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CHAPTER 1 Triangle Congruence
Chapter Outline

1.1 CONGRUENCE STATEMENTS

1.2 CONGRUENT TRIANGLES

1.3 SSS TRIANGLE CONGRUENCE

1.4 SAS TRIANGLE CONGRUENCE

1.5 ASA AND AAS TRIANGLE CONGRUENCE

1.6 ISOSCELES TRIANGLES

1.7 PERPENDICULAR BISECTORS
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1.1 Congruence Statements

Here you’ll learn how to write congruence statements that show which sides and angles of congruent triangles are
congruent.

What if you were told that

4FGH ∼=4XY Z

? How could you determine which side in 4XY Z is congruent to GH and which angle is congruent to 6 F? After
completing this Concept, you’ll be able to state which sides and angles are congruent in congruent triangles.

Watch This

MEDIA
Click image to the left for more content.

CK-12 Creating Congruence Statements

Guidance

When stating that two triangles are congruent, the corresponding parts must be written in the same order. For
example, if we know that4ABC and4LMN are congruent then we know that:

Notice that the congruent sides also line up within the congruence statement.

AB∼= LM, BC ∼= MN, AC ∼= LN

We can also write this congruence statement five other ways, as long as the congruent angles match up. For example,
we can also write4ABC ∼=4LMN as:

4ACB∼=4LNM 4BCA∼=4MNL 4BAC ∼=4MLN

4CBA∼=4NML 4CAB∼=4NLM

2
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Example A

Write a congruence statement for the two triangles below.

Line up the corresponding angles in the triangles:

6 R∼= 6 F, 6 S∼= 6 E, and 6 T ∼= 6 D.

Therefore, one possible congruence statement is4RST ∼= 6 FED

Example B

If4CAT ∼=4DOG, what else do you know?

From this congruence statement, we know three pairs of angles and three pairs of sides are congruent.

Example C

If4BUG∼=4ANT , what angle is congruent to 6 N?

Since the order of the letters in the congruence statement tells us which angles are congruent, 6 N ∼= 6 U because they
are each the second of the three letters.

MEDIA
Click image to the left for more content.

CK-12 Creating Congruence Statements

Guided Practice

1. If4ABC ∼=4DEF , what else do you know?

2. If4KBP∼=4MRS, what else do you know?

3. If4EWN ∼=4MAP, what else do you know?

3
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Answers:

1. From this congruence statement, we know three pairs of angles and three pairs of sides are congruent. 6 A ∼=
6 D, 6 B∼= 6 E, 6 C ∼= 6 F , AB∼= DE, BC ∼= EF , AC ∼= DF .

2. From this congruence statement, we know three pairs of angles and three pairs of sides are congruent. 6 K ∼=
6 M, 6 B∼= 6 R, 6 P∼= 6 S, KB∼= MR, BP∼= RS, KP∼= MS.

3. From this congruence statement, we know three pairs of angles and three pairs of sides are congruent. 6 E ∼=
6 M, 6 W ∼= 6 A, 6 N ∼= 6 P, EW ∼= MA, WN ∼= AP, EN ∼= MP.

Practice

For questions 1-4, determine if the triangles are congruent using the definition of congruent triangles. If they are,
write the congruence statement.

1.

2.

3.

4.
5. Suppose the two triangles to the right are congruent. Write a congruence statement for these triangles.

6. Explain how we know that if the two triangles are congruent, then 6 B∼= 6 Z.
7. If4T BS∼=4FAM, what else do you know?
8. If4PAM ∼=4ST E, what else do you know?
9. If4INT ∼=4WEB, what else do you know?

4
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10. If4ADG∼=4BCE, what angle is congruent to 6 G?

5
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1.2 Congruent Triangles

Here you’ll learn that two triangles are congruent if they have exactly the same size and shape. You’ll then use this
fact to determine if two triangles are congruent.

What if you were given two triangles with all the angle measures and all the side lengths marked? How could you
tell if the two triangles were congruent? After completing this Concept, you’ll be able to compare two triangles and
decide whether they have exactly the same size and shape.

Watch This

MEDIA
Click image to the left for more content.

CK-12 Congruent Triangles

Guidance

Be sure to take a few minutes to watch the video above. Notice when one triangle is slid, or translated to fit on top
of the other triangle that all corresponding pairs of sides and all corresponding pairs of angles are congruent. Any
rigid transformation (translation, reflection, or rotation) or composition of rigid transformations will produce a
congruent figure. If a non-rigid transformation is performed, such as a dilation, the pre-image and image will no
longer be congruent. This is demonstrated in the video by reducing the size of the second triangle. When the size
of the triangle is reduced and placed over the other triangle, you can see how pairs of corresponding sides are no
longer congruent. Note that pairs of corresponding angles are still congruent even in a non-rigid transformation.

Two figures are congruent if they have exactly the same size and shape. If two triangles are congruent, they will
have exactly the same three sides and exactly the same three angles. In other words, two triangles are congruent if
you can turn, flip, and/or slide one so it fits exactly on the other.

4ABC and4DEF are congruent because

6
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AB∼= DE 6 A∼= 6 D

BC ∼= EF and 6 B∼= 6 E

AC ∼= DF 6 C ∼= 6 F

Notice that when two triangles are congruent their three pairs of corresponding angles and their three pairs of
corresponding sides are congruent.

When referring to corresponding congruent parts of congruent triangles, you can use the phrase Corresponding Parts
of Congruent Triangles are Congruent, or its abbreviation CPCTC.

Example A

Are the two triangles below congruent?

To determine if the triangles are congruent, match up sides with the same number of tic marks: BC ∼= MN, AB ∼=
LM, AC ∼= LN.

Next match up the angles with the same markings:

6 A∼= 6 L, 6 B∼= 6 M, and 6 C ∼= 6 N.

Lastly, we need to make sure these are corresponding parts. To do this, check to see if the congruent angles are
opposite congruent sides. Here, 6 A is opposite BC and 6 L is opposite MN. Because 6 A ∼= 6 L and BC ∼= MN, they
are corresponding. Doing this check for the other sides and angles, we see that everything matches up and the two
triangles are congruent.

Example B

If all three pairs of angles for two given triangles are congruent does that mean that the triangles are congruent?

Without knowing anything about the lengths of the sides you cannot tell whether or not two triangles are congruent.
The two triangles described above might be congruent, but we would need more information to know for sure.

Example C

Determine if the triangles are congruent using the definition of congruent triangles.

7
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From the tic marks we can see that AB ∼= DE. We also know that 6 ACB ∼= 6 ECD because they are vertical angles.
However, this is not enough information to know whether or not the triangles are congruent.

MEDIA
Click image to the left for more content.

CK-12 Congruent Triangles

Guided Practice

1. Determine if the triangles are congruent using the definition of congruent triangles.

2. Determine if the triangles are congruent using the definition of congruent triangles.

3. Determine if the triangles are congruent using the definition of congruent triangles.

8
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Answers:

1. We can see from the markings that 6 B ∼= 6 C, 6 A ∼= 6 D, and 6 AEB ∼= 6 DEC because they are vertical angles.
Also, we know that BA ∼= CD, EA ∼= ED, and BE ∼= CE. Because three pairs of sides and three pairs of angles are
all congruent and they are corresponding parts, this means that the two triangles are congruent.

2. While there are congruent corresponding parts, there are only two pairs of congruent sides, the marked ones and
the shared side. Without knowing whether or not the third pair of sides is congruent we cannot say if the triangles are
congruent using the definition of congruent triangles. Note, this does not mean that the triangles are not congruent,
it just means that we need more information in order to say they are congruent using the definition of congruent
triangles (congruent triangles have three pairs of congruent angles and three pairs of congruent sides).

3. We can see from the markings that 6 G ∼= 6 L, 6 F ∼= 6 K, and therefore 6 H ∼= 6 M by the Third Angle Theorem.
Also, we know that MK ∼= FH, GF ∼= LK, and GH ∼= LM. Because three pairs of sides and three pairs of angles are
all congruent and they are corresponding parts, this means that the two triangles are congruent.

Practice

The following illustrations show two parallel lines cut by a transversal. Are the triangles formed by them definitively
congruent?

1.

2.

9
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3.

4.

5.

Based on the following details, are the triangles definitively congruent?

6. Both triangles are right triangles in which one angle measures 55◦. All of their corresponding sides are
congruent.

7. Both triangles are equiangular triangles.
8. Both triangles are equilateral triangles. All sides are 5 inches in length.
9. Both triangles are obtuse triangles in which one angle measures 35◦. Two of their corresponding sides are

congruent.
10. Both triangles are obtuse triangles in which two of their angles measure 40◦ and 20◦. All of their corresponding

sides are congruent.
11. Both triangles are isosceles triangles in which one angle measures 15◦.
12. Both triangles are isosceles triangles with two equal angles of 55◦. All corresponding sides are congruent.
13. Both triangles are acute triangles in which two of their angles measure 40◦ and 80◦. All of their corresponding

sides are congruent.
14. Both triangles are acute triangles in which one angle measures 60◦. Two of their corresponding sides are

congruent.
15. Both triangles are equilateral triangles.

10
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16. Which of the following composition of transformations will produce an image that is congruent to the pre-image?

a. translation, rotation, and reflection
b. rotation, dilation, translation
c. reflection, rotation, vertical compression
d. translation, horizontal compression, reflection

11
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1.3 SSS Triangle Congruence

Here you’ll learn how to prove that two triangles are congruent given only information about the side lengths of the
triangles.

What if your parents were remodeling their kitchen so that measurements between the sink, refrigerator, and oven
were as close to an equilateral triangle as possible? The measurements are in the picture at the left, below. Your
neighbor’s kitchen has the measurements on the right, below. Are the two triangles congruent? After completing
this Concept, you’ll be able to determine whether or not two triangles are congruent given only their side lengths.

Watch This

MEDIA
Click image to the left for more content.

CK-12 Foundation: Chapter4SSSTriangleCongruenceA

Watch the portions of the following two videos that deal with SSS triangle congruence.

MEDIA
Click image to the left for more content.

James Sousa:Introduction toCongruent Triangles

MEDIA
Click image to the left for more content.
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James Sousa:DeterminingIf Two Triangles are Congruent

Guidance

Consider the question: If I have three lengths, 3 in, 4 in, and 5 in, can I construct more than one triangle with these
measurements? In other words, can I construct two different triangles with these same three lengths?

Investigation: Constructing a Triangle Given Three Sides

Tools Needed: compass, pencil, ruler, and paper

1. Draw the longest side (5 in) horizontally, halfway down the page. The drawings in this investigation are to
scale.

2. Take the compass and, using the ruler, widen the compass to measure 4 in, the next side.

3. Using the measurement from Step 2, place the pointer of the compass on the left endpoint of the side drawn
in Step 1. Draw an arc mark above the line segment.

4. Repeat Step 2 with the last measurement, 3 in. Then, place the pointer of the compass on the right endpoint
of the side drawn in Step 1. Draw an arc mark above the line segment. Make sure it intersects the arc mark
drawn in Step 3.

5. Draw lines from each endpoint to the arc intersections. These lines will be the other two sides of the triangle.

13
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Can you draw another triangle, with these measurements that looks different? The answer is NO. Only one triangle
can be created from any given three lengths.

An animation of this investigation can be found at: http://www.mathsisfun.com/geometry/construct-ruler-compass-1
.html

Side-Side-Side (SSS) Triangle Congruence Postulate: If three sides in one triangle are congruent to three sides in
another triangle, then the triangles are congruent.

