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i) CHAPTER 2 LIMITS AND DERIVATIVES

Exercises

A curve has equation y = f(x).

(a) Write an expression for the slope of the secant line through
the points P(3, f(3)) and Q(x, f(x)).

(b) Write an expression for the slope of the tangent line at P.

Suppose an object moves with position function s = f(1).
(a) Write an expression for the average velocity of the object
in the time interval fromt =atot=a + h.
(b) Write an expression for the instantaneous velocity at
time t = a.
Consider the slope of the given curve at each of the five points
shown. List these five slopes in decreasing order and explain
your reasoning.

Graph the curve y = ¢” in the viewing rectangles [—1, 1] by
[0, 2], [—0.5,0.5] by [0.5, 1.5], and [~0.1, 0.1] by [0.9, 1.1].
What do you notice about the curve as you zoom in toward the
point (0, 1)?

(a) Find the slope of the tangent line to the parabola
y = x* + 2x at the point (—3, 3)
(i) using Definition 1
(ii) using Equation 2

(b) Find the equation of the tangent line in part (a).

(c) Graph the parabola and the tangent line. As a check on
your work, zoom in toward the point (—3, 3) until the
parabola and the tangent line are indistinguishable.

(a) Find the slope of the tangent line to the curve y = x* at the
point (—1, —1)
(1) using Definition 1
(ii) using Equation 2

(b) Find the equation of the tangent line in part (a).

(c) Graph the curve and the tangent line in successively
smaller viewing rectangles centered at (—1, —1) until the
curve and the line appear to coincide.

Find an equation of the tangent line to the curve at the

given point.
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y=x/(1 —x), (0,0)

(a) Find the slope of the tangent to the curve y = 2/(x + 3) at
the point where x = a.

(b) Find the slopes of the tangent lines at the points whose
x-coordinates are (i) —1, (i1) 0, and (iii) 1.

(a) Find the slope of the tangent to the parabola
y =1 + x + x? at the point where x = a.

(b) Find the stopes of the tangent lines at the points whose
x-coordinates are (i) —1, (ii) —%, and (ii1) 1.

(c) Graph the curve and the three tangents on a common
screen.

(a) Find the slope of the tangent to the curve
y = x2 — 4x + 1 at the point where x = a.

(b) Find equations of the tangent lines at the points (1, —2)
and (2, 1). .

(c) Graph the curve and both tangents on a common screen.

(a) Find the slope of the tangent to the curve y = 1/ V5 — 2x
at the point where x = a.

(b) Find ec)luations of the tangent lines at the points (2, 1) and

-2,1).

(c) Graph the curve and both tangents on a common screen.

The graph shows the position function of a car. Use the shape

of the graph to explain your answers to the following

questions.

(a) What was the initial velocity of the car?

(b) Was the car going faster at B or at C?

(c) Was the car slowing down or speeding up at A, B, and C?

(d) What happened between D and E?

s

Valerie is driving along a highway. Sketch the graph of the
position function of her car if she drives in the following man-
ner: At time ¢ = 0, the car is at mile marker 15 and is traveling
at a constant speed of 55 mi/h. She travels at this speed for
exactly an hour. Then the car slows gradually over a 2-minute
period as Valerie comes to a stop for dinner. Dinner lasts

26 min; then she restarts the car, gradually speeding up to

65 mi/h over a 2-minute period. She drives at a constant

65 mi/h for two hours and then over a 3-minute period gradu-
ally slows to a complete stop.
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If a ball is thrown into the air with a velocity of 40 ft/s, its
height (in feet) after ¢ seconds is given by y = 40 — 1612
Find the velocity when ¢ = 2.

If an arrow is shot upward on the moon with a velocity of
58 m/s, its height (in meters) after ¢ seconds is given by
H = 58: — 0.83¢%

(a) Find the velocity of the arrow after one second.

(b) Find the velocity of the arrow when t = a.

(¢) When will the arrow hit the moon?

(dy With what velocity will the arrow hit the moon?

The displacement (in meters) of a particle moving in a straight
line is given by the equation of motion s = 4¢° + 61 + 2,
where ¢ is measured in seconds. Find the velocity of the par-
ticle at times t = a,t = 1, =2, and t = 3.

The displacement (in meters) of a particle moving in a straight
line is given by s = 1> — 8¢ + 18, where  is measured in
seconds.

(a) Find the average velocities over the following time

intervals:
) [3,4] (i) [3.5, 4]
(ii1) [4, 5] (iv) [4,4.5]

(b) Find the instantaneous velocity when ¢ = 4.

(c) Draw the graph of s as a function of f and draw the secant
lines whose slopes are the average velocities in part (a)
and the tangent line whose slope is the instantaneous
velocity in part (b).

A warm can of soda is placed in a cold refrigerator. Sketch the
graph of the temperature of the soda as a function of time. Is
the initial rate of change of temperature greater or less than the
rate of change after an hour?

A roast turkey is taken from an oven when its temperature has
reached 185 °F and is placed on a table in a room where the
temperature is 75 °F. The graph shows how the temperature of
the turkey decreases and eventually approaches room tempera-
ture. (In Section 9.4 we will be able to use Newton’s Law of
Cooling to find an equation for T as a function of time.) By
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measuring the slope of the tangent, estimate the rate of change
of the temperature after an hour.

(a) Use the data in Example 5 to find the average rate of
change of temperature with respect to time
(i) from 8§ PM. to 11 P.M.
(ii) from 8 p.M. to 10 P.M.
(iii) from 8 PM. to 9 PM.
(b) Estimate the instantaneous rate of change of T with respect
to time at 8 .M. by measuring the slope of a tangent.

The population P (in thousands) of the city of San Jose, Cali-
fornia, from 1991 to 1997 is given in the table.

1991 1993 1997

P 793 820 839 874

Year 1995

(a) Find the average rate of growth
(1) from 1991 to 1995
(i1) from 1993 to 1995
(iii) from 1995 to 1997

In each case, include the units.

(b) Estimate the instantaneous rate of growth in 1995 by
taking the average of two average rates of change. What
are its units?

(c) Estimate the instantaneous rate of growth in 1995 by mea-
suring the slope of a tangent.

The cost (in dollars) of producing x units of a certain commod-

ity is C(x) = 5000 + 10x + 0.05x>.

(a) Find the average rate of change of C with respect to x
when the production level is changed
(i) from x = 100 to x = 105
(ii) from x = 100 to x = 101

(b) Find the instantaneous rate of change of C with respect to
x when x = 100. (This is called the marginal cost. Its sig-
nificance will be explained in Section 3.3.)

If a cylindrical tank holds 100,000 gallons of water, which can
be drained from the bottom of the tank in an hour, then Torri-

celli’s Law gives the volume V of water remaining in the tank
after r minutes as

0=t=<60

[2
V(#) = 100,000} 1 — —
= 000001 - )

Find the rate at which the water is flowing out of the tank (the
instantaneous rate of change of V with respect to t) as a func-
tion of . What are its units? For times ¢ = 0, 10, 20, 30, 40,
50, and 60 min, find the flow rate and the amount of water
remaining in the tank. Summarize your findings in a sentence
or two. At what time is the flow rate the greatest? The least?



