given one or more of a triangle’s angle measures? How would you determine where the triangle’s
altitude would be found? After completing this Concept, you’ll be able to answer this type of question.

Watch This

MEDIA
Click image to the left for more content.

CK-12 Foundation: Chapter5AltitudesA

MEDIA
Click image to the left for more content.

James Sousa:Altitudes of a Triangle

Guidance

An altitude is a line segment in a triangle from a vertex and perpendicular to the opposite side, it is also known as
the height of a triangle. All of the red lines are examples of altitudes:

As you can see, an altitude can be a side of a triangle or outside of the triangle. When a triangle is a right triangle,
the altitude, or height, is the leg. To construct an altitude, construct a perpendicular line through a point not on the
given line. Think of the vertex as the point and the given line as the opposite side.

Investigation: Constructing an Altitude for an Obtuse Triangle

Tools Needed: pencil, paper, compass, ruler
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1. Draw an obtuse triangle. Label it4ABC, like the picture to the right. Extend side AC, beyond point A.

2. Construct a perpendicular line to AC, through B.

The altitude does not have to extend past side AC, as it does in the picture. Technically the height is only the vertical
distance from the highest vertex to the opposite side.

As was true with perpendicular bisectors, angle bisectors, and medians,the altitudes of a triangle are also concurrent.
Unlike the other three, the point does not have any special properties.

Orthocenter: The point of concurrency for the altitudes of triangle.

Here is what the orthocenter looks like for the three triangles. It has three different locations, much like the
perpendicular bisectors.

TABLE 3.6:

Acute Triangle Right Triangle Obtuse Triangle

The orthocenter is inside the trian-
gle.

The legs of the triangle are two of
the altitudes. The orthocenter is the
vertex of the right angle.

The orthocenter is outside the trian-
gle.

Example A

Which line segment is an altitude of4ABC?
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In a right triangle, the altitude, or the height, is the leg. If we rotate the triangle so that the right angle is in the lower
left corner, we see that leg BC is an altitude.

Example B

A triangle has angles that measure 55◦,60◦, and 65◦. Where will the orthocenter be found?

Because all of the angle measures are less than 90◦, the triangle is an acute triangle. The orthocenter of any acute
triangle is inside the triangle.

Example C

A triangle has an angle that measures 95◦. Where will the orthocenter be found?

Because 95◦ > 90◦, the triangle is an obtuse triangle. The orthocenter will be outside the triangle.

Watch this video for help with the Examples above.

MEDIA
Click image to the left for more content.

CK-12 Foundation: Chapter5AltitudesB

Vocabulary

The altitude of a triangle, also known as the height, is a line segment from a vertex and perpendicular to the opposite
side. Perpendicular lines are lines that meet at right (90◦) angles. The orthocenter of a triangle is the point of
concurrency for the altitudes of triangle (the point where all of the altitudes meet).

Guided Practice

1. True or false: The altitudes of an obtuse triangle are inside the triangle.

2. Draw the altitude for the triangle shown.
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3. Draw the altitude for the triangle shown.

Answers:

1. Every triangle has three altitudes. For an obtuse triangle, at least one of the altitudes will be outside of the triangle,
as shown in the picture at the beginning of this concept.

2. The triangle is an acute triangle, so the altitude is inside the triangle as shown below so that it is perpendicular to
the base.

3. The triangle is a right triangle, so the altitude is already drawn. The altitude is XZ.

Practice

Write a two-column proof.

262

http://www.ck12.org


www.ck12.org Chapter 3. Triangles

1. Given: Isosceles4ABC with legs AB and ACBD⊥DC and CE⊥BEProve: BD∼=CE

For the following triangles, will the altitudes be inside the triangle, outside the triangle, or at the leg of the triangle?

2.

3.

4.
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5.

6.
7. 4JKL is an equiangular triangle.
8. 4MNO is a triangle in which two the angles measure 30◦ and 60◦.
9. 4PQR is an isosceles triangle in which two of the angles measure 25◦.

10. 4STU is an isosceles triangle in which two angles measures 45◦.

Given the following triangles, which line segment is the altitude?

11.

12.
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13.

14.

15.

16.
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3.8 Inequalities in Triangles

Learning Objectives

• Determine relationships among the angles and sides of a triangle.
• Understand the Triangle Inequality Theorem.

Review Queue

Solve the following inequalities.

a. 4x−9≤ 19
b. −5 >−2x+13
c. 2

3 x+1≥ 13
d. −7 < 3x−1 < 14

Know What? Two mountain bike riders leave from the same parking lot and headin opposite directions, on two
different trails. The first ridergoes 8 miles due west, then rides due south for 15 miles. The second rider goes 6 miles
due east, then changes direction and rides 20◦ east of due north for 17 miles. Both riders have been travelling for 23
miles, but which one is further from the parking lot?

Comparing Angles and Sides

Look at the triangle to the right. The sides of the triangle are given. Can you determine which angle is the largest?