Now, we only need to show that all three sides in a triangle are congruent to the three sides in another triangle. This
is a postulate so we accept it as true without proof. Think of the SSS Postulate as a shortcut. You no longer have
to show 3 sets of angles are congruent and 3 sets of sides are congruent in order to say that the two triangles are
congruent.

In the coordinate plane, the easiest way to show two triangles are congruent is to find the lengths of the 3 sides in
each triangle. Finding the measure of an angle in the coordinate plane can be a little tricky, so we will avoid it in this
text. Therefore, you will only need to apply SSS in the coordinate plane. To find the lengths of the sides, you will

need to use the distance formula,
√

(x2− x1)2 +(y2− y1)2.

In addition, you can use rigid motions to determine if these two triangles are congruent. What translation would
show4ABC ∼=4DEF?

Try (x,y)→ (x+7,y−8)

Does this translation also demonstrate4ABC ∼=4DEF?

Example A

Write a triangle congruence statement based on the diagram below:

14
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From the tic marks, we know AB ∼= LM,AC ∼= LK,BC ∼= MK. Using the SSS Postulate we know the two triangles
are congruent. Lining up the corresponding sides, we have4ABC ∼=4LMK.

Don’t forget ORDER MATTERS when writing triangle congruence statements. Here, we lined up the sides with
one tic mark, then the sides with two tic marks, and finally the sides with three tic marks.

Example B

Write a two-column proof to show that the two triangles are congruent.

Given: AB∼= DE

C is the midpoint of AE and DB.

Prove: 4ACB∼=4ECD

TABLE 1.1:

Statement Reason
1. AB∼= DE
C is the midpoint of AE and DB

Given

2. AC ∼=CE,BC ∼=CD Definition of a midpoint
3. 4ACB∼=4ECD SSS Postulate

Make sure that you clearly state the three sets of congruent sides BEFORE stating that the triangles are congruent.

Prove Move: Feel free to mark the picture with the information you are given as well as information that you can
infer (vertical angles, information from parallel lines, midpoints, angle bisectors, right angles).

Example C

Find the distances of all the line segments from both triangles to see if the two triangles are congruent.
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Begin with4ABC and its sides.

AB =
√
(−6− (−2))2 +(5−10)2

=
√
(−4)2 +(−5)2

=
√

16+25

=
√

41

BC =
√
(−2− (−3))2 +(10−3)2

=
√

(1)2 +(7)2

=
√

1+49

=
√

50 = 5
√

2

AC =
√

(−6− (−3))2 +(5−3)2

=
√

(−3)2 +(2)2

=
√

9+4

=
√

13

Now, find the distances of all the sides in4DEF .

DE =
√
(1−5)2 +(−3−2)2

=
√

(−4)2 +(−5)2

=
√

16+25

=
√

41

EF =
√
(5−4)2 +(2− (−5))2

=
√

(1)2 +(7)2

=
√

1+49

=
√

50 = 5
√

2

DF =
√
(1−4)2 +(−3− (−5))2

=
√
(−3)2 +(2)2

=
√

9+4

=
√

13

16
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We see that AB = DE,BC = EF , and AC = DF . Recall that if two lengths are equal, then they are also congruent.
Therefore, AB ∼= DE,BC ∼= EF , and AC ∼= DF . Because the corresponding sides are congruent, we can say that
4ABC ∼=4DEF by SSS.

Watch this video for help with the Examples above.

MEDIA
Click image to the left for more content.

CK-12 Foundation: Chapter4SSSTriangleCongruenceB

Concept Problem Revisited

From what we have learned in this section, the two triangles are not congruent because the distance from the fridge
to the stove in your house is 4 feet and in your neighbor’s it is 4.5 ft. The SSS Postulate tells us that all three sides
have to be congruent.

Vocabulary

Two figures are congruent if they have exactly the same size and shape. By definition, two triangles are congruent
if the three corresponding angles and sides are congruent. The symbol ∼= means congruent. There are shortcuts
for proving that triangles are congruent. The SSS Triangle Congruence Postulate states that if three sides in one
triangle are congruent to three sides in another triangle, then the triangles are congruent.

Guided Practice

1. Determine if the two triangles are congruent.

2. Fill in the blanks in the proof below.

Given: AB∼= DC, AC ∼= DB

Prove: 4ABC ∼=4DCB
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TABLE 1.2:

Statement Reason
1. 1.
2. 2. Reflexive PoC
3. 4ABC ∼=4DCB 3.

3. Is the pair of triangles congruent? If so, write the congruence statement and why.

Answers:

1. Start with4ABC.

AB =
√

(−2− (−8))2 +(−2− (−6))2

=
√

(6)2 +(4)2

=
√

36+16

=
√

52 = 2
√

13

BC =
√
(−8− (−6))2 +(−6− (−9))2

=
√
(−2)2 +(3)2

=
√

4+9

=
√

13

AC =
√
(−2− (−6))2 +(−2− (−9))2

=
√

(4)2 +(7)2

=
√

16+49

=
√

65

Now find the sides of4DEF .
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DE =
√
(3−6)2 +(9−4)2

=
√

(−3)2 +(5)2

=
√

9+25

=
√

34

EF =
√
(6−10)2 +(4−7)2

=
√

(−4)2 +(−3)2

=
√

16+9

=
√

25 = 5

DF =
√

(3−10)2 +(9−7)2

=
√

(−7)2 +(2)2

=
√

49+4

=
√

53

No sides have equal measures, so the triangles are not congruent.

2.

TABLE 1.3:

Statement Reason
1. AB∼= DC, AC ∼= DB 1. Given
2. BC ∼=CB 2. Reflexive PoC
3. 4ABC ∼=4DCB 3. SSS Postulate

3. The triangles are congruent because they have three pairs of sides congruent. 4DEF ∼=4IGH.

Practice

Are the pairs of triangles congruent? If so, write the congruence statement and why.

1.

2.
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3.

4.

State the additional piece of information needed to show that each pair of triangles is congruent.

5. Use SSS

6. Use SSS

Fill in the blanks in the proofs below.

7. Given: B is the midpoint of DCAD∼= ACProve: 4ABD∼=4ABC

TABLE 1.4:

Statement Reason
1. 1.
2. 2. Definition of a Midpoint
3. 3. Reflexive PoC
4. 4ABD∼=4ABC 4.
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Find the lengths of the sides of each triangle to see if the two triangles are congruent. If the triangles are congruent,
describe the rigid transformation(s) that could be used to show they are congruent.

8.

9.
10. 4ABC : A(−1,5), B(−4,2), C(2,−2) and4DEF : D(7,−5), E(4,2), F(8,−9)
11. 4ABC : A(−8,−3), B(−2,−4), C(−5,−9) and4DEF : D(−7,2), E(−1,3), F(−4,8)
12. 4ABC : A(0,5), B(3,2), C(1,4) and4DEF : D(1,2), E(4,4), F(7,1)
13. 4ABC : A(1,7), B(2,2), C(4,6) and4DEF : D(4,10), E(5,5), F(7,9)
14. Draw an example to show why SS is not enough to prove that two triangles are congruent.
15. If you know that two triangles are similar, how many pairs of corresponding sides do you need to know are

congruent in order to know that the triangles are congruent?
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1.4 SAS Triangle Congruence

Here you’ll learn how to prove that two triangles are congruent given only information about two pairs of sides and
included angles.

What if you were given two triangles and provided with only two of their side lengths and the measure of the angle
between those two sides? How could you determine if the two triangles were congruent? After completing this
Concept, you’ll be able to use the Side-Angle-Side (SAS) shortcut to prove triangles are congruent.

Watch This

MEDIA
Click image to the left for more content.

CK-12 Foundation: Chapter4SASTriangleCongruenceA

Watch the portions of the following two videos that deal with SAS triangle congruence.

MEDIA
Click image to the left for more content.

James Sousa:Introduction toCongruent Triangles

MEDIA
Click image to the left for more content.

James Sousa:DeterminingIf Two Triangles are Congruent

MEDIA
Click image to the left for more content.
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James Sousa:Example1: Prove Two Triangles are Congruent

Guidance

An included angle is when an angle is between two given sides of a triangle (or polygon). In the picture below, the
markings indicate that AB and BC are the given sides, so 6 B would be the included angle.

Consider the question: If I have two sides of length 2 in and 5 in and the angle between them is 45◦, can I construct
only one triangle?

Investigation: Constructing a Triangle Given Two Sides and Included Angle

Tools Needed: protractor, pencil, ruler, and paper

1. Draw the longest side (5 in) horizontally, halfway down the page. The drawings in this investigation are to
scale.

2. At the left endpoint of your line segment, use the protractor to measure a 45◦ angle. Mark this measurement.

3. Connect your mark from Step 2 with the left endpoint. Make your line 2 in long, the length of the second side.

4. Connect the two endpoints by drawing the third side.

Can you draw another triangle, with these measurements that looks different? The answer is NO. Only one triangle
can be created from any given two lengths and the INCLUDED angle.

Side-Angle-Side (SAS) Triangle Congruence Postulate: If two sides and the included angle in one triangle are
congruent to two sides and the included angle in another triangle, then the two triangles are congruent.

The markings in the picture are enough to say that4ABC ∼=4XY Z.
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Click here to watch a video showing SAS triangle congruence by basic rigid motions.

Example A

What additional piece of information would you need to prove that these two triangles are congruent using the SAS
Postulate?

a) 6 ABC ∼= 6 LKM

b) AB∼= LK

c) BC ∼= KM

d) 6 BAC ∼= 6 KLM

For the SAS Postulate, you need two sides and the included angle in both triangles. So, you need the side on the
other side of the angle. In4ABC, that is BC and in4LKM that is KM. The correct answer is c.

Example B

Write a two-column proof to show that the two triangles are congruent.

Given: C is the midpoint of AE and DB

Prove: 4ACB∼=4ECD

TABLE 1.5:

Statement Reason
1. C is the midpoint of AE and DB Given
2. AC ∼=CE,BC ∼=CD Definition of a midpoint
3. 6 ACB∼= 6 DCE Vertical Angles Postulate
4. 4ACB∼=4ECD SAS Postulate

24

http://www.ck12.org
http://vimeo.com/45773877
http://vimeo.com/45773877
http://vimeo.com/45773877
http://vimeo.com/45773877


www.ck12.org Chapter 1. Triangle Congruence

Example C

Is the pair of triangles congruent? If so, write the congruence statement and why.

While the triangles have two pairs of sides and one pair of angles that are congruent, the angle is not in the same place
in both triangles. The first triangle fits with SAS, but the second triangle is SSA. There is not enough information
for us to know whether or not these triangles are congruent.

Watch this video for help with the Examples above.

MEDIA
Click image to the left for more content.

CK-12 Foundation: Chapter4SASTriangleCongruenceB

Vocabulary

Two figures are congruent if they have exactly the same size and shape. By definition, two triangles are congruent
if the three corresponding angles and sides are congruent. The symbol ∼= means congruent. There are shortcuts for
proving that triangles are congruent. The SAS Triangle Postulate states that if two sides and the included angle
in one triangle are congruent to two sides and the included angle in another triangle, then the two triangles are
congruent.

Guided Practice

1. Is the pair of triangles congruent? If so, write the congruence statement and why.

2. State the additional piece of information needed to show that each pair of triangles is congruent.
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3. Fill in the blanks in the proof below.

Given:

AB∼= DC, BE ∼=CE

Prove: 4ABE ∼=4ACE

TABLE 1.6:

Statement Reason
1. 1.
2. 6 AEB∼= 6 DEC 2.
3. 4ABE ∼=4ACE 3.

Answers:

1. The pair of triangles is congruent by the SAS postulate. 4CAB∼=4QRS.

2. We know that one pair of sides and one pair of angles are congruent from the diagram. In order to know that the
triangles are congruent by SAS we need to know that the pair of sides on the other side of the angle are congruent.
So, we need to know that EF ∼= BA.

3.

TABLE 1.7:

Statement Reason
1. AB∼= DC, BE ∼=CE 1. Given
2. 6 AEB∼= 6 DEC 2. Vertical Angle Theorem
3. 4ABE ∼=4ACE 3. SAS postulate

Practice

Are the pairs of triangles congruent? If so, write the congruence statement and why.

11.
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12.

13.

State the additional piece of information needed to show that each pair of triangles is congruent.

4. Use SAS

5. Use SAS

6. Use SAS

Complete the proofs below.

7. Given: B is a midpoint of DCAB⊥ DCProve: 4ABD∼=4ABC

8. Given: AB is an angle bisector of 6 DACAD∼= ACProve: 4ABD∼=4ABC
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9. Given: B is the midpoint of DE and AC 6 ABE is a right angle Prove: 4ABE ∼=4CBD

10. Given: DB is the angle bisector of 6 ADCAD∼= DCProve: 4ABD∼=4CBD

For each pair of triangles, write what needs to be congruent in order for the triangles to be congruent by SAS. Then,
write the congruence statement for the triangles.

1.

2.

3.

4.
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5.
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1.5 ASA and AAS Triangle Congruence

Here you’ll learn how to prove that two triangles are congruent given only information about two pairs of angles and
a pair of sides.

What if your parents changed their minds at the last second about their kitchen layout? Now, they have decided they
to have the distance between the sink and the fridge be 3 ft, the angle at the sink 71◦ and the angle at the fridge is
50◦. You used your protractor to measure the angle at the stove and sink at your neighbor’s house. Are the kitchen
triangles congruent now? After completing this Concept, you’ll be able to use a congruence shortcut to help you
answer this question.

Watch This

MEDIA
Click image to the left for more content.

CK-12 Foundation: Chapter4ASAandAASTriangleCongruenceA

Watch the portions of the following two videos that deal with ASA and AAS triangle congruence.

MEDIA
Click image to the left for more content.

James Sousa:Introduction toCongruent Triangles

MEDIA
Click image to the left for more content.
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James Sousa:DeterminingIf Two Triangles are Congruent

MEDIA
Click image to the left for more content.

James Sousa:Example2: Prove Two Triangles are Congruent

Guidance

Consider the question: If I have two angles that are 45◦ and 60◦ and the side between them is 5 in, can I construct
only one triangle? We will investigate it here.

Investigation: Constructing a Triangle Given Two Angles and Included Side

Tools Needed: protractor, pencil, ruler, and paper

1. Draw the side (5 in) horizontally, halfway down the page. The drawings in this investigation are to scale.

2. At the left endpoint of your line segment, use the protractor to measure the 45◦ angle. Mark this measurement
and draw a ray from the left endpoint through the 45◦ mark.

3. At the right endpoint of your line segment, use the protractor to measure the 60◦ angle. Mark this measurement
and draw a ray from the left endpoint through the 60◦ mark. Extend this ray so that it crosses through the ray
from Step 2.

4. Erase the extra parts of the rays from Steps 2 and 3 to leave only the triangle.

Can you draw another triangle, with these measurements that looks different? The answer is NO. Only one triangle
can be created from any given two angle measures and the INCLUDED side.

Angle-Side-Angle (ASA) Triangle Congruence Postulate: If two angles and the included side in one triangle are
congruent to two angles and the included side in another triangle, then the two triangles are congruent.

The markings in the picture are enough to say4ABC ∼=4XY Z.
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A variation on ASA is AAS, which is Angle-Angle-Side. Recall that for ASA you need two angles and the side
between them. But, if you know two pairs of angles are congruent, then the third pair will also be congruent by the
Third Angle Theorem. Therefore, you can prove a triangle is congruent whenever you have any two angles and a
side.

Be careful to note the placement of the side for ASA and AAS. As shown in the pictures above, the side is between
the two angles for ASA and it is not for AAS.

Angle-Angle-Side (AAS or SAA) Triangle Congruence Theorem: If two angles and a non-included side in one
triangle are congruent to two corresponding angles and a non-included side in another triangle, then the triangles are
congruent.

Proof of AAS Theorem:

Given: 6 A∼= 6 Y, 6 B∼= 6 Z,AC ∼= XY

Prove: 4ABC ∼=4Y ZX
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TABLE 1.8:

Statement Reason
1. 6 A∼= 6 Y, 6 B∼= 6 Z,AC ∼= XY Given
2. 6 C ∼= 6 X Third Angle Theorem
3. 4ABC ∼=4Y ZX ASA

Example A

What information would you need to prove that these two triangles are congruent using the ASA Postulate?

a) AB∼=UT

b) AC ∼=UV

c) BC ∼= TV

d) 6 B∼= 6 T

For ASA, we need the side between the two given angles, which is AC and UV . The answer is b.

Example B

Write a two-column proof.

Given: 6 C ∼= 6 E,AC ∼= AE

Prove: 4ACF ∼=4AEB

TABLE 1.9:

Statement Reason
1. 6 C ∼= 6 E,AC ∼= AE Given
2. 6 A∼= 6 A Reflexive PoC
3. 4ACF ∼=4AEB ASA
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Example C

What information do you need to prove that these two triangles are congruent using:

a) ASA?

b) AAS?

a) For ASA, we need the angles on the other side of EF and QR. Therefore, we would need 6 F ∼= 6 Q.

b) For AAS, we would need the angle on the other side of 6 E and 6 R. 6 G∼= 6 P.

Watch this video for help with the Examples above.

MEDIA
Click image to the left for more content.

CK-12 Foundation: Chapter4ASAandAASTriangleCongruenceB

Concept Problem Revisited

Even though we do not know all of the angle measures in the two triangles, we can find the missing angles by using
the Third Angle Theorem. In your parents’ kitchen, the missing angle is 39◦. The missing angle in your neighbor’s
kitchen is 50◦. From this, we can conclude that the two kitchens are now congruent, either by ASA or AAS.

Vocabulary

Two figures are congruent if they have exactly the same size and shape. By definition, two triangles are congruent
if the three corresponding angles and sides are congruent. The symbol ∼= means congruent. There are shortcuts
for proving that triangles are congruent. The ASA Triangle Congruence Postulate states that if two angles and
the included side in one triangle are congruent to two angles and the included side in another triangle, then the
two triangles are congruent. The AAS Triangle Congruence Theorem states that if two angles and a non-included
side in one triangle are congruent to two corresponding angles and a non-included side in another triangle, then the
triangles are congruent. CPCTC refers to Corresponding Parts of Congruent Triangles are Congruent. It is used
to show two sides or two angles in triangles are congruent after having proved that the triangles are congruent.

Guided Practice

1. Can you prove that the following triangles are congruent? Why or why not?
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2. Write a 2-column proof.

Given: BD is an angle bisector of 6 CDA, 6 C ∼= 6 A

Prove: 4CBD∼= 6 ABD

3. Write a two-column proof.

Given: AB || ED, 6 C ∼= 6 F,AB∼= ED

Prove: AF ∼=CD

Answers:

1. Even though KL ∼= ST , they are not corresponding. Look at the angles around KL, 6 K and 6 L. 6 K has one arc
and 6 L is unmarked. The angles around ST are 6 S and 6 T . 6 S has two arcs and 6 T is unmarked. In order to use
AAS, 6 S needs to be congruent to 6 K. They are not congruent because the arcs marks are different. Therefore, we
cannot conclude that these two triangles are congruent.

2. Here is the proof:

TABLE 1.10:

Statement Reason
1. BD is an angle bisector of 6 CDA, 6 C ∼= 6 A Given
2. 6 CDB∼= 6 ADB Definition of an Angle Bisector
3. DB∼= DB Reflexive PoC
3. 4CBD∼=4ABD AAS
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3. First, prove that the triangles are congruent. Once you have proved they are congruent, you need one more step
to show that the corresponding pair of sides must be congruent. Remember that CPCTC stands for corresponding
parts of congruent triangles are congruent.

TABLE 1.11:

Statement Reason
1. AB || ED, 6 C ∼= 6 F,AB∼= ED Given
2. 6 ABE ∼= 6 DEB Alternate Interior Angles Theorem
3. 4ABF ∼=4DEC ASA
4. AF ∼=CD CPCTC

Practice

For questions 1-3, determine if the triangles are congruent. If they are, write the congruence statement and which
congruence postulate or theorem you used.

1.

2.

3.

For questions 4-8, use the picture and the given information below.

Given: DB⊥ AC, DB is the angle bisector of 6 CDA
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4. From DB⊥ AC, which angles are congruent and why?
5. Because DB is the angle bisector of 6 CDA, what two angles are congruent?
6. From looking at the picture, what additional piece of information are you given? Is this enough to prove the

two triangles are congruent?
7. Write a two-column proof to prove4CDB∼=4ADB, using #4-6.
8. What would be your reason for 6 C ∼= 6 A?

For questions 9-13, use the picture and the given information.

Given: LP||NO, LP∼= NO

9. From LP||NO, which angles are congruent and why?
10. From looking at the picture, what additional piece of information can you conclude?
11. Write a two-column proof to prove4LMP∼=4OMN.
12. What would be your reason for LM ∼= MO?
13. Fill in the blanks for the proof below. Use the given from above. Prove: M is the midpoint of PN.

TABLE 1.12:

Statement Reason
1. LP||NO, LP∼= NO 1. Given
2. 2. Alternate Interior Angles
3. 3. ASA
4. LM ∼= MO 4.
5. M is the midpoint of PN. 5.

Determine the additional piece of information needed to show the two triangles are congruent by the given postulate.

14. AAS

15. ASA
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16. ASA

17. AAS
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1.6 Isosceles Triangles

Here you’ll learn the definition of an isosceles triangle as well as two theorems about isosceles triangles.

What if you were presented with an isoceles triangle and told that its base angles measure x◦ and y◦? What could you
conclude about x and y? After completing this Concept, you’ll be able to apply important properties about isoceles
triangles to help you solve problems like this one. Part of this section is a review from Chapter 3, however, now you
can prove the Base Angles Theorem and its Converse.

Watch This

MEDIA
Click image to the left for more content.

CK-12 Foundation: Chapter4IsoscelesTrianglesA

Watch the first part of this video.

MEDIA
Click image to the left for more content.

James Sousa:HowTo Construct AnIsosceles Triangle

MEDIA
Click image to the left for more content.

James Sousa:Proof of the Isosceles TriangleTheorem

MEDIA
Click image to the left for more content.
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James Sousa:Using the Properties ofIsosceles Trianglesto Determine Values

Guidance

An isosceles triangle is a triangle that has at least two congruent sides. The congruent sides of the isosceles triangle
are called the legs. The other side is called the base and the angles between the base and the congruent sides are
called base angles. The angle made by the two legs of the isosceles triangle is called the vertex angle.

Investigation: Isosceles Triangle Construction

Tools Needed: pencil, paper, compass, ruler, protractor

1. Using your compass and ruler, draw an isosceles triangle with sides of 3 in, 5 in and 5 in. Draw the 3 in side
(the base) horizontally 6 inches from the top of the page.