As you might guess, the largest angle will be opposite 18 because it is the longest side. Similarly, the smallest angle
will be opposite the shortest side, 7. Therefore, the angle measure in the middle will be opposite 13.
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Theorem 5-9: If one side of a triangle is longer than another side, then the angle opposite the longer side will be
larger than the angle opposite the shorter side.

Converse of Theorem 5-9: If one angle in a triangle is larger than another angle in a triangle, then the side opposite
the larger angle will be longer than the side opposite the smaller angle.

Proof of Theorem 5-9

Given: AC > AB

Prove: m6 ABC > m6 C

TABLE 3.7:

Statement Reason
1. AC > AB Given
2. Locate point P such that AB = AP Ruler Postulate
3. 4ABP is an isosceles triangle Definition of an isosceles triangle
4. m 6 1 = m6 3 Base Angles Theorem
5. m6 3 = m6 2+m6 C Exterior Angle Theorem
6. m6 1 = m6 2+m6 C Substitution PoE
7. m6 ABC = m6 1+m6 2 Angle Addition Postulate
8. m6 ABC = m6 2+m6 2+m 6 C Substitution PoE
9. m6 ABC > m6 C Definition of “greater than” (from step 8)

To prove the converse, we will need to do so indirectly. This will be done in the extension at the end of this chapter.

Example 1: List the sides in order, from shortest to longest.

Solution: First, we need to find m6 A. From the Triangle Sum Theorem, m 6 A+86◦+27◦ = 180◦. So, m 6 A = 67◦.
From Theorem 5-9, we can conclude that the longest side is opposite the largest angle. 86◦ is the largest angle, so
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AC is the longest side. The next largest angle is 67◦, so BC would be the next longest side. 27◦ is the smallest angle,
so AB is the shortest side. In order from shortest to longest, the answer is: AB,BC,AC.

Example 2: List the angles in order, from largest to smallest.

Solution: Just like with the sides, the largest angle is opposite the longest side. The longest side is BC, so the largest
angle is 6 A. Next would be 6 B and finally 6 A is the smallest angle.

Triangle Inequality Theorem

Can any three lengths make a triangle? The answer is no. There are limits on what the lengths can be. For example,
the lengths 1, 2, 3 cannot make a triangle because 1+2 = 3, so they would all lie on the same line. The lengths 4, 5,
10 also cannot make a triangle because 4+5 = 9.

The arc marks show that the two sides would never meet to form a triangle.

Triangle Inequality Theorem: The sum of the lengths of any two sides of a triangle must be greater than the length
of the third.

Example 3: Do the lengths below make a triangle?

a) 4.1, 3.5, 7.5

b) 4, 4, 8

c) 6, 7, 8

Solution: Even though the Triangle Inequality Theorem says “the sum of the length of any two sides,” really, it is
referring to the sum of the lengths of the two shorter sides must be longer than the third.

a) 4.1+3.5 > 7.5 Yes, these lengths could make a triangle.

b) 4+4 = 8 No, not a triangle. Two lengths cannot equal the third.

c) 6+7 > 8 Yes, these lengths could make a triangle.

Example 4: Find the possible lengths of the third side of a triangle if the other two sides are 10 and 6.

Solution: The Triangle Inequality Theorem can also help you determine the possible range of the third side of a
triangle. The two given sides are 6 and 10, so the third side, s, can either be the shortest side or the longest side. For
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example s could be 5 because 6+5 > 10. It could also be 15 because 6+10 > 15. Therefore, we write the possible
values of s as a range, 4 < s < 16.

Notice the range is no less than 4, and not equal to 4. The third side could be 4.1 because 4.1+6 would be greater
than the third side, 10. For the same reason, s cannot be greater than 16, but it could 15.9. In this case, s would be
the longest side and 10+6 must be greater than s to form a triangle.

If two sides are lengths a and b, then the third side, s, has the range a−b < s < a+b.

Know What? Revisited Even though the two sets of lengths are not equal, they both add up to 23. Therefore, the
second rider is further away from the parking lot because 110◦ > 90◦.

Review Questions

For questions 1-3, list the sides in order from shortest to longest.

1.

2.

3.

For questions 4-6, list the angles from largest to smallest.

4.
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5.

6.

Determine if the sets of lengths below can make a triangle. If not, state why.

7. 6, 6, 13
8. 1, 2, 3
9. 7, 8, 10

10. 5, 4, 3
11. 23, 56, 85
12. 30, 40, 50

If two lengths of the sides of a triangle are given, determine the range of the length of the third side.

13. 8 and 9
14. 4 and 15
15. 20 and 32

Review Queue Answers

a. 4x−9≤ 19
4x≤ 28

x≤ 7
b. −5 >−2x+13
−18 >−2x

9 < x
c. 2

3 x+1≥ 13
2
3 x≥ 12

x≥ 18
d. −7 < 3x−1 < 14
−6 < 3x < 15
−2 < x < 5
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