2. Now that you have an isosceles triangle, use your protractor to measure the base angles and the vertex angle.
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The base angles should each be 72.5◦ and the vertex angle should be 35◦.

We can generalize this investigation into the Base Angles Theorem.

Base Angles Theorem: The base angles of an isosceles triangle are congruent.

To prove the Base Angles Theorem, we will construct the angle bisector through the vertex angle of an isosceles
triangle.

Given: Isosceles triangle4DEF with DE ∼= EF

Prove: 6 D∼= 6 F

TABLE 1.13:

Statement Reason
1. Isosceles triangle4DEF with DE ∼= EF Given
2. Construct angle bisector EG for 6 E Every angle has one angle bisector

3. 6 DEG∼= 6 FEG Definition of an angle bisector
4. EG∼= EG Reflexive PoC
5. 4DEG∼=4FEG SAS
6. 6 D∼= 6 F CPCTC

By constructing the angle bisector, EG, we designed two congruent triangles and then used CPCTC to show that the
base angles are congruent. Now that we have proven the Base Angles Theorem, you do not have to construct the
angle bisector every time. It can now be assumed that base angles of any isosceles triangle are always equal. Let’s
further analyze the picture from step 2 of our proof.

Because 4DEG ∼=4FEG, we know that 6 EGD ∼= 6 EGF by CPCTC. Thes two angles are also a linear pair, so
they are congruent supplements, or 90◦ each. Therefore, EG⊥DF . Additionally, DG∼= GF by CPCTC, so G is the
midpoint of DF . This means that EG is the perpendicular bisector of DF , in addition to being the angle bisector
of 6 DEF .

Isosceles Triangle Theorem: The angle bisector of the vertex angle in an isosceles triangle is also the perpendicular
bisector to the base.

The converses of the Base Angles Theorem and the Isosceles Triangle Theorem are both true.
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Base Angles Theorem Converse: If two angles in a triangle are congruent, then the opposite sides are also
congruent.

So, for a triangle4ABC, if 6 A∼= 6 B, then CB∼=CA. 6 C would be the vertex angle.

Isosceles Triangle Theorem Converse: The perpendicular bisector of the base of an isosceles triangle is also the
angle bisector of the vertex angle.

In other words, if4ABC is isosceles, AD⊥CB and CD∼= DB, then 6 CAD∼= 6 BAD.

Example A

Which two angles are congruent?

This is an isosceles triangle. The congruent angles, are opposite the congruent sides.

From the arrows we see that 6 S∼= 6 U .

Example B

If an isosceles triangle has base angles with measures of 47◦, what is the measure of the vertex angle?

Draw a picture and set up an equation to solve for the vertex angle, v.
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47◦+47◦+ v = 180◦

v = 180◦−47◦−47◦

v = 86◦

Example C

If an isosceles triangle has a vertex angle with a measure of 116◦, what is the measure of each base angle?

Draw a picture and set up and equation to solve for the base angles, b. Recall that the base angles are equal.

116◦+b+b = 180◦

2b = 64◦

b = 32◦

Watch this video for help with the Examples above.

MEDIA
Click image to the left for more content.

CK-12 Foundation: Chapter4IsoscelesTrianglesB

Vocabulary

An isosceles triangle is a triangle that has at least two congruent sides. The congruent sides of the isosceles triangle
are called the legs. The other side is called the base. The angles between the base and the legs are called base angles.
The angle made by the two legs is called the vertex angle.
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Guided Practice

1. Find the value of x and the measure of each angle.

2. Find the measure of x.

3. True or false: Base angles of an isosceles triangle can be right angles.

Answers:

1. Set the angles equal to each other and solve for x.

(4x+12)◦ = (5x−3)◦

15◦ = x

If x = 15◦, then the base angles are 4(15◦)+12◦, or 72◦. The vertex angle is 180◦−72◦−72◦ = 36◦.

2. The two sides are equal, so set them equal to each other and solve for x.

2x−9 = x+5

x = 14

3. This statement is false. Because the base angles of an isosceles triangle are congruent, if one base angle is a right
angle then both base angles must be right angles. It is impossible to have a triangle with two right (90◦) angles. The
Triangle Sum Theorem states that the sum of the three angles in a triangle is 180◦. If two of the angles in a triangle
are right angles, then the third angle must be 0◦ and the shape is no longer a triangle.

Practice

Find the measures of x and/or y.
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1.

2.

3.

4.

5.

Determine if the following statements are true or false.

6. Base angles of an isosceles triangle are congruent.
7. Base angles of an isosceles triangle are complementary.
8. Base angles of an isosceles triangle can be equal to the vertex angle.
9. Base angles of an isosceles triangle are acute.

Complete the proofs below.

10. Given: Isosceles 4CIS, with base angles 6 C and 6 SIO is the angle bisector of 6 CISProve: IO is the perpen-
dicular bisector of CS

11. Given: Isosceles 4ICS with 6 C and 6 SIO is the perpendicular bisector of CSProve: IO is the angle bisector
of 6 CIS
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On the x− y plane, plot the coordinates and determine if the given three points make a scalene or isosceles triangle.

12. (-2, 1), (1, -2), (-5, -2)
13. (-2, 5), (2, 4), (0, -1)
14. (6, 9), (12, 3), (3, -6)
15. (-10, -5), (-8, 5), (2, 3)
16. (-1, 2), (7, 2), (3, 9)
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1.7 Perpendicular Bisectors

Here you’ll learn what a perpendicular bisector is and the Perpendicular Bisector Theorem, which states that if a
point is on the perpendicular bisector of a segment, then it is equidistant from the endpoints of the segment.

What if an archeologist found three bones in Cairo, Egypt buried 4 meters, 7 meters, and 9 meters apart (to form a
triangle)? The likelihood that more bones are in this area is very high. The archeologist wants to dig in an appropriate
circle around these bones. If these bones are on the edge of the digging circle, where is the center of the circle? Can
you determine how far apart each bone is from the center of the circle? What is this length? After completing this
Concept, you’ll be able to answer questions like these.

Watch This

MEDIA
Click image to the left for more content.

CK-12 Foundation: Chapter5PerpendicularBisectorsA

MEDIA
Click image to the left for more content.

James Sousa:Constructing Perpendicular Bisectors
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MEDIA
Click image to the left for more content.

James Sousa:Proof of the Perpendicular BisectorTheoremConverse

MEDIA
Click image to the left for more content.

James Sousa:DeterminingValues Using Perpendicular Bisectors

Guidance

Recall that a perpendicular bisector intersects a line segment at its midpoint and is perpendicular. Let’s analyze
this figure.

←→
CD is the perpendicular bisector of AB. If we were to draw in AC and CB, we would find that they are equal.
Therefore, any point on the perpendicular bisector of a segment is the same distance from each endpoint.

You worked with perpendicular bisectors in Chapter 2, however, now that you are familiar with the criteria for
triangle congruence you are able to prove points on a perpendicular bisector of a line segment are exactly those
equidistant from the segment’s endpoints.

Perpendicular Bisector Theorem: If a point is on the perpendicular bisector of a segment, then it is equidistant
from the endpoints of the segment.

In addition to the Perpendicular Bisector Theorem, we also know that its converse is true.

Perpendicular Bisector Theorem Converse: If a point is equidistant from the endpoints of a segment, then the
point is on the perpendicular bisector of the segment.

Proof of the Perpendicular Bisector Theorem Converse:
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Given: AC ∼=CB

Prove:
←→
CD is the perpendicular bisector of AB

TABLE 1.14:

Statement Reason
1. AC ∼=CB Given
2. 4ACB is an isosceles triangle Definition of an isosceles triangle
3. 6 A∼= 6 B Isosceles Triangle Theorem
4. Draw point D, such that D is the midpoint of AB. Every line segment has exactly one midpoint
5. AD∼= DB Definition of a midpoint
6. 4ACD∼=4BCD SAS
7. 6 CDA∼= 6 CDB CPCTC
8. m6 CDA = m6 CDB = 90◦ Congruent Supplements Theorem
9.
←→
CD⊥AB Definition of perpendicular lines

10.
←→
CD is the perpendicular bisector of AB Definition of perpendicular bisector

Two lines intersect at a point. If more than two lines intersect at the same point, it is called a point of concurrency.

Investigation: Constructing the Perpendicular Bisectors of the Sides of a Triangle

Tools Needed: paper, pencil, compass, ruler

1. Draw a scalene triangle.

2. Construct the perpendicular bisector for all three sides.

The three perpendicular bisectors all intersect at the same point, called the circumcenter.

Circumcenter: The point of concurrency for the perpendicular bisectors of the sides of a triangle.

3. Erase the arc marks to leave only the perpendicular bisectors. Put the pointer of your compass on the circumcenter.
Open the compass so that the pencil is on one of the vertices. Draw a circle. What happens?
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The circumcenter is the center of a circle that passes through all the vertices of the triangle. We say that this circle
circumscribes the triangle. This means that the circumcenter is equidistant to the vertices.

Concurrency of Perpendicular Bisectors Theorem: The perpendicular bisectors of the sides of a triangle intersect
in a point that is equidistant from the vertices.

If PC,QC, and RC are perpendicular bisectors, then LC = MC = OC.

Example A

Find x and the length of each segment.
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From the markings, we know that
←→
WX is the perpendicular bisector of XY . Therefore, we can use the Perpendicular

Bisector Theorem to conclude that WZ =WY . Write an equation.

2x+11 = 4x−5

16 = 2x

8 = x

To find the length of WZ and WY , substitute 8 into either expression, 2(8)+11 = 16+11 = 27.

Example B

←→
OQ is the perpendicular bisector of MP.

a) Which segments are equal?

b) Find x.

c) Is L on
←→
OQ? How do you know?

Answer:

a) ML = LP because they are both 15.

MO = OP because O is the midpoint of MP

MQ = QP because Q is on the perpendicular bisector of MP.

b)

4x+3 = 11

4x = 8

x = 2

c) Yes, L is on
←→
OQ because ML = LP (Perpendicular Bisector Theorem Converse).

Example C

For further exploration, try the following:

1. Cut out an acute triangle from a sheet of paper.
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2. Fold the triangle over one side so that the side is folded in half. Crease.
3. Repeat for the other two sides. What do you notice?

The folds (blue dashed lines)are the perpendicular bisectors and cross at the circumcenter.

Watch this video for help with the Examples above.

MEDIA
Click image to the left for more content.

CK-12 Foundation: Chapter5PerpendicularBisectorsB

Concept Problem Revisited

The center of the circle will be the circumcenter of the triangle formed by the three bones. Construct the perpen-
dicular bisector of at least two sides to find the circumcenter. After locating the circumcenter, the archeologist can
measure the distance from each bone to it, which would be the radius of the circle. This length is approximately 4.7
meters.

Vocabulary

Perpendicular lines are lines that meet at right (90◦) angles. A midpoint is the point on a segment that divides the
segment into two equal parts. A perpendicular bisector is a line that intersects a line segment at its midpoint and is
perpendicular to that line segment. When we construct perpendicular bisectors for the sides of a triangle, they meet
in one point. This point is called the circumcenter of the triangle.

Guided Practice

1. Find the value of x. m is the perpendicular bisector of AB.
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2. Determine if
←→
ST is the perpendicular bisector of XY . Explain why or why not.

Answers:

1. By the Perpendicular Bisector Theorem, both segments are equal. Set up and solve an equation.

x+6 = 22

x = 16

2.
←→
ST is not necessarily the perpendicular bisector of XY because not enough information is given in the diagram.

There is no way to know from the diagram if
←→
ST will extend to make a right angle with XY .

Practice

1. m is the perpendicular bisector of AB.

a. List all the congruent segments.
b. Is C on AB ? Why or why not?
c. Is D on AB? Why or why not?

For Question 2, determine if
←→
ST is the perpendicular bisector of XY . Explain why or why not.

2.

For Questions 3-7, consider line segment AB with endpoints A(2,1) and B(6,3).
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3. Find the slope of AB.
4. Find the midpoint of AB.
5. Find the equation of the perpendicular bisector of AB.
6. Find AB. Simplify the radical, if needed.
7. Plot A,B, and the perpendicular bisector. Label it m. How could you find a point C on m, such that C would

be the third vertex of equilateral triangle 4ABC? You do not have to find the coordinates, just describe how
you would do it.

For Questions 8-12, consider4ABC with vertices A(7,6),B(7,−2) and C(0,5). Plot this triangle on graph paper.

8. Find the midpoint and slope of AB and use them to draw the perpendicular bisector of AB. You do not need to
write the equation.

9. Find the midpoint and slope of BC and use them to draw the perpendicular bisector of BC. You do not need to
write the equation.

10. Find the midpoint and slope of AC and use them to draw the perpendicular bisector of AC. You do not need to
write the equation.

11. Are the three lines concurrent? What are the coordinates of their point of intersection (what is the circumcenter
of the triangle)?

12. Use your compass to draw the circumscribed circle about the triangle with your point found in question 11 as
the center of your circle.

13. Fill in the blanks: There is exactly _________ circle which contains any __________ points.
14. Fill in the blanks of the proof of the Perpendicular Bisector Theorem.

Given:
←→
CD is the perpendicular bisector of AB

Prove: AC ∼=CB

TABLE 1.15:

Statement Reason
1.
2. D is the midpoint of AB
3. Definition of a midpoint
4. 6 CDA and 6 CDB are right angles
5. 6 CDA∼= 6 CDB
6. Reflexive PoC
7. 4CDA∼=4CDB
8. AC ∼=CB

15. Write a two column proof.

Given: 4ABC is a right isosceles triangle and BD is the ⊥ bisector of AC

Prove: 4ABD and4CBD are congruent.
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CHAPTER 2 Similarity Transformations
Chapter Outline

2.1 MIDPOINT FORMULA

2.2 DILATIONS

2.3 SIMILAR POLYGONS AND SCALE FACTORS

2.4 AA SIMILARITY

2.5 TRIANGLE PROPORTIONALITY

2.6 INSCRIBED SIMILAR TRIANGLES

2.7 SSS SIMILARITY

2.8 SAS SIMILARITY

2.9 MIDSEGMENT THEOREM
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2.1 Midpoint Formula

Here you’ll learn how to find the halfway point between two coordinate pairs with the midpoint formula.

Suppose a coordinate plane were transposed over a subway map, and the blue line went in a straight line from the
point (-9, 8) to the point (1, -4). If you got on the blue line at the beginning of the line and traveled halfway to
the end of the line, what would be your coordinates? How would you calculate these coordinates? In this Concept,
you’ll learn how to use the midpoint formula to find the halfway point between any two coordinate pairs, such as the
start point and end point of the blue line.

Guidance

Consider the following situation: You live in Des Moines, Iowa and your grandparents live in Houston, Texas. You
plan to visit them for the summer and your parents agree to meet your grandparents halfway to exchange you. How
do you find this location?

By meeting something “halfway,” you are finding the midpoint of the straight line connecting the two segments. In
the above situation, the midpoint would be halfway between Des Moines and Houston.

The midpoint between two coordinate pairs represents the halfway point, or the average. It is the ordered pair
(xm,ym).

(xm,ym) = (
x1 + x2

2
,
y1 + y2

2
)

Example A

Des Moines, Iowa has the coordinates (41.59, 93.62).

Houston, Texas has the coordinates (29.76, 95.36).

Find the coordinates of the midpoint between these two cities.

Solution:

Decide which ordered pair will represent (x1,y1) and which will represent (x2,y2).

(x1,y1) = (41.59,93.62)

(x2,y2) = (29.76,95.36)

Compute the midpoint using the formula (xm,ym) = ( x1+x2
2 , y1+y2

2 )

(xm,ym) = (
41.59+29.76

2
,
93.62+95.36

2
)

(xm,ym) = (35.675,94.49)

Using Google Maps, you can meet in the Ozark National Forest, halfway between the two cities.
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Example B

A segment with endpoints (9, –2) and (x1,y1) has a midpoint of (2, –6). Find (x1,y1).

Solution: Use the Midpoint Formula: x1+x2
2 = xm

2 =
x1 +9

2
→ 4 = x1 +9

x1 =−5

Following the same procedure: y1+(−2)
2 =−6→ y1 +(−2) =−12

y1 =−10

(x1,y1) = (−5,−10)

Example C

Find the values of x and y that make (9.5,6) the midpoint of (3,5) and (x,y).

Solution:

Start with the formula, and solve for the variables:

The midpoint formula: (xm,ym) = (
x1 + x2

2
,
y1 + y2

2
)

Substitute in the given values and variables: (9.5,6) = (
3+ x

2
,
5+ y

2
)

This can be re-written as two equations:

9.5 =
3+ x

2
6 =

5+ y
2

Multiply each side by 2: 19 = 3+ x 12 = 5+ y

Isolate the variables: 16 = x 7 = y

Section Formula

As noted earlier, the midpoint formula is just a special case of the section formula. Given the endpoints of a line
segment, you should be able to find the partition point P at a specified ratio. For more information, along with
practice problems click here.

Guided Practice

On a hike, you and your friend decide to take different routes, but then meet up for lunch. You hike 3 miles north
and 2 miles west. Starting from the same point, your friend hikes 4 miles east and 1 mile south. From these points,
you each walk towards each other, meeting halfway for lunch. Where would your lunchtime meeting place be in
reference to your starting point?
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Solution:

Think of the starting point as the origin of a Cartesian coordinate system. If you walk north 3 miles, that is walking
straight up the graph 3 units. Walking west 2 miles is the same as walking left 2 units on the graph. Then you have
arrived at the point (-2, 3). For your friend, east is to the right (positive) and south is down (negative), so he/she
arrives at (4,-1). Now you need to find the midpoint:

(xm,ym) =

(
−2+4

2
,
3+−1

2

)
=

(
2
2
,
2
2

)
= (1,1)

Your lunch time meeting place would be 1 mile north and 1 mile east of your starting point.

Practice

Sample explanations for some of the practice exercises below are available by viewing the following videos. Note
that there is not always a match between the number of the practice exercise in the videos and the number of the
practice exercise listed in the following exercise set. However, the practice exercise is the same in both.

CK-12 Basic Algebra:Midpoint Formula (6:41)
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MEDIA
Click image to the left for more content.

CK-12 Basic Algebra:Visual Pythagorean Theorem Proof (8:50)

MEDIA
Click image to the left for more content.

In 1–10, find the midpoint of the line segment joining the two points.

1. (x1,y1) and (x2,y2)
2. (7, 7) and (–7, 7)
3. (–3, 6) and (3, –6)
4. (–3, –1) and (–5, –8)
5. (3, –4) and (6, 1)
6. (2, –3) and (2, 4)
7. (4, –5) and (8, 2)
8. (1.8, –3.4) and (–0.4, 1.4)
9. (5, –1) and (–4, 0)

10. (10, 2) and (2, –4)
11. An endpoint of a line segment is (4, 5) and the midpoint of the line segment is (3, –2). Find the other endpoint.
12. An endpoint of a line segment is (–10, –2) and the midpoint of the line segment is (0, 4). Find the other

endpoint.
13. Shawn lives six blocks west and ten blocks north of the center of town. Kenya lives fourteen blocks east and

two blocks north of the center of town.

a. How far apart are these two girls “as the crow flies”?
b. Where is the halfway point between their houses?

14. What are the coordinates of the point that divides the line segment in #2 in the ratio of 4:3?
15. What are the coordinates of the point that divides the line segment in #6 in the ratio of 2:3?
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2.2 Dilations

Here you will learn about geometric dilations.

Which one of the following figures represents a dilation? Explain.

61

http://www.ck12.org


2.2. Dilations www.ck12.org

Watch This

First watch this video to learn about dilations.

MEDIA
Click image to the left for more content.

CK-12 FoundationChapter10DilationsA

Then watch this video to see some examples.

MEDIA
Click image to the left for more content.

CK-12 FoundationChapter10DilationsB

Guidance

In geometry, a transformation is an operation that moves, flips, or changes a shape to create a new shape. A dilation
is a type of transformation that enlarges or reduces a figure (called the preimage) to create a new figure (called the
image). The scale factor, r, determines how much bigger or smaller the dilation image will be compared to the
preimage. The figure below shows that the image A′ is a dilation by a scale factor of 2. Remember that a rigid
transformation preserves side lengths and angles. A dilation is a similarity transformation that does not create an
image that is congruent to the pre-image, however, as the name suggests the image and pre-image are similar. In a
dilation, corresponding angles are congruent and corresponding sides are proportional.

Dilations also need a center point. The center point is the center of the dilation. You use the center point to measure
the distances to the preimage and the dilation image. It is these distances that determine the scale factor.

Take a look at the corresponding sides of the image and pre-image. Notice that each pair of corresponding sides is
parallel. How can you prove those sides are parallel? What do you notice about the slopes of the corresponding
sides? That’s right, the slopes of each pair of corresponding sides are equal, so those lines are parallel.
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Example A

Describe the dilation in the diagram below. The center of dilation is point H.

Solution:

Compare the lengths of corresponding sides to determine the scale factor. IJ is 2 units long and I′J′ is 6 units long.
6
2 = 3, so the scale factor is 3. Therefore, the center point H is used to dilate4IJK to4I′J′K′ by a factor of 3.

Also note that the slopes of all of the pairs of corresponding sides are also equal.

Example B

Using the measurement below and the scale factor, determine the measure of the dilated image.

mAB = 15 cm

r =
1
3

Solution: You need to multiply the scale factor by the measure of AB in order to find the measurement of the dilated
image A′B′.

mA′B′ = (r)mAB

mA′B′ =
1
3
(15)

mA′B′ = 5 cm
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Example C

Using the measurement below and the scale factor, determine the measure of the preimage.

mH ′I′ = 24 cm

r = 3

Solution: Here, you need to divide the scale factor by the measurement of H ′I′ in order to find the measurement of
the preimage HI.

mH ′I′ = (r)mHI

24 = 2mHI

mHI =
24
2

mHI = 12 cm

Concept Problem Revisited

Which one of the following figures represents a dilation? Explain.
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You know that a dilation is a transformation that produces an image of the same shape but larger or smaller. Both of
the figures above represent objects that involve dilations. In the figure with the triangles, the scale factor is 3.

The second figure with the squares also represents a dilation. In this figure, the center point (3,−2) is used to dilate
the small square by a factor of 2.

Vocabulary

Center Point
The center point is the center of the dilation. You use the center point to measure the distances to the preimage
and the dilation image. It is these distances that determine the scale factor.

Dilation
A dilation is a transformation that enlarges or reduces the size of a figure.

Scale Factor
The scale factor determines how much bigger or smaller the dilation image will be compared to the preimage.
The scale factor often uses the symbol r.

Image
In a transformation, the final figure is called the image.

Preimage
In a transformation, the original figure is called the preimage.

Transformation
A transformation is an operation that is performed on a shape that moves or changes it in some way. There
are four types of transformations: translations, reflections, dilations and rotations.

Guided Practice

1. Using the measurement below and the scale factor, determine the measure of the preimage.
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mT ′U ′ = 12 cm

r = 4 cm

2. Describe the dilation in the diagram below.

3. Quadrilateral STUV has vertices S(−1,3),T (2,0),U(−2,−1), and V (−3,1). The quadrilateral undergoes a
dilation about the origin with a scale factor of 8

5 . Sketch the preimage and the dilation image.

Answers:

1. Here, you need to divide the scale factor by the measurement of H ′I′ in order to find the measurement of the
preimage HI.

mT ′U ′ = |r|mTU

12 = 2mTU

mTU =
12
4

mTU = 3 cm

2. Look at the diagram below:
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In the figure, the center point D is used to dilate the A by a factor of 1
2 .

3. Look at the diagram below:

Practice

Find the measure of the dilation image given the following information:

1.

mAB = 12 cm

r = 2

2.

mCD = 25 cm

r =
1
5

3.

mEF = 18 cm

r =
2
3

4.

mGH = 18 cm

r = 3

5.

mIJ = 100 cm

r =
1
10
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Find the measure of the preimage given the following information:

6.

mK′L′ = 48 cm

r = 4

7.

mM′N′ = 32 cm

r = 4

8.

mO′P′ = 36 cm

r = 6

9.

mQ′R′ = 20 cm

r =
1
4

10.

mS′T ′ = 40 cm

r =
4
5

Describe the following dilations. Include a discussion of the slopes of the pairs of the corresponding sides:
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11.

12.
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13.

14.

70

http://www.ck12.org


www.ck12.org Chapter 2. Similarity Transformations

15.
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2.3 Similar Polygons and Scale Factors

Here you’ll learn what properties two or more polygons must possess to be similar. You’ll also learn what a scale
factor is and how to solve for missing information in similar polygon problems.

What if you were told that two pentagons were similar and you were given the lengths of each pentagon’s sides.
How could you determine the scale factor of pentagon #1 to pentagon #2? After completing this Concept, you’ll be
able to answer questions like this one about similar polygons.

Watch This

MEDIA
Click image to the left for more content.

CK-12 Similar Polygons and ScaleFactors

MEDIA
Click image to the left for more content.

James Sousa:SimilarPolygons

Now watch this video.

MEDIA
Click image to the left for more content.

James Sousa:Scale Factor

Guidance

Similar polygons are two polygons with the same shape, but not the same size. Similar polygons have corresponding
angles that are congruent, and corresponding sides that are proportional.
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These polygons are not similar:

Think about similar polygons as enlarging or shrinking the same shape. The symbol∼ is used to represent similarity.
Specific types of triangles, quadrilaterals, and polygons will always be similar. For example, all equilateral triangles
are similar and all squares are similar. If two polygons are similar, we know the lengths of corresponding sides are
proportional. In similar polygons, the ratio of one side of a polygon to the corresponding side of the other is called
the scale factor. The ratio of all parts of a polygon (including the perimeters, diagonals, medians, midsegments,
altitudes) is the same as the ratio of the sides.

Example A

Suppose 4ABC ∼ 4JKL. Based on the similarity statement, which angles are congruent and which sides are
proportional?

Just like in a congruence statement, the congruent angles line up within the similarity statement. So, 6 A∼= 6 J, 6 B∼=
6 K, and 6 C ∼= 6 L. Write the sides in a proportion: AB

JK = BC
KL = AC

JL . Note that the proportion could be written in
different ways. For example, AB

BC = JK
KL is also true.

Example B

MNPQ∼ RSTU . What are the values of x,y and z?

In the similarity statement, 6 M ∼= 6 R, so z = 115◦. For x and y, set up proportions.

18
30

=
x

25
18
30

=
15
y

450 = 30x 18y = 450

x = 15 y = 25
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Example C

ABCD∼ AMNP. Find the scale factor and the length of BC.

Line up the corresponding sides, AB and AM =CD, so the scale factor is 30
45 = 2

3 or 3
2 . Because BC is in the bigger

rectangle, we will multiply 40 by 3
2 because 3

2 is greater than 1. BC = 3
2(40) = 60.

MEDIA
Click image to the left for more content.

CK-12 Similar Polygons and ScaleFactors

Guided Practice

1. ABCD and UVWX are below. Are these two rectangles similar?

2. What is the scale factor of4ABC to4XY Z? Write the similarity statement.

3. 4ABC ∼4MNP. The perimeter of4ABC is 150, AB = 32 and MN = 48. Find the perimeter of4MNP.

Answers:

1. All the corresponding angles are congruent because the shapes are rectangles.

Let’s see if the sides are proportional. 8
12 = 2

3 and 18
24 = 3

4 . 2
3 6=

3
4 , so the sides are not in the same proportion, and the

rectangles are not similar.
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2. All the sides are in the same ratio. Pick the two largest (or smallest) sides to find the ratio.

15
20

=
3
4

For the similarity statement, line up the proportional sides. AB→ XY,BC→ XZ,AC→ Y Z, so4ABC ∼4Y XZ.

3. From the similarity statement, AB and MN are corresponding sides. The scale factor is 32
48 = 2

3 or 3
2 . 4ABC is the

smaller triangle, so the perimeter of4MNP is 3
2(150) = 225.

Practice

For questions 1-8, determine whether the following statements are true or false.

1. All equilateral triangles are similar.
2. All isosceles triangles are similar.
3. All rectangles are similar.
4. All rhombuses are similar.
5. All squares are similar.
6. All congruent polygons are similar.
7. All similar polygons are congruent.
8. All regular pentagons are similar.
9. 4BIG∼4HAT . List the congruent angles and proportions for the sides.

10. If BI = 9 and HA = 15, find the scale factor.
11. If BG = 21, find HT .
12. If AT = 45, find IG.
13. Find the perimeter of4BIG and4HAT . What is the ratio of the perimeters?
14. An NBA basketball court is a rectangle that is 94 feet by 50 feet. A high school basketball court is a rectangle

that is 84 feet by 50 feet. Are the two rectangles similar?
15. HD TVs have sides in a ratio of 16:9. Non-HD TVs have sides in a ratio of 4:3. Are these two ratios equivalent?

Use the picture to the right to answer questions 16-20.

16. Find m6 E and m 6 Q.
17. ABCDE ∼ QLMNP, find the scale factor.
18. Find BC.
19. Find CD.
20. Find NP.

Determine if the following triangles and quadrilaterals are similar. If they are, write the similarity statement.
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21.

22.

23.

24.

25.

26.

27.
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28.

29.

30.
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2.4 AA Similarity

Here you’ll learn how to determine whether or not two triangles are similar using AA Similarity.

What if you were given a pair of triangles and the angle measures for two of their angles? How could you use this
information to determine if the two triangles are similar? After completing this Concept, you’ll be able to use AA
Similarity to decide if two triangles are similar.

Watch This

MEDIA
Click image to the left for more content.

CK-12 Foundation: Chapter7AASimilarityA

Watch this video beginning at the 2:09 mark.

MEDIA
Click image to the left for more content.

James Sousa:SimilarTriangles

MEDIA
Click image to the left for more content.

James Sousa:SimilarTriangles by AA

Guidance

The Third Angle Theorem states if two angles are congruent to two angles in another triangle, the third angles
are congruent too. Because a triangle has 180◦, the third angle in any triangle is 180◦ minus the other two angle
measures. Let’s investigate what happens when two different triangles have the same angle measures.
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Investigation: Constructing Similar Triangles

Tools Needed: pencil, paper, protractor, ruler

1. Draw a 45◦ angle. Extend the horizontal side and then draw a 60◦ angle on the other side of this side. Extend
the other side of the 45◦ angle and the 60◦ angle so that they intersect to form a triangle. What is the measure
of the third angle? Measure the length of each side.

2. Repeat Step 1 and make the horizontal side between the 45◦ and 60◦ angle at least 1 inch longer than in Step
1. This will make the entire triangle larger. Find the measure of the third angle and measure the length of each
side.

3. Find the ratio of the sides. Put the sides opposite the 45◦ angles over each other, the sides opposite the 60◦

angles over each other, and the sides opposite the third angles over each other. What happens?

AA Similarity Postulate: If two angles in one triangle are congruent to two angles in another triangle, the two
triangles are similar.

The AA Similarity Postulate is a shortcut for showing that two triangles are similar. If you know that two angles in
one triangle are congruent to two angles in another, which is now enough information to show that the two triangles
are similar. Then, you can use the similarity to find the lengths of the sides.

Example A

Determine if the following two triangles are similar. If so, write the similarity statement.

Find the measure of the third angle in each triangle. m6 G = 48◦ and m6 M = 30◦ by the Triangle Sum Theorem.
Therefore, all three angles are congruent, so the two triangles are similar. 4FEG∼4MLN.
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Example B

Determine if the following two triangles are similar. If so, write the similarity statement.

m6 C = 39◦ and m6 F = 59◦. The angles are not equal,4ABC and4DEF are not similar.

Example C

Are the following triangles similar? If so, write the similarity statement.

Because AE ||CD, 6 A∼= 6 D and 6 C∼= 6 E by the Alternate Interior Angles Theorem. Therefore, by the AA Similarity
Postulate,4ABE ∼4DBC.

Watch this video for help with the Examples above.

MEDIA
Click image to the left for more content.

CK-12 Foundation: Chapter7AASimilarityB

Vocabulary

Two triangles are similar if all their corresponding angles are congruent (exactly the same) and their corresponding
sides are proportional (in the same ratio).
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Guided Practice

Are the following triangles similar? If so, write a similarity statement.

1.

2.

3.

Answers:

1. Yes,4DGE ∼4FGD∼4FDE.

2. Yes,4HLI ∼4HMJ.

3. No, though 6 MNQ ∼= 6 ONP because they are vertical angles, we need to have two pairs of congruent angles in
order to be able to say that the triangles are similar.

Practice

Use the diagram to complete each statement.
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1. 4SAM ∼4
2. SA

? = SM
? = ?

RI
3. SM =
4. T R =
5. 9

? = ?
8

Answer questions 6-9 about trapezoid ABCD.

6. Name two similar triangles. How do you know they are similar?
7. Write a true proportion.
8. Name two other triangles that might not be similar.
9. If AB = 10,AE = 7, and DC = 22, find AC. Be careful!

10. Writing How many angles need to be congruent to show that two triangles are similar? Why?
11. Writing How do congruent triangles and similar triangles differ? How are they the same?

Use the triangles below for questions 12-15.

AB = 20,DE = 15, and BC = k.
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12. Are the two triangles similar? How do you know?
13. Write an expression for FE in terms of k.
14. If FE = 12, what is k?
15. Fill in the blanks: If an acute angle of a _______ triangle is congruent to an acute angle in another ________-

triangle, then the two triangles are _______.

Use the diagram below to answer questions 16-20.

16. Draw the three separate triangles in the diagram.
17. Explain why4GDE ∼4DFE ∼4GFD.

Complete the following proportionality statements.

18. GF
DF = ?

FE
19. GF

GD = ?
GE

20. GE
DE = DE

?
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2.5 Triangle Proportionality

Here you’ll learn how to apply both the Triangle Proportionality Theorem, which states that if a line that is parallel
to one side of a triangle intersects the other two sides, then it divides those sides proportionally, and its converse.

What if you were given a triangle with a line segment drawn through it from one side to the other? How could you
use information about the triangle’s side lengths to determine if that line segment is parallel to the third side? After
completing this Concept, you’ll be able to answer questions like this one.

Watch This

MEDIA
Click image to the left for more content.

CK-12 Foundation: Triangle Proportionality

First watch this video.

MEDIA
Click image to the left for more content.

James Sousa:Triangle Proportionality Theorem

Now watch this video.

MEDIA
Click image to the left for more content.

James Sousa:Using the Triangle Proportionality Theorem to SolveforUnknownValues

Guidance

Think about a midsegment of a triangle. A midsegment is parallel to one side of a triangle and divides the other two
sides into congruent halves. The midsegment divides those two sides proportionally. But what about another line
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that is parallel, but does not divide the other two sides into congruent halves? In fact, such a line will still divide the
sides proportionally. This is called the Triangle Proportionality Theorem.

Triangle Proportionality Theorem: If a line parallel to one side of a triangle intersects the other two sides, then it
divides those sides proportionally.

If DE‖AC, then BD
DA = BE

EC . ( DA
BD = EC

BE is also a true proportion.)

The converse of this theorem is also true.

Triangle Proportionality Theorem Converse: If a line divides two sides of a triangle proportionally, then it is
parallel to the third side.

If BD
DA = BE

EC , then DE‖AC.

Example A

A triangle with its midsegment is drawn below. What is the ratio that the midsegment divides the sides into?

The midsegment splits the sides evenly. The ratio would be 8:8 or 10:10, which both reduce to 1:1.

Example B

In the diagram below, EB‖CD. Find BC.

To solve, set up a proportion.
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10
15

=
BC
12
−→ 15(BC) = 120

BC = 8

Example C

Is DE‖CB?

If the ratios are equal, then the lines are parallel.

6
18

=
8
24

=
1
3

Because the ratios are equal, DE‖CB.

MEDIA
Click image to the left for more content.

CK-12 Foundation: Triangle Proportionality

Guided Practice

Use the diagram to answers questions 1-5. DB‖FE.

1. Name the similar triangles. Write the similarity statement.

2. BE
EC = ?

FC

3. EC
CB = CF

?

4. DB
? = BC

EC
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5. FC+?
FC = ?

FE

Answers:

1. 4DBC ∼4FEC

2. DF

3. DC

4. FE

5. DF; DB

Practice

Use the diagram to answer questions 1-7. AB‖DE.

1. Find BD.
2. Find DC.
3. Find DE.
4. Find AC.
5. What is BD : DC?
6. What is DC : BC?
7. Why BD : DC 6= DC : BC?

Use the given lengths to determine if AB‖DE.

8.

9.
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10.

11.

12.

13.
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2.6 Inscribed Similar Triangles

Here you’ll learn the Inscribed Similar Triangles Theorem that states that a line drawn from the right angle of a right
triangle perpendicular to the opposite side of the triangle creates similar triangles. You’ll then use this fact to find
missing lengths in right triangles.

What if you drew a line from the right angle of a right triangle perpendicular to the side that is opposite that angle?
How could you determine the length of that line? After completing this Concept, you’ll be able to solve problems
like this one.

Watch This

MEDIA
Click image to the left for more content.

CK-12 Foundation: Inscribed Similar Triangles

Guidance

Remember that if two objects are similar, their corresponding angles are congruent and their sides are proportional
in length. The altitude of a right triangle creates similar triangles.

Inscribed Similar Triangles Theorem: If an altitude is drawn from the right angle of any right triangle, then the
two triangles formed are similar to the original triangle and all three triangles are similar to each other.

In4ADB,m6 A = 90◦ and AC⊥DB:

So,4ADB∼4CDA∼4CAB:

This means that all of the corresponding sides are proportional. You can use this fact to find missing lengths in right
triangles.
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Example A

Find the value of x.

Separate the triangles to find the corresponding sides.

Set up a proportion.

shorter leg in4EDG
shorter leg in4DFG

=
hypotenuse in4EDG
hypotenuse in4DFG

6
x
=

10
8

48 = 10x

4.8 = x

Example B

Find the value of x.

Set up a proportion.
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shorter leg o f smallest 4
shorter leg o f middle4

=
longer leg o f smallest 4
longer leg o f middle4

9
x
=

x
27

x2 = 243

x =
√

243 = 9
√

3

Example C

Find the values of x and y.

Separate the triangles. Write a proportion for x.

20
x

=
x

35
x2 = 20 ·35

x =
√

20 ·35

x = 10
√

7

Set up a proportion for y. Or, now that you know the value of x you can use the Pythagorean Theorem to solve for y.
Use the method you feel most comfortable with. Recall the Pythagorean Theorem: a2 +b2 = c2, where a and b are
the legs of the right triangle and c is the hypotenuse.

91

http://www.ck12.org


2.6. Inscribed Similar Triangles www.ck12.org

15
y

=
y

35
(10
√

7)2 + y2 = 352

y2 = 15 ·35 700+ y2 = 1225

y =
√

15 ·35 y =
√

525 = 5
√

21

y = 5
√

21

Click here to see proof of the Pythagorean Theorem using triangle similarity.

MEDIA
Click image to the left for more content.

CK-12 Foundation: Inscribed Similar Triangles

Guided Practice

1. Find the value of x.

2. Now find the value of y in4RST above.

3. Write the similarity statement for the right triangles in the diagram.

Answers:

1. Set up a proportion.

shorter leg in4SV T
shorter leg in4RST

=
hypotenuse in4SV T
hypotenuse in4RST

4
x
=

x
20

x2 = 80

x =
√

80 = 4
√

5
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2. Use the Pythagorean Theorem.

y2 +
(

4
√

5
)2

= 202

y2 +80 = 400

y2 = 320

y =
√

320 = 8
√

5

3. 4ACD∼4DCB∼4ADB

Practice

Fill in the blanks.

1. 4BAD∼4 ∼4
2. BC

? = ?
CD

3. BC
AB = AB

?
4. ?

AD = AD
BD

Write the similarity statement for the right triangles in each diagram.

5.

6.

Use the diagram to answer questions 7-10.
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7. Write the similarity statement for the three triangles in the diagram.
8. If JM = 12 and ML = 9, find KM.
9. Find JK.

10. Find KL.

Find the length of the missing variable(s). Simplify all radicals.

11.

12.

13.

14.

15.
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16.

17.

18.

19.

20.

21.

22.
23. Fill in the blanks of the proof for the Inscribed Similar Triangles Theorem.

Given: 4ABD with AC ⊥ DB and 6 DAB is a right angle.
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Prove: 4ABD∼4CBA∼4CAD

TABLE 2.1:

Statement Reason
1. 1. Given
2. 6 DCA and 6 ACB are right angles 2.
3. 6 DAB∼= 6 DCA∼= 6 ACB 3.
4. 4. Reflexive PoC
5. 5. AA Similarity Postulate
6. B∼= 6 B 6.
7. 4CBA∼=4ABD 7.
8. 4CAD∼=4CBA 8.
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2.7 SSS Similarity

Here you’ll learn how to decide whether or not two triangles are similar using SSS Similarity.

What if you were given a pair of triangles and the side lengths for all three of their sides? How could you use this
information to determine if the two triangles are similar? After completing this Concept, you’ll be able to use the
SSS Similarity Theorem to decide if two triangles are similar.

Watch This

MEDIA
Click image to the left for more content.

CK-12 Foundation: Chapter7SSSSimilarityA

Watch this video beginning at the 2:09 mark.

MEDIA
Click image to the left for more content.

James Sousa:SimilarTriangles

Watch the first part of this video.

MEDIA
Click image to the left for more content.

James Sousa:SimilarTriangles UsingSSSandSAS

Guidance

If you do not know any angle measures, can you say two triangles are similar? Let’s investigate this to see.
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Investigation: SSS Similarity

Tools Needed: ruler, compass, protractor, paper, pencil

1. Construct a triangle with sides 6 cm, 8 cm, and 10 cm.

2. Construct a second triangle with sides 9 cm, 12 cm, and 15 cm.
3. Using your protractor, measure the angles in both triangles. What do you notice?
4. Line up the corresponding sides. Write down the ratios of these sides. What happens?

To see an animated construction of this, click: http://www.mathsisfun.com/geometry/construct-ruler-compass-1.htm
l

From #3, you should notice that the angles in the two triangles are equal. Second, when the corresponding sides
are lined up, the sides are all in the same proportion, 6

9 = 8
12 = 10

15 . If you were to repeat this activity, for a 3-4-5 or
12-16-20 triangle, you will notice that they are all similar. That is because, each of these triangles are multiples of
3-4-5. If we generalize what we found in this investigation, we have the SSS Similarity Theorem.

SSS Similarity Theorem: If the corresponding sides of two triangles are proportional, then the two triangles are
similar.

Example A

Determine if the following triangles are similar. If so, explain why and write the similarity statement.

We will need to find the ratios for the corresponding sides of the triangles and see if they are all the same. Start with
the longest sides and work down to the shortest sides.
BC
FD = 28

20 = 7
5
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BA
FE = 21

15 = 7
5

AC
ED = 14

10 = 7
5

Since all the ratios are the same,4ABC ∼4EFD by the SSS Similarity Theorem.

Example B

Find x and y, such that4ABC ∼4DEF .

According to the similarity statement, the corresponding sides are: AB
DE = BC

EF = AC
DF . Substituting in what we know,

we have 9
6 = 4x−1

10 = 18
y .

9
6
=

4x−1
10

9
6
=

18
y

9(10) = 6(4x−1) 9y = 18(6)

90 = 24x−6 9y = 108

96 = 24x y = 12

x = 4

Example C

Determine if the following triangles are similar. If so, explain why and write the similarity statement.

We will need to find the ratios for the corresponding sides of the triangles and see if they are all the same. Start with
the longest sides and work down to the shortest sides.
AC
ED = 21

35 = 3
5

BC
FD = 15

25 = 3
5

AB
EF = 10

20 = 1
2

Since the ratios are not all the same, the triangles are not similar.

Watch this video for help with the Examples above.
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MEDIA
Click image to the left for more content.

CK-12 Foundation: Chapter7SSSSimilarityB

Vocabulary

Two triangles are similar if all their corresponding angles are congruent (exactly the same) and their corresponding
sides are proportional (in the same ratio).

Guided Practice

Determine if any of the triangles below are similar. Compare two triangles at a time.

1. Is4ABC ∼4DEF?

2. Is4DEF ∼4GHI?

3. Is4ABC ∼4GHI?

Answers:

1. 4ABC and4DEF : Is 20
15 = 22

16 = 24
18 ?

Reduce each fraction to see if they are equal. 20
15 = 4

3 ,
22
16 = 11

8 , and 24
18 = 4

3 .
4
3 6=

11
8 ,4ABC and4DEF are not similar.

2. 4DEF and4GHI: Is 15
30 = 16

33 = 18
36 ?

15
30 = 1

2 ,
16
33 = 16

33 , and 18
36 = 1

2 . 1
2 6=

16
33 ,4DEF is not similar to4GHI.

3. 4ABC and4GHI: Is 20
30 = 22

33 = 24
36 ?

20
30 = 2

3 ,
22
33 = 2

3 , and 24
36 = 2

3 . All three ratios reduce to 2
3 ,4ABC ∼4GIH.

Practice

Fill in the blanks.

1. If all three sides in one triangle are __________________ to the three sides in another, then the two triangles
are similar.

2. Two triangles are similar if the corresponding sides are _____________.

Use the following diagram for questions 3-5. The diagram is to scale.

100

http://www.ck12.org
http://www.ck12.org/flx/show/interactive/http%3A//vimeo.com/moogaloop.swf%3Fclip_id%3D45544246%26amp%3Bserver%3Dvimeo.com%26amp%3Bshow_title%3D1%26amp%3Bshow_byline%3D1%26amp%3Bshow_portrait%3D1%26amp%3Bcolor%3Da8a8a8%26amp%3Bfullscreen%3D1%26amp%3Bautoplay%3D0%26amp%3Bloop%3D0%26hash%3D5d875ef9016af820ade0f4289301634f
http://vimeo.com/45544246
http://vimeo.com/45544246
http://vimeo.com/45544246
http://vimeo.com/45544246
http://vimeo.com/45544246
http://vimeo.com/45544246
http://vimeo.com/45544246
http://vimeo.com/45544246
http://vimeo.com/45544246
http://vimeo.com/45544246
http://vimeo.com/45544246


www.ck12.org Chapter 2. Similarity Transformations

3. Are the two triangles similar? Explain your answer.
4. Are the two triangles congruent? Explain your answer.
5. What is the scale factor for the two triangles?

Fill in the blanks in the statements below. Use the diagram to the left.

6. 4ABC ∼4_____
7. AB

? = BC
? = AC

?
8. If4ABC had an altitude, AG = 10, what would be the length of altitude DH?
9. Find the perimeter of4ABC and4DEF . Find the ratio of the perimeters.

Use the diagram to the right for questions 10-15.

10. 4ABC ∼4_____
11. Why are the two triangles similar?
12. Find ED.
13. BD

? = ?
BC = DE

?
14. Is AD

DB = CE
EB true?

15. Is AD
DB = AC

DE true?

Find the value of the missing variable(s) that makes the two triangles similar.
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16.
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2.8 SAS Similarity

Here you’ll learn how to decide whether or not two triangles are similar using SAS Similarity.

What if you were given a pair of triangles, the lengths of two of their sides, and the measure of the angle between
those two sides? How could you use this information to determine if the two triangles are similar? After completing
this Concept, you’ll be able to use the SAS Similarity Theorem to decide if two triangles are similar.

Watch This

MEDIA
Click image to the left for more content.

CK-12 Foundation: Chapter7SASSimilarityA

Watch this video beginning at the 2:09 mark.

MEDIA
Click image to the left for more content.

James Sousa:SimilarTriangles

Watch the second part of this video.

MEDIA
Click image to the left for more content.

James Sousa:SimilarTriangles UsingSSSandSAS

Guidance

If we know that two sides are proportional AND the included angles are congruent, then are the two triangles are
similar? Let’s investigate.
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Investigation: SAS Similarity

Tools Needed: paper, pencil, ruler, protractor, compass

1. Construct a triangle with sides 6 cm and 4 cm and the included angle is 45◦.

2. Repeat Step 1 and construct another triangle with sides 12 cm and 8 cm and the included angle is 45◦.
3. Measure the other two angles in both triangles. What do you notice?

4. Measure the third side in each triangle. Make a ratio. Is this ratio the same as the ratios of the sides you were
given?

SAS Similarity Theorem: If two sides in one triangle are proportional to two sides in another triangle and the
included angle in the first triangle is congruent to the included angle in the second, then the two triangles are similar.

In other words, if AB
XY = AC

XZ and 6 A∼= 6 X , then4ABC ∼4XY Z.

Example A

Are the two triangles similar? How do you know?

104

http://www.ck12.org


www.ck12.org Chapter 2. Similarity Transformations

6 B ∼= 6 Z because they are both right angles. Second, 10
15 = 24

36 because they both reduce to 2
3 . Therefore, AB

XZ = BC
ZY

and4ABC ∼4XZY .

Notice with this example that we can find the third sides of each triangle using the Pythagorean Theorem. If we were
to find the third sides, AC = 39 and XY = 26. The ratio of these sides is 26

39 = 2
3 .

Example B

Are there any similar triangles? How do you know?

6 A is shared by4EAB and4DAC, so it is congruent to itself. If AE
AD = AB

AC then, by SAS Similarity, the two triangles
would be similar.

9
9+3

=
12

12+5
9

12
=

3
4
6= 12

17

Because the proportion is not equal, the two triangles are not similar.

Example C

From Example B, what should BC equal for4EAB∼4DAC?

The proportion we ended up with was 9
12 = 3

4 6=
12
17 . AC needs to equal 16, so that 12

16 = 3
4 . Therefore, AC = AB+BC

and 16 = 12+BC. BC should equal 4 in order for4EAB∼4DAC.

Watch this video for help with the Examples above.

MEDIA
Click image to the left for more content.

CK-12 Foundation: Chapter7SASSimilarityB

Vocabulary

Two triangles are similar if all their corresponding angles are congruent (exactly the same) and their corresponding
sides are proportional (in the same ratio).
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Guided Practice

Determine if the following triangles are similar. If so, write the similarity theorem and statement.

1.

2.

3.

Answers:

1. We can see that 6 B ∼= 6 F and these are both included angles. We just have to check that the sides around the
angles are proportional.
AB
DF = 12

8 = 3
2

BC
FE = 24

16 = 3
2

Since the ratios are the same4ABC ∼4DFE by the SAS Similarity Theorem.

2. The triangles are not similar because the angle is not the included angle for both triangles.

3. 6 A is the included angle for both triangles, so we have a pair of congruent angles. Now we have to check that the
sides around the angles are proportional.
AE
AD = 16

16+4 = 16
20 = 4

5

AB
AC = 24

24+8 = 24
32 = 3

4

The ratios are not the same so the triangles are not similar.

Practice

Fill in the blanks.
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1. If two sides in one triangle are _________________ to two sides in another and the ________________ angles
are _________________, then the triangles are ______________.

Determine if the following triangles are similar. If so, write the similarity theorem and statement.

2.

Find the value of the missing variable(s) that makes the two triangles similar.

3.

4.

5.

Determine if the triangles are similar.

6. ∆ABC is a right triangle with legs that measure 3 and 4. ∆DEF is a right triangle with legs that measure 6 and
8.

7. ∆GHI is a right triangle with a leg that measures 12 and a hypotenuse that measures 13. ∆JKL is a right
triangle with legs that measure 1 and 2.
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8.

9.

10.
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11.
12. AC = 3

DF = 6

13.

109

http://www.ck12.org


2.8. SAS Similarity www.ck12.org

14.

15.
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2.9 Midsegment Theorem

Here you’ll learn what a midsegment is and how to use the Midsegment Theorem.

What if you were given 4FGH and told that JK was its midsegment? How could you find the length of JK given
the length of the triangle’s third side, FH? After completing this Concept, you’ll be able to use the Midsegment
Theorem to solve problems like this one.

Watch This

MEDIA
Click image to the left for more content.

CK-12 MidsegmentTheorem

First watch this video.

MEDIA
Click image to the left for more content.

James Sousa:Introduction totheMidsegmentsof a Triangle

Now watch this video.

MEDIA
Click image to the left for more content.

James Sousa:DeterminingUnknownValues Using Propertiesof the Midsegments of aTriangle

Guidance

A line segment that connects two midpoints of the sides of a triangle is called a midsegment. DF is the midsegment
between AB and BC.
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The tic marks show that D and F are midpoints. AD ∼= DB and BF ∼= FC. For every triangle there are three
midsegments.

There are two important properties of midsegments that combine to make the Midsegment Theorem. The Midseg-
ment Theorem states that the midsegment connecting the midpoints of two sides of a triangle is parallel to the third
side of the triangle, and the length of this midsegment is half the length of the third side. So, if DF is a midsegment
of4ABC, then DF = 1

2 AC = AE = EC and DF‖AC.

Note that there are two important ideas here. One is that the midsegment is parallel to a side of the triangle. The
other is that the midsegment is always half the length of this side. To play with the properties of midsegments, go to
http://www.mathopenref.com/trianglemidsegment.html.

Example A

The vertices of4LMN are L(4,5), M(−2,−7) and N(−8,3). Find the midpoints of all three sides, label them O, P
and Q. Then, graph the triangle, plot the midpoints and draw the midsegments.

To solve this problem, use the midpoint formula 3 times to find all the midpoints. Recall that the midpoint formula
is
( x1+x2

2 , y1+y2
2

)
.

L and M =
(

4+(−2)
2 , 5+(−7)

2

)
= (1,−1) point O

M and N =
(
−2+(−8)

2 , −7+3
2

)
= (−5,−2), point P

L and N =
(

4+(−8)
2 , 5+3

2

)
= (−2,4), point Q

The graph is to the right.
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Example B

Mark all the congruent segments on4ABC with midpoints D, E, and F .

Drawing in all three midsegments, we have:

Also, this means the four smaller triangles are congruent by SSS.

Now, mark all the parallel lines on4ABC, with midpoints D, E, and F .
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Example C

M, N, and O are the midpoints of the sides of4XY Z.

Find

a) MN

b) XY

c) The perimeter of4XY Z

To solve, use the Midsegment Theorem.

a) MN = OZ = 5

b) XY = 2(ON) = 2 ·4 = 8

c) Add up the three sides of4XY Z to find the perimeter.

XY +Y Z +XZ = 2 ·4+2 ·3+2 ·5 = 8+6+10 = 24

Remember: No line segment over MN means length or distance.

MEDIA
Click image to the left for more content.

CK-12 MidsegmentTheorem

Guided Practice

1. Find the value of x and AB. A and B are midpoints.
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2. True or false: If a line passes through two sides of a triangle and is parallel to the third side, then it is a midsegment.

3. Find y. You may assume that the line segment within the triangle is a midsegment.

Answers:

1. AB = 34÷2 = 17. To find x, set 3x−1 equal to 17.

3x−1 = 17

3x = 18

x = 6

2. This statement is false. A line that passes through two sides of a triangle is only a midsegment if it passes through
the midpoints of the two sides of the triangle.

3. Because a midsegment is always half the length of the side it is parallel to, we know that y = 1
2(36) = 18.

Practice

Determine whether each statement is true or false.

1. The endpoints of a midsegment are midpoints.
2. A midsegment is parallel to the side of the triangle that it does not intersect.
3. There are three congruent triangles formed by the midsegments and sides of a triangle.
4. There are three midsegments in every triangle.

R, S, T , and U are midpoints of the sides of4XPO and4Y PO.

5. If OP = 12, find RS and TU .
6. If RS = 8, find TU .
7. If RS = 2x, and OP = 20, find x and TU .
8. If OP = 4x and RS = 6x−8, find x.

For questions 9-15, find the indicated variable(s). You may assume that all line segments within a triangle are
midsegments.
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9.

10.

11.

12.

13.

14.

15.
16. The sides of4XY Z are 26, 38, and 42. 4ABC is formed by joining the midpoints of4XY Z.

a. What are the lengths of the sides of4ABC?
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b. Find the perimeter of4ABC.
c. Find the perimeter of4XY Z.
d. What is the relationship between the perimeter of a triangle and the perimeter of the triangle formed by

connecting its midpoints?

Coordinate Geometry Given the vertices of4ABC below find the midpoints of each side.

17. A(5,−2), B(9,4) and C(−3,8)
18. A(−10,1), B(4,11) and C(0,−7)
19. A(−1,3), B(5,7) and C(9,−5)
20. A(−4,−15), B(2,−1) and C(−20,11)

21. Use coordinate geometry to prove the triangle midsegment theorem using the figure below.

FIGURE 2.1
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